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In this article, He’s homotopy perturbation method was applied in a variant way to solve the system of
Volterra integral equations of first kind. The results reveal that the proposed approach is very efficient
for handling such system of integral equations. Some examples are given to show the ability of the

proposed modification.
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INTRODUCTION

The application of homotopy perturbation method (HPM)
(He, 1999) was studied by many scientist and engineers
because this method continuously reduces a nonlinear
problem into a set of linear one which is easy to handle.
To handle wide variety of linear and nonlinear problems,
the method was further modified and improved by He
(2000, 2003, 2004). HPM has been used to solve various
types of integral equations with diverse variations. In this
paper, a variant approach based on HPM was proposed
to solve the system of Volterra integral equations of first
kind of the form:

Iy (D gi(3 (), y2 (), o, v () dt = fi(x),
i=123,.....n (1)

where f;(x) are known functions, c;(x,t) are the kernels
and g; are linear or nonlinear functions of y;. Exact or

approximate solution of integral equations has great
importance because it has wide applications in scientific
research. Many researchers (Golbabai and Keramati,
2008; Biazar et al., 2009; Eslami, 2014a; Biazar et al.,
2012; Biazar and Mostafa, 2011a, b; Rabbani et al.,
2007; Maleknejad et al., 2007; Tahmasbi and Fard, 2008;
Odibat, 2008; Maleknejad and Najafi, 2011; Biazar and
Eslami, 2011; Eslami and Mirzazadeh, 2014; Eslami,
2014b; Biazar and Eslami, 2010a, b, c; 2011) have
solved various types of integral equations by several
methods. Biazar et al. (2008, 2009) solved system of
Volterra integral equations of type (1) by HPM. Using
operational matrix with block-pulse functions, Babolian
and Masouri (2008) solved this type of equations.
Applying Adomian method, Biazar et al. (2003) presented
the solution of system of Volterra integral equations of the
first kind. Making a simple modification on HPM,
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Ghorbani and Saberi-Nadjafi (2008) solved nonlinear
integral equations. Biazar and Eslami (2010a, b, c) also
solved the equations of type (1) by differential transform
method. Volterra integral equations were also studied by
several researchers with various numerical techniques.
Masouri et al. (2010) presented the numerical solution of
Volterra integral equation of the first kind by an
expansion-iterative method. Using Runge-Kutta method,
Maleknejad and Shahrezaee (2004) solved the equations
of type (1). Armand and Gouyandeh (2014) presented
numerical solutions of the system of Volterra integral
equations. Applying decomposition method, Ngarasta et
al. (2009) solved Volterra integral equations system.
Saeedi et al. (2013) solved some nonlinear Volterra
integral equations of the first kind numerically.

BASIC IDEAS OF HE’S HPM

To illustrate the basic ideas of He’'s HPM, let us consider
an integral or differential operator L such that:

Lw) =0 (2

According to homotopy technique, we can construct a
homotopy v(r; p): 2 X [0,1] = R (where 0 is the domain)
which satisfies:

Hw;p) =1 -p)F() +pL(v) =0 3)

where F(v) is a functional operator with known solution
ug, Which can be obtained easily. Clearly, we have:

H(v;0) = F(v) (4)
and
H(v;1) = L(v) )

Y, (6 p) = @, (i p) + pY (i p) — p Jy cilx, ) gi (Y (x; p))dt

where Y (x;p) = (Y1 (x;p), Y2(x; p), ..., ¥;,(x; p)) and

Y;(x;p) = Yo + pYiy + p*Yip + -
(11)

Thus, as p changes from 0 to 1, Y;(x; p) deforms
continuously from Yo (x)to the solution
yi(x) = lim,_; Y;(x; p). Substituting Equation 10 into
Equation 9, and equating the terms with equal powers of
p, we can obtain a series of linear equations and solving

S (@ = %%+t (1) — 2x — )Y, (D)dt = — 2 x3

(e + 1ty — 2+ x — Oy, (8))dt = —x% — §x3 + §x4 + %xs

Ahamed et al. 19

This shows that the changing process of embedding
parameter p from 0 to unity is just that of v(r; p) changing
from uy(x) to the solution u(x). This is known as
deformation and also in topology F(v) and L(v) are
called homotopic. So, we may assume that the solution of
Equation 4 and 5 can be expressed as:

vV = vy +pvy + pPvy + ©

and putting p =1, we get the approximate solution of
Equation 1 as:

u=lim, ,,v=vy+v; +v,+
(7
BASIC IDEA OF THE NEW APPROACH

To explain the new approach, let us consider the system
of Volterra integral equations of type (1). In the new
approach, we split f;(x) into infinite sums as follows:

fl(x) = Z}X’:o kij (x), i=123..,n

(8
and define
@ (G p) = X ki (), i=123,..n g

where pe[0,1] is an embedding parameter. Atp =0,
@;(x;0) = k;p where as ¢;(x; 1) = f;(x) when p = 1. Now,
we construct the homotopy Y;(x; p):R x [0,1] > R
which satisfies the following equations:

i=123,..,n
(10)

them, we can get the approximate solutions.

Examples

Here, the proposed approach was applied to obtain exact
solutions of some linear and nonlinear system of Volterra
integral equations of first kind.

Consider the system of linear Volterra integral equations
of first kind (Maleknejad et al., 2007):

2 .5

——=x

15 (12)

(13)
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having y;(x) = x? and y,(x) = x as the exact solutions.

At first, we split fl(x)=—§x3—%x5 as filx) =

. 1 2
Z;.;O klj(.x) Wlth k10 = XZ ,k11 = —X2 - gXS _Exs a.nd

ki; =0, j>1;and f,(x) = —x? —%x3 +§x4 +§x5as

f2(0) = Ejokaj(x) with kyo = x,kpy = —x — x? —§x3 +

§x4+§x5 and k,; =0, j>1. Now, we construct the

homotopies Y;(x; p): R X [0,1] > R and Y,(x; p): R X
[0,1] = R which satisfy the following equations:

Vi p) = @1 p) +pYi(ep) —p i (L= 2 + N (6 p) - 2x = Y6 p) )t w

Y,(6p) = 0,6 0) + pYo(x;0) — p [ ((x + Y1 (6p) — 2+ x — )Y, (6;p))dt

where ¢, (x;p), 9, (x;p), Yi(x;p) and Y,(x;p) as in
Equations 9 and 11. Substituting Equation 11 into
Equations 14 and 15, and then collecting terms of same
power of p, we get:

Y20 = k2o (16)

N Iyu =k + Yo — fox((l —x2 + t2)Yy(t) — (2x — t)Yyo (D)) dt
P Vo1 = ko1 + Yy — fox((x +t9)Yp(t) = 2+ x — )Yy (t))dt (17)

Ylo:xz;YZ():x

(18)
Yy =Y..=0;% =Yy ..=0 (19)
and
y1(x) = x?; y,(x) = x (20)

Example

Let us consider the system of nonlinear Volterra integral

106 p) = @106p) + pYi(xp) —p Jy (6 p) + (x = OV (& p)Ya(E p))dt

Y2(x;p) = 20 p) + pY2 (i 0) — p f; (V2 (65 0) + (x — OY1(6; p)Y2 (8 p))de

where ¢, (x;p), 9, (x;p), Yi(x;p) and Y,(x;p) as in
Equations 9 and 11. Substituting Equation 11 into
Equations 23 and 24, and then collecting terms of same
power of p, we get:

Y20 = k2o (25)

ol {Yn =ky1 + Y — fox(ym () + (x — Y10 (D) Yy (1)) dt

Vo1 =k + Y — fox(Yzo (O + (x — Y10 (DY ())dt (26)

Yio=x+¢e*; Y0 =x—¢* 27)

(15)

equations of first kind (Tahmasbi and Fard, 2008; Odibat,
2008):

Iy 01 + (x = Oy )y, (0)de = —% + % +%x2 + %x”‘ +e* - iez"(zj_)

* — Syr tag o ox 1o
Iy 020 + (= )y Oy, (©)de = 7+ 4527 +—xt — e —ce 22)
having y,;(x) =x +e* and y,(x) =x —e* as the exact
solutions. At first, we split f;(x) = —Z+§+%x2 + %x" +
e” —%ezx as fi(x) = XiZoky;(x) with kg =x +e* ,kyy =

3

“3oxilyeyp Lad_le2x gnd ky;=0,j>1 ; and
4 2 2 12 4

5 x 1 1 1
fz(X)=Z+E+EX2+EX4—EX—Z€2an f2(X)=
© : _ _5 x 1 5 1 4
ijokzj(x) Wlth kzo —x_ex,k21 —Z_E‘}'Ex +12x -

1 .
seandk,; =0, j>1

Now, we construct the homotopies Y;(x; p): R x [0,1] —»
R and Y,(x; p): R X [0,1] = R which satisfy the following
equations:

(23)
(24)
Viip=Y12.=0; 1 =Y ..=0 (28)
and
yi(x) =x+e* y(x) =x—e* (29)
Example

Let us consider the system of nonlinear Volterra integral
equations (Maleknejad et al., 2007) having y;(x) = x?2
and y,(x) = x as the exact solutions:
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fl(x) Z] Oklj(x) W|th klO —_ x kll = —_x j— x5 +
(30) %x4+3x —x% and ky; =0, j>1 ; and fz(x) =£x8+
57143 zxzas (0 = 320k, (x)  with Ky =

1 2 1 1
[y =x2+ Y0 (®) +y3(O)de = =5x8 = =x¥ +oxt 40

5 7 6
f(5+x—t)(y1(t) yz(t))dt——x 42 x x3——x2 1 . g.5.5 1.3 5., o
2 (31) x,k21—;x FoXT =Xt =X —xandk,; =0, j> 1.
£ = 16 _2,5 14 1 Now, we construct the homotopies Y;(x; p): R x [0,1] -
At first, we split L) 15 4 3 as R and Y,(x; p): R X [0,1] - R which satisfy the following
equations:

(6 p) = 1(x;p) + pYi(x;p) —p f; (1 — x* + ) (Yi(&; p) + Y5 (& p))dt

(32)

Y,(x;p) = 0206 p) + pYo (6 p) = p Jy (5 + x — (V2 (6:p) — Yo (6 p))dt (33)
where ¢,(x;p), 0,(x;p), Yi(x;p) and Y,(x;p) as in — -0 - — —
Equations1 9 and2 11. Sui)stituting Equétion 11 into iy =hp .. =0; ¥ =Y. =0 (37)
Equation 32 and 33, and then collecting terms of same d
power of p, we get: an

0. {Ylo :klo yl(x)_x yZ(x)_x (38)
P Y20 = k2o

(34)
Example

— _r* a2 2 3
pl: {Yll = Jar + Y10 fox(l Xttt )(:10(0 o ()t Finally, consider the system of nonlinear Volterra integral
Vo1 = ko + Yy = [ (5 +x — ) (¥ (£) — Yo (£))dt (35) equations  (Tahmasbi and  Fard, 2008) with

() =541, 7,00 =5+5 +2
10 5 Yag (36)  the exact solutions:

Iy ((5+x—t)y1(t)+(—x +t)y2(t)y3(t))dt——x + xS+ Zxt + Zx 4 x% + 5x

270 (39)
* _ —_ L 3 7.3
J (( x? +t)y1(t)+(3 +x t)yz(t)+ (x*—t )yg(t))dt— x® +288x + x + (40)
1 1 17 9 1 10

Iy (ty1@®)y2 () — 2ty (6) = 5y5(©)dt = — 27 + -x® —2x5 + Txt —2x% —x? — 2

4 96 8 2 3 (41)
At first, we split f;(x) = —x + = s > x +19x4+ x3+x + %xe—%x5+22x4 Zx3—%x2—?x as f3(x) =
5x as f;(x) = °°0k1](x) with kqq =—+1 k11 =—x + §f0k31]7(x) 9With ) k302=3)2‘c+§2: ks = _514x7+7_12x6_
%x +19 “ 42 x3+ Jx7+5x—1 and k1]—0 j>1 5 g tgxt—ox®—ox?—Zx—Zandks; =0, j> 1.

and x——x +—x +—x3+ x+ xas x) = .
fa( ) 288 f>(x) Now, we construct the homotopies Y, (x; p): R x [0,1] -

2
Y20k (x) with kyg =? E ko = x + 2y +—x3 + R, Y,(x; p):R x [0,1] » R and Y;(x; p):R x [0,1] » R

11 288 hich satisfy the followi ions:
atsl x_% and ky; =0, j>1; and f3(x)——;x 4+ Which satisfy the following equations:

HGp) = o p) +pY (p) = p [ (5 +x = ON(60) + G2 + ORGP 6 ) de @)
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Y,(x;p) = 92 (x;p) +pY, (6 0) = p f; (ze +) V(6 p) + B +x - O%(6p) +5 (P )(6 p)) dt

(43)
X
Y;(x;p) = @3(x;p) + pY3 (65 p) — p f, (V1 (6 DIY2 (65 p) — xtY7 (5 p) — 5Y3(8p))de @)
where @, (x;p), 92(x;p), Yi(x;p) and Y,(x;p) as in Yio = k1o
Equations 9 and 11. Substituting Equation 11 into 0 Yor = k
Equations 42, 43 and 44 and then collecting terms of p: 20 — "20
same power of p, we get: Ya0 = k3g (45)
x 1
|(Y12 = ki1 + Y0 — |, ((5 +x =)o) + (Exz + 6)Y50 () Y39 (t)) dt
1. x 1 1
p: {I Vo1 = kay + Ypo = | ((Exz + t) Yo(8) + B +x — )Yy () + 5 (x* — t*)Y3g (t)) dt
b
tY31 =k3 + Y3 — [, (Y30 ()Yao (£) — xtY (£) — 5Y30())dt (46)
x2 x2 3 x 2 Biazar J, Eslami M (2010b). Differential transform method for quadratic
Yio==+1;Y50==+=; V30 ==+= Riccati differential equation. Intl. J. Nonlinear Sci. 9(4):444-447.
4 3 2 2 3 47) Biazar J, Eslami M (2010c). Differential transform method for systems of
Volterra integral equations of the first kind. Nonl. Sci. Lett. A,
1(2):173-181.
Yii1=Y1.=0; Y =Y, ..=0; V31 =V3,..=0 (48) Biazar J, Eslami M (2011). Differential transform method for nonlinear
fractional gas dynamics equation. Intl. J. Physical Sci. 6(5):1203-
1206.
and Biazar J, Eslami M, Aminikhah H (2009). Application of homotopy
perturbation method for systems of Volterra integral equations of the
2 o2 3 ‘2 first kind. Chaos, Solitons and Fractals 42:3020-3026.
- -2 32 — 24z Biazar J, Eslami M, Ghazvini H (2008). Exact solutions for systems of
Y1 (x) 4 t1y, () 3 T 2’ V3 () 2 T 3 (49) Volterra integral equations of the first kind by homotopy perturbation

Conclusion

Based on HPM, an analytic approach for solving the
system of Volterra type integral equations of first kind
was developed. Evaluating the examples, it was
observed that the proposed approach is straightforward
in calculations and very effective in both linear and
nonlinear cases. Moreover, in most of the cases, it gives
exact solutions at the first approximation.
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