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In this paper, our concern is on modelling a stochastic knapsack problem with the mixture of two
known distributions (Gamma and Exponential) using additive form. The behavioural pattern of this
mixed distribution is presented graphically and properly examined with different values of the
parameters. It was shown that the new distribution is a proper probability density function (PDF) and its
mean and variance were obtained, respectively. Also, an algebraic model was proposed for a stochastic
knapsack problem with mixed (additive form) distributional weight.
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INTRODUCTION

Literature has shown that more work has been done in
the static aspect of the knapsack problem than the
dynamic. Different authors have come up with different
illustrations as a way of defining the knapsack problem;
Martello and Toth (1990) illustrated that “the knapsack
problem” can be likened to a hitch-hiker who intends to fill
his knapsack by selecting from among various possible
objects which will give him a maximum comfort. They
formulated the problem mathematically by numbering the
objects from 1 to Nand introducing a vector of binary

variable X; (j =12,...,n). Where

1
X; =15

measure of the comfort given by object j ' W; its size and

it jth itemisselect thenif Pjisa

otherwise

C the size of the knapsack, the problem will now be

Maximizen p:X.
24 (1)

Subject to > 'wx <c
=
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Whereas, Kosuch and Lisser (2008) in their own way
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defined knapsack problem as a combinatorial problem:
each item is modelled by a binary decision variable
xe @1 with x = 1 if the item is chosen and O otherwise;

He added that the knapsack problem is generally linear,
that is both the objective function and the constraints are
linear.

However, in this work, we are interested in a situation
where the items we are selecting in order to maximized
the profit of a firm comes from two distinct population,
and we employ additive model of contagious distribution
to address the problem. Our reason for the contagious
distribution is that, we assume the random variable X
takes up distinct values, X;,X,,...,X, with positive

probabilities and also take up (assume) all values in an
interval; say a<x<b. The probability distribution that will
be obtained here will be as the result of combination of
both discrete and continuous distribution (Meyer, 1965).

LITERATURE REVIEW

Kosuch and Lisser (2009) worked on a two-stage
stochastic knapsack problem with probabilistic constraint.
They assumed the item weight to be independently
distributed following normal distribution. They showed
how to obtain upper bounds on the overall problem or on
sub problems and also computed high probable lower
bounds on the overall problem given a first
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stage decision.

Claro and Sousa (2010) in their paper "A multiobjective
for a mean-risk static stochastic knapsack problems’
addressed two major challenges presented by stochastic
discrete optimization problems: the multiobjective nature
of the problems, once risk aversion is incorporated, and
the frequent difficulties in computing exactly, or even
approximately the objective function. They also proposed
the use of multiobjective metaheuristics to deal with these
difficulties, and apply multiobjective meta-heuristic to both
exact and sample approximation versions of a mean-risk
static stochastic knapsack problem.

Other researchers have provided alternative versions of
the static stochastic knapsack problem. For instance,
when considering problems with independent normally
distributed rewards, Steinberg and Parks (1979)
proposed a preference order dynamic programming
algorithm, an approach further elaborated by Sniedovich
(1980, 1981). Henig (1990) proposed a hybridization of
dynamic programming with a search procedure, while
Morton and Wood (1998) developed a Monte Carlo
approximation for problem with general distributions on
the random rewards. Kleywegt et al. (2002) studied a
Monte Carlo simulation based approach that repeatedly
solves sample average optimization problems, in which
the expected value function was approximated by a
sample average function, obtained by generation of a
random sample.

Dizdar et al. (2011) worked on revenue maximization in
the dynamic and stochastic knapsack problem where a
given capacity needs to be allocated by a given deadline
to sequentially arriving agents. They also derived two
sets of additional conditions on the joint distribution of
values and weights under which the revenues
maximization policy for the case with observable weights
is implementable, and thus optimal for the case with two-
dimensional private information. Fujimoto and Yamada
(2006) in their work on exact algorithm for the knapsack-
sharing problem items developed an algorithm to solve
this problem to optimality, and through a series of
computational  experiments, they evaluate the
performance of the developed algorithm.

Cohn and Barnhart (1998) contributed to the building of
a toolkit for tackling complex planning problems in a
robust manner, by focusing on solving the stochastic
knapsack problem with random weights (SKPRW). They
also established several properties useful in solving it
with a number of examples.

Han and Makino (2009) addressed the online minimi-
zation knapsack problem. They studied the removable
model, where it was allowed to remove old items from the
knapsack in order to accept a new item. In the course of
their work, they were able to obtain the following results:

1) Derivation of a lower bound 2 for deterministic
algorithms for the problem,

2) Proposition of a 2e - competitive randomized algorithm
for the problem,

3) Proposed an 8 - completive deterministic algorithm for
the problem, which contrasts to the result for the online
maximization knapsack problem that no online algorithm
has a bounded competitive ratio.

Grosan et al. (2003) developed a new evolutionary
algorithm for the multiobjective 0/1 knapsack problem.
Their algorithm used an E-dominance relation for direct
comparison of two solutions and their experimental
results show that the new proposed algorithm out
performs the existing evolutionary approaches to this
problem. Fidanova (2005) in his work on heuristics for
multiple knapsack problems compared four types of
heuristics, statics and dynamic for A C O algorithms to
solve multiple knapsack problems. He observed using
static heuristics result in improved performance. Fricke
(2006) worked on example of new facets for the
precedence constrained knapsack problem where he
considered the polyhedral structure of the problem
equally known as the partially ordered knapsack problem.
His concept was, given a set of items N along with a
partial order, or set of precedence relationships, on the

items, denoted by SCNXN . A precedence
relationship ¢ j s exists if item 1 can be placed in the

knapsack only if item j is in the knapsack. He derived a

new approach for determining facets of the precedence
constraint knapsack @CK~ polyhedron based on clique
inequalities.

Djamnaty and Doostdar (2008) in their paper ”A hybrid
genetic algorithm for the multidimensional knapsack
problem” observed that genetic algorithm is hybridized
with a good initial population generated by Danzig
algorithm solution of single knapsack problem. They also
developed a number of novel penalty functions that can
drive infeasible solutions towards feasibility with an
incredible speed. They proposed that these penalty
functions can be applied to any optimization problem
having linear constraints and nonlinear objective
functions, such as quadratic assignment problem.
Bazgan et al. (2009) worked on implementing an efficient
fully polynomial time approximation scheme (FPTAS) for
the 0 to 1 multiobjective knapsack problem and proposed
a methodology that makes use of very general
techniques (such as dominance relations in dynamic
programming) and thus may be applicable in the
implementation of FPTAS for other problems as well.
They showed that by using several complementary
dominance relations, and sharing the error appropriately
among the phases; they obtain an FPTAS, which is
experimentally extremely efficient.

CONTAGIOUS DISTRIBUTION

From the brief overview of the mixed distribution earlier
mentioned, it is worth noting that this mixture of
distribution can take any form; mixture of two or more



continuous distribution or discrete distribution or even
both through either multiplicative or additive model. From
Equation 3

Pr&<x >F€>PR €3 (-PL, €& 3)

Where P is a factor used to weigh the relative
contribution of each population Q<P <1, and F(X)is

the composite exceedance probability. F(X) and

F,(X) are the component. Escalante-Sandoval (2007)
adopted the model and used it in his work on a mixed
distribution with Extreme value distribution (EV1) and
General extreme value component (GEV) component for
analyzing heterogeneous samples as:

1

F(x)= Pexp*“"ﬁl“%I +-P DO —[1—(X:1Wjﬂr

(4)

The assumption was that the first and second populations
behave as Gumbel distribution (EV1) and (GEV)
distributions, respectively.

THE CONTAGIOUS DISTRIBUTION MODEL

Literature has shown that most studies on the static
stochastic knapsack problem concentrates on normally
distributed rewards (Morton and Wood, 1998; Goel and
Indyk, 1999; Sniedovich, 1980; Carraway et al., 1993)
because the normality assumption covers a wide range of
practical applications and at the same time, makes the
static problem more ftractable. In this work, we are
deviated completely from the use of normal distribution to
a mixture of a standard Gamma and Exponential
distribution.

We employ the additive model of the contagious
distribution as shown in Equation 3.

Pr&=x>FEPF €3 PE €

Let F(X) be a standard Gamma distribution and

F, (X) be an Exponential distribution. Therefore

X n-ig S7

F(X)= P———=+ -P e ™
AT 2 6)
The graphical presentations of our new distribution with
different values of P, A,n,and rangesof X are shown

in the work.
From the graphs shown (a mixture of Gamma and

Exponential distribution), the parameter 4 was chosen to
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be as small as 1, 2, and 3 for Figures 1 to 3 with the
weighing factor P being kept as constant (0.2) and the
second parameter f was varied as 0.2, 0.5 and 0.8,

respectively. It was observed that, although they were all
decreasing function graphs, the one with the least value

of ﬁ (that is, 0.2) with 4 being (1 and 2) began as an
increasing function graph at 0 < X < 0.3 before it began
to decay as X increases.

In Figures 4 to 6, the parameter 4 was still kept at 1, 2
and 3, while the weighing factor P was made constant
(0.5) but the parameter £ was varied as 0.2, 0.5 and
0.8, respectively. It was observed that when f was 0.2,
the graph started as an increasing function to the point
where X=0.4 and then began to decrease (almost the
form of a normal distribution but skewed to the right),
whereas in Figures 5 and 6, the graph with 4=1and
S=0.5was almost platykurtic in shape while the rest
decayed as X increases.

In Figures 7 to 9, the weighing factor P was increased
to 0.8 and was kept as constant, while the parameter
was varied at 0.2, 0.5 and 0.8, respectively. The
parameter 4 was still 1, 2 and 3. It was observed that

with high value of P, the graphs were almost of a normal
distribution but positively skewed except Figure 8 with

S=0.5 which decays below zero at X=1.7 and 1.8,
thus the graph tends to negative as X>1.7 . Figures 10
to 12 were graph with a little increment in the parameter
A (2, 4 and 6) with P being kept as constant (0.2) and
the parameter f# was varied at 0.2, 0.5 and 0.8. It was
observed that the graph were all decreasing function up
to the point where 0.5<X<0.7 and then decayed
simultaneously as X increases. In Figures 13 to 15, A
was still kept at 2, 4 and 6 and the weighing factor P was
made constant at 0.5, whereas £ was varied at 0.2, 0.5
and 0.8. We observed that in Figure 13 with P=0.2,
graphs began as an increasing function for the smaller
values of 4 and later at X=0.4 it begins to decay as
Xincreases; but as A increases, the graph tends to a

complete decreasing function without any increase at the
beginning. However, Figures 14 and 15 exhibited a decay

property as X increases. But in Figurel5 with = 0.8,
the graph tends to be negative at 1.3< X <1.6. Figures
16 to 18 had A still being kept as 2, 4 and 6, but £ was
varied at 0.2, 0.5 and 0.8 whereas the weighing factor
P was constant (0.8). We observed that Figure 16 with
S = 0.2 produces a graph which appears almost as a
normal distribution graph but skewed to the right. In
Figure 17, the graph with A4 =2 and 4 were platykurtic
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Figure 1. p = 02 B = 02 (A=05Lim = g Tlnl=t-1)i;
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Figure 2. p = 028 = 05 (A=0.17 p= 2 Tnl=(-Dt;
£1A_,B_,x]=(p*x" (n-1) *Exp[-x/P]) /B*n*T [n]+((1-p) *A*Exp [-A*x]) ;
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Figure 3. p = 02 B = 08 (A=0.1i") pn = 2 Tl=@-Dt

£[A_,B_,x]=(p*x" (n-1) *Exp [-x/P]) /P"n*I'[n]+ ((1-p) *A*Exp [-A*x]) ;
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Figure 4. p = 05 B = 02 (*h=0.1;%) n = 2 [[n]=(n-1)!;
£1A_,B_,x]=(p*x" (n-1) *Exp[-x/P]) /P"n*T [n] + ((1-p) *A*Exp[-A*x]) ;
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Figure 5. p = 05 B = 05 (*A=0.1;%) pn = 2 Tnl=(m-1);
£[A_,B ,x]=(p*x" (n-1) *Exp[-x/B]) /P *n*T [n]+ ( (1-p) *A*Exp [-A*x]) ;
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Figure 6. p = 05 B = 08 (*A=0.1;%) = 2 Tnl=(-1;

£[A_,B ,x]=(p*x" (n-1) *Exp[~x/P]) /P n*I [n]+((1-p) *A*Exp [-A*x]) ;
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E[A_,B_,x]=(p*x" (n-1) *Exp[-x/B]) /B*n*T [n]+ ((1-p) *\*Exp[-A*x]) ;.
flkL
Key
gl: (1= [1=0.8,p=0.2
1.5 —
10 [
05
os 10 15 20 °
Figure 12. p = 02 B = 08 (*h=0.1;%) n = 2 [n)=(n-1)!;

£0A_,B_,x]=(p*x" (n-1) *Exp[-x/P]) /B"n*T [n]+ ((1-p) *A*Exp [-A*x]) ;
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Figure 13. p = 0.5; B = 0.2: (*A= 0.1;%) n - 2: I'[n]=(n-1)!
£1h_,B_ x]=(p*x" (n-1) *Exp[-x/B]) /B"n*T [n]+ ((1-p) *A*Exp [-A*x]) ;-
flxL
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Figure 14. p = 0.5; B = 0.5; (*A= 0.1;%) n - 2: I[n]=(n-1)!

£1A_,B_,x]=(p*x" (n-1) *Exp[-x/B]) /B"n*T [n]+ ((1-p) *A*Exp [-A*x]) ;

and positively skewed, whereas with 4= 6 it was nearly
a decreasing function graph. Figure 18 was a decreasing
function graph except the graph with 4 =2 was platykurtic
but rightly skewed.

In Figures 19 to 21, the parameter A was made as
large as 5, 10 and 15, while P was made constant
(P=0.2) and B was varied as 0.2, 0.5 and 0.8. Figure

19 with #=0.2 exhibited a sharp decrease to the point

X= 0.5 and decayed to the point X=1.0 and continued
at zero then got terminated at X=1.8 ; whereas Figure 20
with # = 0.5 exhibited a rapid decrease between,
0.2<x<6.0 but at f(X) = 0.2 and X = 0.5 the graph
began to decay slowly as X increases. Figure 21
exhibited the same characteristics with that of Figure 20
except that at X= 0.5 and f(X) = 0.2, the graphs were
constant as X increases.
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f[A_,B ,x]=(p*x" (n-1) *Exp [-x/P]) /B n*T [n]+( (1-p) *A*Exp [-A*x]) ;
X

Figure 17. p = 08 B = 05 (A=0.1;% n = 2 [Tnl=(-1!;
fIA B, x]1=(p*x" (n-1) *Exp[-x/B]) /P n*I [n]+((1-p) *A*Exp [-A*x]) ;
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Figure 19. p = 0.2; B = 0.2; (*A=0.1;%) n = 2 [[n]=(n-1)!;

fIA ,B ,x]1=(p*x” (n-1) *Exp[-x/B])

From Figures 22 to 24, A was still 5, 10 and 15 and
P=0.5, whereas f was varied as 0.2, 0.5 and 0.8.

We observed that in Figure 22 with = 0.2, the graph
was a decreasing function graph which decays gradually
as X increases. Figure 23 decreases sharply between
0.2<x<05 and the one with A 10 and 15
converges as one graph at X= 0.6 and began to decay
gradually as X increases. At X = 1.0, the graph with A
= 5then converge with the previous two as one graph

/Brn*I [n]+((1-p) *A*Exp [-A*x]) i

and continued decreasing, whereas, Figure 24 exhibited
the same characteristics with that of Figure 23 except

that they converge at different point; the first one (A =10
and 15) converge at X = 0.7, while 4= 5 converge with
them at X= 1.2 but they decayed to negative at X= 1.4
and continued as X increases.

From Figures 25 to 27, A = (5, 10 and 15), respectively
and P=0.8 all through, while 8 was varied as 0.2, 0.5
and 0.8, respectively. We observed that the graph with
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A= 5 began as an increasing function to the point X =
0.3 and started to decay with the other two. Figures 26
and 27 exhibited the same characteristics by decreasing
sharply and converging together as one at X= 0.6 and
0.9 and the later at 0.6 and 1.1. Then, continued as a
decreasing function.

In Figure 28 to 30, A= (2, 4 and 6) and the weighing
parameter P=0.2 , while # was made an integer and

was varied as 2, 3 and 4. It was observed that they were
all decreasing function graph that decays gradually as X

increases. Also, in Figures 31 to 33, A = (2, 4 and 6) and

the weighing parameter P was made constant as 0.5,
while S was varied as 2, 3 and 4. It was observed that
they were all decreasing function graphs that decay as X
increases, except the one with the least value of f
(Figure 31) which tends to negative at 0.5 <X <1.0 and
continued to decay as X increases.

In Figure 34 to 36, A was still 2, 4 and 6 and the
weighing parameter P was increased to 0.8, while [ was

varied as 2, 3 and 4, respectively. It was observed that
they were all decreasing function graphs. But in Figure 34
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0.5 1.0 1.5 2.0 X
Figure 26. P = 0.8;8 = 0.5; (*A=0.1;%) n = 2;  Dlnl=(@-1t;

£[A ,B ,x]=(p*x" (n-1) *Exp[-x/B]) /B *n*T' [n]+((1-p)

*A¥Exp [-AFx]) 7

flxL

0.6 |~

[ Key

: gl: (1=5, [1=0.8,p=0.8
0.5 g2: [1=10

i g3: [1=15
0.4
0.3 —

X
0.5 1.0 1.5 2.0

Figure  27. = 0.8; B = 0.8; (*A=0.1;%*) = 2 T[nl=(-1);

f [}\‘_I B_I x]=(

P
p*x”

n-1)*Exp[-x/B1) /B *n*[ [n]+( (1-p) *A*Exp [-A*x]) ;
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Key

gl: =2,0=2,p=0.2
g2: 11 =4

ag3: [1=6

Figure 28. p =

0.2;

B

fIA ,B ,x]=(p*x" (n-1) *Exp|

= 2: (*A=0.1;%) n = 2: ['[n]=(n-1)1!;
-x/B1) /P n*I' [n]+ ((1-p) *A*Exp [-A*x]) ;

flkL
Key
1.5 - gl: [(1=2,011=3,p=0.2
- g2: [1=4
: g3: [ 1=6
1.0 —
05 -
0.5 10 15 ‘ 2.0
Figure 29. p = 0.2; B = 3 (*A=10.1;% n = 27 Tnl=(n-D Y
fIA ,B ,x]1=(p*x" (n-1) *Exp[-x/P]) /B "n*I'[n]+ ((1-p) *A*Exp [-A*x]) ;
flkL
Key
1.5 — gl: LU=2,0=4,p=0.2
: g2: [1=4
L g3: [1=6
1.0
o5 [
0.5 1.0 1.5 20
Figure 30. p = 02 B = 4 (A=0.1;%) n = 2 [Thl=c-1Y
fIA B ,x]1=(p*x" (n-1) *Exp[-x/B]) /B n*T' [n]+ ((1-p) *A*Exp [-A*x]) ;
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Key
gl:1=2,01=2,p=05
g2: (=4

g3: [1=6

Figure  31. p = 05 B = 2 (*A=0.1;%) [ = 2: inl=(n-1)!;
£IA_,B_,x]1=(p*x* (n-1) *Exp[-x/B]) /P n*I'[n]+ ((1-p) *A*Exp [-A*x]) ;

flxL

1.0 : Key

L gl: L1=2, [1=3,p=0.5
0.8 L g2: [I=4

[ g3: [1=6
0.6 }
0.4 B
0zl

0.5 1.0 1.5 2.0 x

Figure 32. p = 0.5; B =3; (*A=0.1;%*) n - 2: ['[n]=(n-1)1!;

f[K_,B_,X]=(p*xA(n-l)*EXp[—X/B])/BAH*T[n]+((1-p)*k*ExP[LK*XJ);

flxL
10 Key
r gl: (1=2, [1=4,p=0.5
r g2: [1=4
0.8
L g3: [1=6
0.6 -
04
0.2 }
- X
Figure 33. p = 05 B 4; (A=0.1;%) 5 = 2 Tnl=(@m-1)1;

£IA_,B_,x]=(p*x" (n-1) *EXp[-X_/B] ) }BAH*F [n]+((1-p) *A*Exp [-h*x])
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flkL

0.40 Key

gl: LI=2, [1=2,p=0.8
g2: (1=4
g3: [(1=6

0.35

0.30

0.20

Figure 34. p = 08 B = 2 (A=01% n = 2 Tnl=(-1
£0h_,B_,xI=(p*x" (n-1) *Exp [-x/P]) /B n*I' [n]+ ((1-p) *A*Exp [-A*x])

0.40

0.35 1=3,p=0.8
0.30

0.25

Figure 35. p = 08 p = 3 (R=0.1;% n = 2 Tinl=(a-1)%;
fIA B, x]=(p*x" (n-1) *Exp[-x/P]) /B n*T [n]+((1-p) *A*Exp [-A*x]) .

0.40
0.35
0.30
0.25
0.20
0.15

0.10

0.5 1.0 1.5 2.0

Figure 36. p = 08 p= 4 (A=01% 7 = 2 Tnl=@-1%;
£[A_,B_,x]=(p*x" (n-1) *Exp[-x/P]) /P*n*I'[n]+ ((1-p) *A*Exp [-A*x])
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and 35, the graphs with 4 = 4 and 6 decreased to = PARAMETER ESTIMATION FOR THE MIXED
negative at X = 0.45 and 0.7, respectively and later ~ DISTRIBUTION

increased gradually towards f( X) = 0 as X increases.

Y :
1-P)je™ (6)
ST +(1-P)se
By reducing the sample size to two we have:
n 2 | px"e #
L(Ai%. %) = [[F06:A) =] ]| e + €~ P 2"
)= [11060 =[] i+ P2
A X
| [Px""e # + {~P Qe *]*[PXx," e ¥ + {~P e **]
[3’“ F(n)j
D2y 1y nilei(xy;@) 5 i {%sz) n {Axﬁ%j B 20 rn
L% +PI-P)Ax"e +PE-P2x,"e +{-P2 0%
B l?”F(n)j
Ko - iy i—%} )
P2x,"x,"e 4 +PA-Px"'x,"e P 4 a-P?letre.
= == 2_ =
n
= XX FM} - XXy F%} — ol nd ) —, - P -
_/’LX1+X29 B 1e 8 Pl‘—P_’Xl_XZ_—/’L )‘1+X29— X1+Xz_+2/w— XXy
du)
di "T(n)
A'T(0) o

1
_ PP """ - 1€ +X, E%ﬁ Z%M} + [ﬂ A € X, P _0
brro

1
=PC-P3," %" |- 1€ +x, E_«H ziﬁﬂ} + [ﬂ' ~ X €+ }E|_N1+X2: =0

1
:>P(— lenflxznfl [_1((1 L, Ef«ﬁ zizw} _ [ﬁ,—ﬂz ((1 X, }jfﬂ«quXZ:

From Equation 6 we obtain the partial derivative with respect to
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_M: — €% [+
n szln_lxzn_l € +% E / AP - len_lxzn_l € +X E ‘ L 4
brm’ p: + 5 -
Q) _
dg [ 2AQON

—M —«1+X2 £+ﬂ ~
{szlnlxznle B 4P (_ len—lxzn_le :Eﬂ } + (_ pjlze/l«wxb} 2%1,8“‘1F(n) ]
=0
| BYON (10)

P”F(”)j{le“xz” (<1+X2]EPe 5 + - PE«”X#”}]}

= =

ﬁZ

-
€t+Xo

- —«1 Xa 1
[ﬂ“‘lr(n) le“xz“lPe ’ +1(-P§ i }}( P2 et

n-1,, n-1 % e \«1+Xzil+l}:|
= prm e € +x,[Pe 7 +2€-P3 s =

-
€t+Xo

1
_ —€+X [—=+A4 ~
ks le”lxz“lPe ’ +1(-P§ i” }} (P ie b 11

Again, from Equation 6, we obtain the partial derivative
with respect to N. But we first of all have to factorize the

function with respect to N.

PZ n-1_, n-1 76(1;(2/ p =) n-1_, n-1 7«1+X2:E%+4 P‘ﬂ 2 A-A(X+%p)
x"x," e APL-P3X,"'x," e (-P31% (12)

T pre] broy N TYON

X2 KD _«ﬁi } ( P ﬂze—i«ﬁxz

P’e # +P(-P¢
“prod T fro’
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n, n KD €% 1 R 20 -A€+%y
_XXe 1 [Pze 54 PA-P)e b }] CPore

™ —%;XZ: —€q+X%
I {Pze /4 P(-P)e b q

xx, prr(n) 7

pro

( P‘Q‘ﬂ e—/iQ(1+X2

fro]

n e —€+X, l+/1 i
= (X;;Z ] (X X 1]“-(n)2 ][PZe P+ P~ PE iﬁ }] [ﬂZHF(] j k P 12 P
1742

At this point, we observe that differentiating with respect

to Nis very difficult if at all possible.
Proof of the mixture of gamma and exponential
distribution as a proper probability density function (PDF)

>

TPX"e / o

j[Wm_ P)Je~**]dx (14)

“pX™e

= [ —dx + [1-P)2ed

é[ﬂr() oo oo 0
P

- | X e Adx +(1- P)ﬂw e dx (16)
A1) 5 oj

- ,b’“lF“)(n) 0]'(311 e pdu+ - P]oj'e‘“dx 17)

P,Bn_lﬂoo ™1, -u y -AX
WG J(I/ eVdu+ €~ P]é[e dx (18)

P . T
zﬁojq“e‘ du+ (- P]Je Xdx 19)

But recall that ['(«) = jX “1e~*dx
8

. Pr(n) b -ud
" (n) +01- P)A(J'e % (20)

B Pr(n) (@-P)A% .,
= T + je du
=P+(1-P)

= 1 (proper pdf)

To obtain the mean

E(X) = [xf (xax

P [e o] gl 71 o8] ~
= — xx" e Zdx + [(1—P)xie**dx
B F(ﬂ)oI oI

- F(n) Ix e ﬁdx + (1-P) jxﬂe*“dx

= F(n) I()’uj “ pdu+ (- P]Ixe*“dx

Pﬂnﬂ iy NL-U w —AX
=) Jq)e du + (—P]Jxe dx

_ PAr(n+1) oy FeUnau d
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— 1(n) A
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(13)

(21)

(22)

(23)

(24)

(25)

(26)

@7

(28)
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E(X) = pp+4=P)

To obtain the variance

Var(x) = E[x*]-[E(X)]?

but - E[] = [ (x)cx

P “ 2y n-l - iy 24X
=— x*X™e Zdx +(1-P)A [xe**dx
B F(n)oI oj

=5 lli(n) T(guj*le‘“ﬂdu +(1- P)ﬁwsze‘“dx

PB™ Bt ¢ ™1 T2n X
- T 6[(1) e*du +(1—P)/1Jx e**dx

_ PAT(n+2) ovdy
= +(1-P)2 j( j y

B Ppr(n+2) (- P)/i u
= oy Iu e~du

P,B r(n+2) 2(1 P)A
r(n) P

_ Pp*(n+)nr(n) . 2(1-P)
B r'(n) s

. E[x*]=npp*(n+1) + 2(11 P)

and

Var(x)= np g (n+1)+2(1/1 P) [,BnP+(1_/1P)}2
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(30)

(1)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

= nPg? (1+1}L ﬁnP*+2ﬁhP% (1 ipj (40)

= NPAZ(n+1)— (APY’ +

A A A
s+ € P>
= nPﬂ2(1+1:— @']P T\ftﬂ+7/+2ﬂnpi|

2pNnPIL-P)  2(1-P) _(1_ p)z

(41)

(42)

THE MODEL

To formalize our model, let X; equal to 1 if item i is

selected and zero otherwise. Also, for convenience, let
R(X) denote our contagious distribution; that is,

X
ane ﬁ

AT(n)

We are interested in maximizing the value of the
accepted (selected) items given that they do not exceed
the capacity of the firm. In an effort to maximize this
value, we are at the same time considering the lost of
goodwill by those costumers whose items constitute an
overflow (exceeded capacity). If k is the penalty cost per
unit of the overflow item, then we have

R(X) =P———+ (-P Je™*

—k Z(I —C)R(X)

i=C+1

Maximize n Vi X;
Subject to »*R(x) <C

This can as well be written as:

—k Z(I —C)R(X)

i=C+1l

Maximize Zvi
1=1

_1 x
Subject to ZP«T4(1 P)ie ™ <C

Where V; is the profit for the ith selected item. C is the
capacity of the mill (firm).

Conclusion

An algebraic stochastic knapsack model was proposed
for the item weight following a contagious distribution of a
standard Gamma and Exponential distribution using an
additive model.
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