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INTRODUCTION

Let A denote the class of functions f normalized by

f(z)=z+>a,z" )
n=2
which are analytic in the open unit disk

U={zeC|z|<1}. The subclass of A consisting of
functions of the form (Equation 1) which are also
univalent in Uwas denoted by S. A function feAis
said to be in k -UCV, the class of k -uniformly convex

functions (0 <k <) if f €S along with the property
that for every circular arc » contained in U, with centre
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§ where |§ |S K , the image curve f(7/) is a convex

arc (Kanas and Wisniowska, 1999). It is well known that
(Kanas and Wisniowska, 1999) f ek —UCV if and only if

the image of the function p, where

7f " (2)
f(2)

p(z) =1+ (zel),

is a subset of the conic region:
Q, ={w=u+iv:u’>k*(u-1)° +k*? 0<k <oc}. (2)

The class k —ST, consisting of k -starlike functions, is
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defined via k —UCV by the usual Alexander’s relation
as:

fek-ST< gek-UCV where g(z):J‘:@dt.

For k =0, the classes k —UCV and k — ST reduce to
the classes of convex and starlike functions studied by
Robertson (1936) and Silverman (1975) and for k =1,
the aforementioned classes reduce to the classes of
uniformly convex and uniformly starlike functions in
U studied by Goodman (1991a; b).

Let ¢(Z) be an analytic function with positive real part
in Uwith #(0) =1, ¢ (0) >0, which is starlike with
respect to 1 and is also symmetric with respect to the real
axis. For such functions ¢ Bansal (2011; 2013)
introduced a class R} (¢) of functions satisfying the
condition:

R (¢)={f eA:1+1{f'(z)+;zf"(z)—1}<¢(z), zel}, 3
T

where 0<y<1 7eC\{0} and < denote the
subordination between analytic functions.

¢(z)_1+AZ (-1<B<A<lzeU) in

(Equation  3), we

Taking

function

1+ Az
fe R;( j: R’ (A,B) if and only if the following
1+ Bz

observe that a

condition is satisfied:

| f@+rf'@-1 |,
((A-B)r—B(f (2) + 2t " (2)-1)|

(4)

By giving appropriate values to the parameters 7,7, A

and B, we get various subclasses of S studied by
different researchers. By taking

7y =0, the class
R*(A,B)introduced and studied by Dixit and Pal
(1995); A=1-2f (0<f<1),B=-1, the class
R} (1-2p,-1) reduces to the class R} () studied by
Swaminathan (2010);

R¢(A,B)reduces to the class

y=0,r=e"cosn (|n|< ), A=1-28 (0< f<1),B=-1,
2
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the class Rg(1-24,~1) reduces to R, (/) studied by
(1998);
class

Ponnusamy and R @ nning

y=0,7=1,A=8,B=-f (0<B<1), the
R;(B,—pB) reduces to the class D(f) studied by
Caplinger and Causey (1973) and Padmanabhan (1979).

The Gaussian hypergeometric function ,F (a,b;C;z)
given by

(@), (0), ,
$©,@,

is the solution of the homogeneous hypergeometric
differential equation:

,F.(a,b;c;2) = Z (zeV) (5)

z(1-2)W (2) +[c—(a+b+1)z]w (z) —abw(z) =0. (6)

Here &0 and Care complex parameters such that
c#0-1-2,-,
positive integer n, (a), = a(a+1)(a+2)...(a+n-1) is
the  Pochhammer symbol. In the case of

=-k, k=012, -+ , the function ,F,(a,b;c;z) is
defined if @=—] or b=—]j where j<Kk. Note that
,F(a,b;c;z) =, F(b,a;c;z) and

(@)g =1 for a=0, and for each

F@abicl) = EEC)_F (‘)Jr(a—E; (R(c—a—-h)>0).

The behaviour of the hypergeometric function
,F(a,b;C;z) near z=1 is classified into three cases
according as R(c—-a—-b)>0,=0,<0. The
function , F, (a,b;c;z) is bounded if R(c—a—-b)>0
and has pole at z=1 if R(c—a—b)<0 (Owa and
Srivastava, 1987; Whitteaker and Watson, 1927). The
hypergeometric  function ,F (a,b;c;z) has been
extensively studied by various authors and play an
important role in Geometric Function Theory (Carlson
and Shaffer, 1984; Cho et al., 2002; Ponnusamy and
Viorinen, 2001; Swaminathan, 2010).

The normalized hypergeometric

z,F,(a,b;C; z) has a series expansion of the form:

function

7,F,(a,b;c; z)-z+Z§a;” 18)))"1 . 8)

Using function Z,F;(a,b;C;z), we consider the function
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(Tang and Deng, 2014), with p=1

J,5@b;6;2) = (1- u+0)[z,F (ab;c 2)]+ (u-6)2[z,F, (a.b;c; 2)] + dt?[z,F, (a.bic; 2)]
(11,620, u>=05;z). 9

Using convolution operator, consider a linear operator
Hf}jg‘ A — A defined by means of Hadamard product

as Panigrahi and El-Ashwah, Unpublished:
H3 (F)(2) = 3,5 bic;2)* f(2)

- z+:zz[1+(n—1)(ﬂ—5+ nﬂa)]g:g’)):anz“ (zev). (10)

The linear operator Hj'§’° unifies several of such

previously well studied operators. For example, by taking
5=0, H2°(f)=L,(f) studied by Kim and Shon

(2003); 6= =0, HZP>°(f)=12"(f) where 1 2> is
the Hohlov operator studied by Hohlov (Yu, 1978);
§=pu=0,b=1, HZ}*(f)=L(a,c)(f), where L(ac)
is Carlson-Shaffer operator studied in (Carlson and
Shaffer, 1984).

It is well known that the class S and many of its
subclasses are not closed under the ring operation of
usual addition and multiplication of functions. As such
techniques of algebra from group theory, ring theory, etc.,
and those of functional analysis do not find ready
applications in the class S. Therefore, the study of class-
preserving and class-transforming operations is an
interesting problem in geometric function theory.

PRELIMINARIES LEMMAS

Each of the following lemmas and the concept of Cauchy-
Schwarz inequalities will be require for our investigation.

Lemma 1l
Let the function T of the form (Equation 1) be a member

of S or ST (de Branges, 1985). Then, the sharp
estimate

la,[<n (neN\{1}) (11)

holds true.

Lemma 2

Letthe function f €A be of the form (Equation 1)

(Bansal, 2013). If

in[u y(n-1)]|a, |SM (-1<B<A<lreC\{0}zeU) (12)

n=2 1+| Bl

then f eR7 (A, B) . The result is sharp for the function:

f(Z):Z-I- (A_B)|T| 7"

iy sy’ "N

Lemma 3

Let (Kanas and Wisniowska, 1999; 2000):

P.(2) =1+ p,(K)z+ p,(K)z* +--- (p,(k) >0;zeU)(13)
be the Riemann map of U onto €2, where the region

Q, is defined as in Equation 2 and let the function f be

given by Equation 1. If f €k—ST | then

(P, (K))s
(1) n-1

Further, if f ek—-UCV , then

la, |< (ne N\{1}). (14)

(P (K)o s
D,

la, < (ne N\{1}). (15)

The estimates Equations 14 and 15 are sharp.

Lemma 4

Let the function T € A be of the form (Equation 1)
(Goodman, 1957). If

Ynla, <1, (16)
n=2
then f € ST .

Lemmab

Let the function T , given by Equation 1 be a member of
R? (A, B) (Bansal, 2013).



(A-B)|7]
n[1+y(n-1)]

The use of Cauchy-Schwarz inequality, known as
the Cauchy—Bunyakovsky—Schwarz inequality find a
place in various areas of mathematics such as linear
algebra, analysis, probability theory, vector algebra and
many more. It is considered to be one of the most
important inequalities in mathematics. It states that for

complex parameters U;,U, ..., U, V;,V,,...

Then | &, |< (neN\{1}). (17)

'V, , we have

Uy + Ut Uy QU [y P P+, ], )

Y P Y, |ka .

thatis, ' =

Motivated by Mishra and Panigrahi, 2011; Aouf et al.,
2016; Bansal, 2013; Mostafa, 2009; Panigrahi and El-
Ashwah, Unpublished) Sharma et al, 2013;
Sivasubramanian et al., 2011), in this paper by
applications of Cauchy-Schwarz inequalities, we find
several sufficient conditions in terms of hypergeometric

inequalities for the linear operator ij’;c defined in

(Equation 10) to preserves and transform certain well
known subclasses of univalent functions to another class.

MAIN RESULTS

Throughout the paper, we assume that

-1<B<A<1 0<y<1 reC\{0}, 1,6>0and u>4.
Theorem 1

Let a,b € C\{0} and c e C satisfy the inequality

Rc > max{0,29Ra+5,2NRb+5}. (18)
If the hypergeometric inequality

[(Re){T'(Re-2Ra-5)I(Re-2Rb- 5)}%
\F(Re—a) [T _b)| [0 | 8)s Il (0)s | +(116 + 1= 76 +13y8) | (a), || ), |

1

{(Rc-2Ra-5)(Re-2Rb-5)}? + (u— I +y +9ud +8yu -8y +46y10) | (a), || (b), |
1

{(Rc-2%Ra-5),(Rc—2Rb-5),}? + (1+5u—55 + 5y +19 S +14yu 1475 + 46106)

1
|(a), | (b), |{(9c — 2%a~5), (e~ 208b~5),}7 + (3+ 4u~46 + 4y + 846 + 4y~ 4y5 +8y118) | ab|
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{(Rc-2Ra-5),(Rc-2%b —5)4}% +{(Rc-2Ra-5),(Rc-2%b —5)5}%] (19)
(A-B)|7]
1+|B]|

<1+

is satisfied, then Hjjgf maps the class S (or ST) into
the class R (A, B).

Proof

Let the function f given by Equation 1 be in the class S
or ST . By Equation 10, we have

= 2+ S0+ (-6 + 8] De O 5 0

HR5 ()(2) ©.0. "

'8

(zel).

By virtue of Lemma 2, it is sufficient to show that

S [+ 7 (n-D][L+ (1 ~1)(2 ~ 5 + b)) |@s s, | (A-B)I7]

\<>n1(1n1 "7 1+|B

Since f € S(or ST), by making use of Lemma 1, it is
again sufficient to show

1@,.0),.| . (A-B)Iz] (20)

5 = Zn [L+ 7 (n-D][L+ (N -1)(u - 5+“ﬂ5)\(c) O, w8l

Using elementary inequality

[(©), > (Rc), (peN),

we have

- , - 1@, 0, |
slszl(nﬂ) [+ 7L+ n(u =0+ +Dud)l e -y

i(n +1)2@+ny)L+n(u—38) +n(n +1)”5]En))((i)

| (@), (0), |

Ms:

(n+1) [L+n(u- 6)+n(n+1)y§+n;/+n y(u- 8)+n? (n+Dyuo]

(0), (1),
J@u0),] < @, 0),] 1@, 00,
RN ARRACUIT=yr )Alﬁ”‘s;"(””)( %), (D),

,1(a), ), | 1@),0),1, 1@, 0), |
1 +1 ) 1
"D ey, T DI " 0,0, ”‘;”(””(Rmn
|( :

|()nb z 3 [(@).(b), 1
o<+ & Zl”” (m naH Zl . 0.0,

: |(a)n<b . 2),0),]
2 e )na“ -0 i+ m) ””SZ mc)( ~
O]

)
> fn(n- 1)+3n+1]'($))(?’)'+(y—a+y)n§[n—1)(n 2)+5(n-1)+4] ('Eff‘)) (1;:1

+/J§;[(n—1)(n—2)(n—3)+9(n—1)(n—2)+19(n 1)+8]%

=
I

DM

=>(n+)

n:

Ma»ﬂ

tr

n=:

>

s &M“

+

7

I
i 5
i

L
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| (@), (0), |

+y(u— 5)2[(n DH(n-2)(n-3)+8(n-1)(n—-2) +14(n-1) + 4]( ) (1),

+ yudz[(n -1)(n-2)(n-3)(n—4) +13(n-1)(n—2)(n-23)

n=1

+46(n—1)(n—2) +46(n—1) +8] | Dn O Z“a) Ol s a0— 54

90, D,, & (%), D),
B0 47 (u0) T3 (O L (000 +7) 119005 1y (-0 + 46701
| (@), (), | | (), (b), |

Z(J%c) (1), , Oty SR 5”46”‘5]2(%) D, -

@u 0] , s 1@a0)a] _[< 1@, 10,
L+ = 0) 13Ty g e O [2 (1), (1), 1}
+[3+4u—0O+y)+8uo +4y(u— 5)+87/,U§]ZW+[1+5(# o+y)+19ud

| (a)n+2 ” (b)n+2 | | (a‘)n+3 ” (b)n+3 |

+14y (u—- 5)+467ﬂ5]Z G0 0). +[p—6+y +9ub +8y (1~ 5)+46%U5]Z 0 (D).

| (a)n+4 ” (b)n+4 | | (a)n+5 ” (b)n+5 |
LR R ) Ve O Wy i

The repeated applications of the relation
e, =e(e+1),, (e€C,meN)
give

6, <S5 1@ IO 13 4051 )85+ 4yu—0) +8ya51 20571+l 04D

o (%0),(D), Re iz (Re+D), (D),

B B |(@), [ (b), |~ [(a+2),[[(b+2),]
+[1+5(u— S+ ) +19 18 +14y (1 —6) + 46 S| 50, Z;‘ @t 2) 0.

AL+ 0u < 8ytu—0) gl S IEL B el -0)

(a)4||(b)4|il(a+4)n||(b+4)nl (61)5II(b).r,|Z~‘|(<'sl+5)n||(b+5)n|_1
(Re), o (Re+4),(D), (Re)s 1 (Re+9), (D),

+1376]!

Applying Cauchy-Schwarz inequality to the individual sums in Equation 21, we get

Slg{i((ﬂilz:;:?i;n} {2 c). (1), } +[B3+4u—0+y)+8ud +4y(u—05)+8yud]

n=0

(21)
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|ab| & (a+1),(@+1) (b+1), (b +1),
{Z (Re+1), (D), }{Z (Re+1), (1), } +[1+5(p =6 +7)+19u6 +

@ 16) [ (a+2,(+2), | [ (042,642, |
14y (u—5)+467us] (30), {Z Wic+2). (D). HZ s 2., }

3 b3 3),(a+3 %
+[s =5 +y+9ud +8y(u— 5)+467ﬂ5]|(a29%”§3) {Z(?;Czr?f;a))}

2 (b+3),(b +3), : (@), (0),| < (@+4),(@+4), :
{Z } +[uS +y(u— ) +13yu0] 0, {Z Gord) @, }

& (b+4),(b+4), : |(@)s || (b)s | | <~ (@+5),(@+5), [ (b+5),(b +5), ;_
{20 Re+4) (1), } o (Re). {ZO (Re+5) (1), } {ZO (Rc+5) (1), }

= s @) 10 | (az;” ;b)E | Fu(@ 5,85 9tC + 5,10} 4, F (05, B + 5 e+ 5:1)} 2 4[5 + (st — 5) + 135]

W{ZF (a+4,a+4,Rc+4; 1)}2{2F (b+4,b +4;Rc+4; 1)}2 +p—0+y+9ud +8y(u—9)

+46yu5]%{2F(a+3 a+3;Rc+3; 1)}2{2F(b+3 b +3;Rc+3; 1)}2 +[1+5(p—5 +y)

+19 16 +14y (1t —S5) + 46 M]%{ZF (a+2,a+2;Rc+2; 1)}2{2F (b+2,b +2;Rc+2; 1)}%

1

+[3+4(,u—5+7/)+8,u5+47/(/1—5)+87/,u5]%{2 F(a+l,a+1;%Rc +1;1)}2

1 1 1
{,F,(b+1,b +1; Re+1;1)}2 +{,F,(a,a;Rc;1)}2{, F,(b,b;Rc;1)}2 -1

Since the condition in Equation 18 is satisfied, using Gauss summation formula in Equation 22, we obtain

S, <8 | (@)s || (b)s |{r(mc+5)r(snc—zmzi—s)}z{r(mc+5)r(mc—2mti—5)}2 LS 4
(NRc), I'(Rc—a)l'(Rc—a) T'(Rc—b)I'(Rc—Db)

C(Rc+4)T(Rc—2Ra—4) |2 [T (Rc+ 4T (Rec—2Rb — 4)
(Re),

T'(Rc—-a)l'(Rc—-a) I'(Rc—b)I'(Re—b)

51

(22)
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=S+ +9u5 + 8y —8y6 + a6 5] el (s

['(Rc+3)T(NRc—2%Ra—23) 2
(Re),

I'(Rc—a)['(Rc-2a)

+[1+54—55 +5y +19 ud +14;/,u—14}/5+46}/,u§]—| (2), [1 (), |

I'(Rc+3)I'(Rc—2Rb-13) %
(Re),

[(Re—b)['(Re—-b)
I'(MRc+2)I'(Rc—-2Ra-2) % I'(Rc+2T'(Rc—2Rb-2)
'(Re—a)[(Rc—2a) [(Re—b)['(Rec—b)

1
2
} +[B+4u—46+4y +8uo +

I'Rc+D)I'(Rc-2Ra-1) % IF'(Rc+1)I'(Rc-2Rb-1) %
['(Re—a)[(Rec—-2a) [(Re—b)[(Re-b)

ab
Ay — 456 +8yuo] |ab] {
Re

(23)

N I'(Rc)[((Rc—-2%Ra) : ['(Rc)[(Rc—2RDb) ;—1
I(Re—-a)[(Re—-a)| |T(Rec—-b)[(Rec—b) '

Since gamma function is symmetric about the real axis, that is,. I'(z) =I'(Z) , we have from Equation 23,

S < C'(Re){I'(Rc—2Ra—-5)I'(Rc—2Rb - 5)}%
o |[(Rc—a) || N(%c—b)]

Lo | (@)s || (D)5 | +(2e0 + yue — yo +13yu0)]

1), || (). |{(9%c—29%a—5)(9%c—29%b—5)}% +(U—S+y+9uS +8yu—8yS

+46yu0) | (a), || (b); [{(Mc—-2Ra-5),(Rc— 25Rb—5)2}; +[14+54—-56 +5y +19 o +14yu

—14y0 +46yu01| (@), || (b), [{(Rc—-2Ra—-5),(Rc —25Rb—5)3}2 +[3+4u—-45+4y +8ud +4yu -
4y0 +8yuo]| ab|{{(*Rc-2Ra-5),(Rc- 25Rb—5)4}; +{(ERC—25Ra—5)5(§RC—25Rb—5)5}; -1

Therefore, in view of Equation 20, if the hypergeometric
inequality Equation 19 is satisfied, then

H2%°(f)eR7(A,B). This ends the proof of Theorem

Y2

1
L +{(fe—2Ra—2),(Re—20b—2) J2] <1+

F(\J%c){l“(iRc—291a—2)l"(9%c—2*){b—2)}% [,
(o —a)| F (e D) (1 (&), lI(b), | +3]ab{(%c~2%a-2)(%c~2%b-2)}

(A-B)|7]
1+|B|

Putting # =0 =7 =0 in Theorem 1, after simplification

we get the following result due to Mishra and Panigrahi
(2012): R7(AB).

is satisfied, then I f,f‘b maps the class S (or ST) into

Taking b =a in Corollary 1 and after simplification, we

Corollary 1 get the following.

Let a8,0eC\{0} and cecC satisfy (Mishra and
Panigrahi, 2011), Theorem 1, p. 55) Corollary 2

Rc > max{0,2Ra+2,2Rb + 2}.
{ ! let a€C\{0} and cecC satisfy (Mishra and

If the hypergeometric inequality Panigrahi, 2011, Corollary 1, p. 57)



Rc > max{0,2Ra + 2}.
If the hypergeometric inequality

(A-B)|z|

T'(Re)[(Re-2Ra-2) D)
: 1+|B|

 +3|af’ (Mc—2Ra—-2) +(Rc—-2Ra-2),]<1+
IT(e—a)f I +3lal ( )+ ( ).]

is satisfied, then I * maps the class S or ST into

R*(A,B).
Letting b=1 in Theorem 1 gives:

Corollary 3
Let a€ C\{0} and c e C satisfy
Rc > max{7,2Ra +5}.

If the hypergeometric inequality

T(Re){(Rc-2Ra-5T'(Re-7)
[T(%c-a) | F(%e-1)|

Y 112035 | (@), 142801 + sy - 16 +136) @), |

1
{(Rc—2Ra—-5)(Re—7)}2 +6(u— 5+ +9ud +8yu—8y5 + 46 yu5) | (a), |

1

{(Mc—2Ra-5),(Re-7), 1 + 21+ 5456+ 5y +1915 + 14y 1415 + 46 5) | (a), |
1
{(Mc-2Ra-5),(Rc-7),}° +(B+4u—45+4y +8ud +4yu—4y5 +8yud) | a|

(A-B)|7|

{(9?0—29%&1—5)4(9%0—7)4}% +{(*J?c—2*)?a—5)5(9%c—7)5}%] <1+
1+|B]|

is satisfied, then L(a,c) maps the class S (or ST) into
the class R (A, B).
Remark 1

Taking U = 0= Y= 0 in Corollary 3, we get the result of
(Mishra and Panigrahi (2011), Corollary 2, p. 57)

Theorem 2

Let 8,0 C\{0}, p, = p,(k) be defined by Equation
13 and c € C satisfy

Re > max{0,2Ra+ p, +3,28b+ p, +3}. (24)
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If the hypergeometric inequality

1 1
LF (a8, pReL} L, (0,0, puRe L)} + (Lt -6+ 45+ y)|‘3‘;i
C

1 _ 1
{;F(a+l,a+1, p,+1;Rc+121)} 2{;F,(b+1,b +1, p, +1; Rc+1,2,1)} 2

1
2

+(/1—5+3/15+;/+2y7—267+47;15)%{35(a+1,§+1, p,+1;Re+11L1)}
c

{F,(b+1,b+1, p +1;%Rc +1,1;1)}% +(/¢5+}/ﬂ—;f5+47y§)7| (@), ”(;?2)2 (),

1 1

(R @+2a+2 p+ 2R+ 220}, F,(b+2b+2, p1+2;%c+2,2;1)}5+7;ﬁ%
2

1
2

1 _
{LF@+2,a+2 p+2Rc+2L0)} 2R, (b+2,b+2 p,+2,Re+21,1)}

<14 (A-B)|7] (25)
1+| B

is satisfied, then ij;" maps the class k—ST into
R’ (A,B).

Proof

Let the function T € A given by Equation 1 be in class
k —ST. In view of Lemma 2, it is sufficient to show that

(a) n-1 (b) n-1 a

gn[u /(DL (D=4 )] S b,

_(A-B)|z|
1+|B|
Using the coefficient estimate of Equation 14 and the

elementary inequality |(c), [> (Rc), (peN), it is
again sufficient to show that

(a)n—l(b)n—l I (p]_)n—l

-5 _ Y |
Sz—nz:;n[lw(n DIR+(n-1)(u—6+nws)] 00) () (1),

_(A-B)|r|

1+B]| (26)

Now,

]l (a)n(b)n | (pl)n

S, = ;(n +DA+n))[L1+n(u—=0)+n(n+1) ud 50).(1). (1),
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=Z[1+n(1+,u—5+,u5+}/)+nz(,u—5+2,u§+7+,u7/—§;/+7,u§)

[(@)a ), 1(P)s _ (1@ 0) 1 (P)s
FVUG 4 gty = Oy + 2p8) e I @ ST D), (Z %), (1), (D), l]

a')”Jrl(b)rvrl | (pl)n+1 _ ~
(9{ )n+1(1)n+1(1) ('u 5+2/l§+7/+,u7 5}/-0-7//15)

il (a)n+l(b)n+l | (pl)n+1 (/15 +/17 57/+ 27/!!5)2| (a)n+2 (b)n+2 | (pl)n+2

+(L+p— 6+;¢5+7/)Z|(

n=0 (mc)m—l(l) n (1) n n=0 (SRC)n+2 (l) n+1 (1)
S | (a)n+1(b)n+l | (pl)n+l S | (a)n+2 (b)n+2 | (pl)n+2
Fluody oy Bme )g 00,0, L @m0,
| (a)n+2 (b)n+2 | (pl n+2 | (a)n+l(b)n+l | (pl n+1l — | (a) (b) | (pl) l _5
S i D i@, (@,

|ab|pl |(@+1),(b+1), | (P, +1),
+ 1S +7) nzo: e +1) D). (D). + (U= +3US +y +2uy — 25y +4yud)

|(a+1>n(b+1)n|<p1+1> @), [ (P, <] (@+2),(b+2), | (P, +2),
> QoD (D, (), I ) e R 2 e+ 2). @), (D),

|abl p,
Re

| (@),(0), [ (), il @+2),(b+2),|(p+2), 4 27)

T e, & (e+2).().0),

Applications of Cauchy-Schwarz inequality to individual sum in Equation 27 give

(%c), (1), (D), (%), (D), (D)

Z(a+1) J@+1),(p,+1), 2 i(b+l) (b +1),(p,+1),
o (Re+1),(2),(), o (Re+D),(d),(D),

{Z(a) (@), (P, Hz(b) (), (pl)} (l+ﬂ_5+ﬂ5+7)|a;|cpl

} +(u—-0+3ud +y

{f (a+1)n(a+1)n<pl+1)n};{i (b+1)n(6+1)n<p1+1)n}2

|ab] p,
+2py =20y + 4ypd) = (%c+D),),Q), o (Re+D), (D), (D),

‘Rc

(54 135 + ) P ||<b>2|(p1>2{i(a+2)n(a+2)n(pl+2)n}2{§(b+2>n(b+2)n(p1+2)n}2

(%Re), o (Rc+2),9,1), o (Mc+2),(9,(1),

+ yuo

51 @211 (0), [(P.), i(a+2) (@+2),(p, +2), Z(b+2)n(5+2)n(p1+2)n 2
(%ic), o (Re+2), (), 1), o (Me+2),(9,D),

Since the condition in Equation 24 holds, the aforementioned summation can be written as evaluation of generalized
hypergeometric functions and we get

1 _ 1
S, <{;F,(a a, p;Rc,;1)}2{;F,(b,b, p; R, LD} 2+ L+ u—0+ ud +y)
lab| p,
Rc

1 1
LR (@+1,a+1 p+1;Re+1.2,1)} 2{,F, (b +1, b +1, p, +1;Rc+1,2;1)} 2



|a
R

+(u—0+3ud +y+2uy — 20y +4yud)

b |Cpl {3 F2(8.+1, a+l p+L Re+111)}
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N |-

1
LR (0+1,0 +1, p, +1 Re+ 1L} 2 + (8 + - 76 + dypas) (22 1 BN 1 (Py),

(%e),

1 _ 1
LR@+2,a+2, p+2,Rc+ 220 2 F,(b+2,b +2, p, +2;Rc+2.2,1)} 2 + yuo

1 1
(@), [1(0). 1(py); LR@+2,a+2 p+2Re+2L0) 2L Fb+2b+2 p,+2Re+2L1)}2 -1,

(%Re),

Therefore, in view of Equation 26, if the hypergeometric

inequality (Equation 25) is satisfied, then
H2%°(f)eRI(A,B). The proof of Theorem 2 is
complete.

Putingg 4=0=y=0 in Theorem 3 after

simplification, we get the following result.

Corollary 4

Let 8,beC\{0}, p, = p,(k) be defined by Equation

13 and ceC satisfy (Mishra and Panigrahi, 2011),
Theorem 2(i), p. 57)

Re > max{0,2Ra+ p,,2Rb+ p,}.

If the hypergeometric inequality

1
2

1 1
LR, a.3 RC LY L F, (00, pic L) +%{3 F(a+La+l p+Lic+ 120}

(A-B)|7]

1
{F,(0+1,b+1, p,+1;Re+12,)} 2 <1+
1+|B|

is satisfied, then I ° maps the class k —ST into the
class R} (A, B).
Taking b = a in Theorem 2, we have the following.

Corollary 5

Let a€ C\{0}, p, = p,(k) be defined by Equation 13
and c e Csatisfy

Re > max{0,2Ra+ p, +3}.

If the hypergeometric inequality

(8,8, peL) + (L -0+ 6 +7)1

“p , .
e LR (a+La+1 p +LRe+12)

2
(-G48 y+ 20207+ bp) P (@@L, p 4L e+ 4 (4

Re
2 2
sy ays) @ LB £ oo 2o b v 2ot 221) + sl @2l (B):

(Me), (%e),
(A-B)|7]
1+|B|

F@+2,a+2 p +2;Rc+21;1) <1+

is satisfied, then H?5° maps the class k —ST into the
class R} (A, B).

Leting #4=0=y=0 in Corollary 5 and after

simplification we get the following result due to Mishra
and Panigrahi (2011):

Corollary 6

Let a€ C\{0}, p, = p,(k) be defined by Equation 13

and c e C satisfy (Mishra and Panigrahi, 2011, Corollary
3, p- 59)

Rc > max{0,2Ra+ p, }.

If the hypergeometric inequality

2 -
18P E asnast pstoer12) <14 AZBI]

,F(a,a p;ReLL) + e I [B| .

is satisfied, then T ® maps the class k —ST into the
class R*(A,B).

Corollary 7

Let aeC\{0}, p,=p,(k) be defined by Equation
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13 and ceC satisfy the inequality (Mishra and
Panigrahi, 2011, Corollary 4, p. 59)

Re > max{2+ p,,2Ra+ p,}.

If the hypergeometric inequality

1

5 1
{m(iRc—l)l T {,F,(a,a, p;ReL;1)}2 + lal P -
(e=p 1) e(ic—p,-2¥

1 _
{;F(a+1,a+1 p,+1;Rc+1,2;,1)} 2 Sl+w
1+|B|

is satisfied, then L(8,C) maps the class k —ST into

R*(A,B).

Proof

Take b=1 in Corollary 4. Using summation formula
(Equation 7), we have

T'(Re)[(Rc—-p, -1
F @11, p,;Re,11) =, F (L, p,;Rc;1) =
sF(LL Py ) =, R (L piiReid) (e DI (e —py)

1 1

{.F,(a,a, p;Re,L;0)}2{,F,(b,b, p,;Re,L,1)}2 + (1+ -5 +4ub)

1 _
{F(@a+l,a+1, p,+1;Rc+12,1)} 2{,F,(b+1,b +1, p, +1;Rc+1,2,1)}

1

+(,Ll—5)|ab| pl

1 _
v us @ Oel (Pl g a2 74, p 42980+ 22} 4, Fulb+2,b +2, b +2: e+ 22D}

(%c),

| (@),(0), | (P,
2(*Rc),

+ 3uo
is satisfied, then H;:';'c maps the class k —ST into ST.

Proof

The proof follows the same line to that of Theorem 2. In
this case we use Lemma 4 instead of Lemma 2. The
proof of Theorem 4 is complete.

Takiing ¢ =06 =0 in Theorem 4 we get the following.

Corollary 8

Let a,beC\{0}, p, =p,(k) be defined by Equation 13
and c e C satisfy (Mishra and Panigrahi, 2011, Theorem

)2 {F,(@a+2,a+2 p +2,Rc+23D}2{,F,(0+2,b +2 p, + 2, Rc+23;1)}

_ Rc-1
Re—p, -1’

.F(22, p+1,Rc+1,2,1) =,

_T(Rc+1)I'(Rc—p,—2)

~ T(Re-DT'(Re-p,)
(Mc)(Re-1)

~ (%e-p,-D(%e-p,-2)

F(2 p,+1,Rc+1;1)

Hence, the result follows.

Theorem 4

Let a,beC\{0}, p, =
13 and c < Csatisfy

P,(K) be defined by Equation

Re > max{0,2Ra+ p, +2,2Rb+ p, +2}. (28)

If the hypergeometric inequality

|ab] p,
C

1
2

1 _ 1
{LF@+1la+1, p+LRe+1L10)} 2 {;F,(b+1,b +1, p, +1; Rc+1,1;1)}

1
2

1

N[ =

<2 (29

2(ii), p. 58)
Rc > max{0,2Ra+ p,,2Rb+ p,}.

If the hypergeometrlc |nequal|ty

LR(ap; ‘Rcll)}z{s F,(b.b,p; »chll)}z |2b lpl{sF a+1,a+1, p,+LRe+121)}

{F,(b+1,b +1, p, +1;9Rc +1,2;1)}5 <2
is satisfied, then 1 =* maps the class k —sT into sT.

Theorem 5

Let a,beC\{0} . p, = p,(k) be defined by Equation 13 and



c € C satisfy

Re > max{0,2Ra+ p, +2,2Rb+ p, +2}. (30)

If the hypergeometric inequality

1

LRa8 BMCLD} LR, pNOL} + (-0 -+) BLE

Re
1 _ 1
{;F,(@+La+1 p,+1;Re+120)} 2, F(b+1,b +1, p, +1;Rc+1,2;1)} 2

|

(S + 1 15 + 235) 'pigF a+l,a+l, p+LRe+1L1)}2

3 [ (@), [ (0), [(P.).
{R(b+1, b +1, p,+1Re+1LL1D)} 2 + o (o),

1 _ L
{F@+2,a+2 p+2,Rc+220)}2;F,(b+2,b+2 p, +2;Rc+22,1)} 2

. (A-B)l7]

1+B]| (31)

is satisfied, then H %2° maps the class k —UCV into
R} (A,B).

Proof

Let the function f given by Equation 1 be a member of

k —UCV . The proof follows the same line to that of
Theorem 1. Making use of Lemma 2, the coefficient

estimate (Equation 15) for a, and the elementary
inequality | (c), [> (*Rc),

n

, it is sufficient to show that:

_x (P)ns (@) (0) 4
S; = HZ;,”[HJ/(” —DI+(n-1)(u—6+nud)] M, (0)0)

L (A-B)l7| (32)
1+|B|

The term S, can be equivalently written as

S, -Z[1+n(y 8)+n(n+1) 18 +ny +ny(u—5)+n (n+1)ym]W

OO, @O (B, 51
Z ), (1), (1), L (U—0+ o + ; O, (1). + (S + yp— Y5 + 2yud)

S (a)n+1(b)n+l | (pl n+1 | (a)n+2 (b)n+2 | (pl)n+2 _
ZO: S’RC)nJrjl_(]') (1) Z (ERC)nJrZ (1) n+1(1)

An applications of Cauchy-Schwarz inequality and the
relation (d), =(d), (neN,) forany complex number d
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to the individual sum give

- (&), @0 |7 < ), B)u(p)s | Jab]
S3S{z H%(mc)n(l)n(l)n} U0 g

1
Z (a+1), a+1 p1+1 2[& (0+1),(0 +1),(p, +1), |2 |ab| p,
+ (0 +yu— 90 + 2pu0) ———
{Zo 0c+1),2), (0, HZ O, @ (), | WO Ime) e

0
1
2

{i (a+1),(a+1) p1+1 }{i (b+1), (b +1), (p, +1), }2+W5|()z(b)z|( P,

o ‘J{c+1 1), o ‘RC+1 () 1), (%Re)

{Z(a”) (a+2)n(p1+2>n} {Z(b+2> (0 +2),(py +2), } _1.(33)
(c+2,@,0), | & ©c+2,@.0),

Since the condition (Equation 13) holds which ensure that
sum in the r.h.s of Equation 33 are convergent
hypergeometric series. Therefore,

1
S, <{;F,(a,a, p; Re L}, F, (b.b, pl:iRc,l:l)}? (u- 5+w+y)|a 'pl

1
2

1
{;F(a+l,a+1 p,+LRc+121)} 2{,F,(b+1, b+1, p,+1LRc+121)}

1 1
(0 + -+ 20) 2L a;Lplng(au,m, b +LRC+LLD} L F, (041,41, p 1Ko+ 11D}

B
+yy5%{f (a+2,a+2 p,+2Rc+22,1)} Z{3F (b+2b+2 p,+2Rc+221)}? -1

2

Hence, in view of Equation 32, if the hypergeometric
inequality (Equation 31) is satisfied, then
Hf};j‘;@(f) €R7 (A, B) as asserted. This complete the

proof of Theorem 5.

Putting £ =0 =¥ =0 in Theorem 5, then we have:

Corollary 9

Let a,b € C\{0}, p, = p,(K) be defined by (2.3) and

¢ e C satisfy (Mishra and Panigrahi, 2011, Theorem 3(i),
p.60)

Re > max{0,2Ra+ p, —1,2Rb+ p, —1}.

If the hypergeometric inequality

1 (A-B)|7|
{;F,(a,a, p;%c,1;1)}2{,F, (b,b, pl,‘Rcll)}2 <1+W

is satisfied, then T 2* maps the class k —UCV into the
class R"(A,B).
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Corollary 10

Let the complex numbers a,b and C be as in Theorem
5 and further satisfy

1 1
GF.a, pNto LD} G R.05, patto 1)} + (u-+ ) 20 B

1

{;F(a+la+1 p,+1%Rc +1,2;1)}5g F,(b+1, b+1, p,+1,Rc+12;1)}

1
2

ol

1
+/15%{3 F(a+la+l,p+L ‘J{c+1,1;1)}5{3 Fz(b+1,5+1, p,+1Re+1L1}
<1+ (1- p)cosn.

Then the operator H;:§'° maps the class k —UCV into
the class R, (8) .

Proof

Taking A=1-28 (0<p<1), B=-1, =0, z=e""cosn
in Theorem 5 we get the desire result.

Remark 2

Putting U= 0=0in Corollary 10, we get the result of
(Mishra and Panigrahi (2011), Corollary 5, p. 61).

Theorem 6

Let a,beC\{0}, p, =
and c e C satisfy

p,(K) be defined by Equation 13

Re > max{0,2Ra+ p, +1,2Rb+ p, +1}. (34)

If the hypergeometrlc inequality

CF.(a PO} F (0.6, pie LD} + (u- 5+u5)'ab'p1

1

{;F,(a+La+1,p,+1Rc +1,2;1)}5{3 F,(b+1, b +1, p,+1;Rc+1,2,1)}

L
2

1 _ 1
+y§%{3 Fa+la+1 p,+LRe+1LL)} 2{;F,(b+Lb +1, p, +1;Re+1,1,1)} 2
<2, (35)

is satisfied, then H 2%° maps the class of k —UCV into
ST.

Proof

Let the function f given by (1.1) be in the class

k —UCV . In view of Lemma 4, it is sufficient to show
a),4(b), 1 g
e’ (©)n1(D oy

By making use of Lemma 3 and elementary inequality
[(c), > (Rc), (peN), it is again sufficient to show
that:

— S . _ [(@)n1(0)ns | (P)ns 36
S, §[1+(n (-8 +nud)] 0 DD, <1.(36)

Now

1@, (00, 1(ps _ <] (@), (0), (P,
5= 2L+ =)+ 0+ 0] @), (D), (D), D (0), (0,1,

| (a) 1(b)n+1 | (pl n+1 | (a)n+1(b)n+1 I (pl)n+1
S+ n+!

) e ey L e
@0, (B, 15,5 10+,0+2, 3+,
2 (o), (1), (1), O Y We+1), 2,0,

|ab| P, Zl(a+1)n(b+1)n |(p1+1)n B
ER n=0 (g{c+1)n(1)n(1)n

Applications of Cauchy-Schwarz inequality give

(@@, (0, |7 OB 7~ [ablp [ @Dy (@sD,(p 4D, |
{2 W10), (1), (1)Hzo(mc) (1»()}““ )51 oD, 0.0, }

{Z (b+1),(b +1),(p, +1), }2+

slablp. {Z (a+1)n(a+1)n(p1+1)n}2
5 (Me+1),(2,(D),

mc n=0 (8{C+1)n(1)n(1)n

Z (b+1),(b +1),(p, +1), %_
=0 SRC‘F]-)n(l)n(l)n

The conditions Rc>2Ra+p,+1 and RKc>2Rb+p, +1

given in Equation 34 ensure that the sum in the r.h.s of
Equation 37 are convergent hypergeometric series so
that

1

1 _ 1
S, <R (8, PCLD} L R0.5, piste i} +(u—d+ ) DL

N

1 _
{F(@+l,a+1 p,+1,Re+12,0)} 2{,F,(b+1,b +1, p, +1; Re +12,1)}
1

1 _ 1
+ 1o %{3 F(a+l,a+1 p +LRe+1L0)} 2F,(b+1b +1, p +1; Re+1.1,1)} 2 -1

Therefore, in view of Equation 36 if the inequality
(Equation 35) is satisfied, then HE:§'°(f)eST. This

complete the proof of Theorem 6.
Remark 3

Putting 6 =u=0 in Theorem 6, we get the result



due to (Mishra and Panigrahi (2011), Theorem 3(ii), p.
60).

Theorem 7

Let a,be C\{0} and c € C satisfy
Re > max{0,2Ra+22Rb+2}. (38)
If the hypergeometric inequality

{,F.(a.a%c; 1)} {,F.(b,b;%c; 1)}2 (ﬂ—5+2y5)@{zp(a+1 5+1'<Rc+1'1)}%

LFE(b+1D +1;Re +1;1)}2 +,¢5|("&(§’)2 I R @i2a+2%c42, 1)}2
1

{F.(b+2b+2Rc+21)}2 31+1 1
+

(39)

Bl

satisfied, then H;:§'° maps class of R’ (A,B) into
R} (A,B).

Proof

Let the function f given by Equation 1 be a member of
R (A,B).
estimate (Equation 17), it is sufficient to show that

By virtue of Lemma 2 and coefficient

(1+| B])S, <1, (40)
where

1H@0a(0)0s |

S, = n;[u(n ~)(u—38+nud) 0.0,

The term 55 can equivalently written as

S, = 3T n(u—8) - n(n+1) o] LB |_z|(a) KON

= ®o), (1), & (Ro), (1),
| (a)n+l(b)n+1 | | (a)n+2 (b)n+2 |
a2y L O YD), Z(mc+2)m(1)
|(2),0), 1, lab| & [(a+1),(b+1), |
Z*J%)(l) Um0 208) 500 o). ),
|(a)2”(b)2|Z|(a+2)n(b+2)n|_
(Re), 1= (Re+2),(D),

Applications of Cauchy-Schwarz inequality gives

Panigrahi and EI-Ashwah 59

< (2),(a), g (b), (), : B lab| < (a+1)n(a’+1)n%

SSS{%(‘R@"@)"} {%(mcmn} I {Z We+1), (D), }
1 1
z(b‘;l) Wb +1), 2+H5|(a)z Il (), | z(a+2) (a+2), (2
c+1),(1), (Re), Re+2), (1),

(b+2), (b +2),
{Z Rc+2),(1), }
Since the conditions Rc >2Ra+2 and
Rc > 2Rb +2 given by Equation 38 ensure that the

sum in the r.h.s of Equation 19 are convergent
hypergeometric series so that

1

85s{zFl(a,é;%c;l)}E{ZFl(b,B;‘Rc;l)} +(u- 5+2,u§)| |{2 F(a+l,a+l; ‘Hc+11)}

1
LF(b+Lb+LRe+L1)}2 + yé‘%{z F(a+2a+2Rc+ 2;1)}E
2

1
{,F(b+2,b+2;Rc+21)}? 1.

Thus, in view of Equation 40 if the inequalities (Equation
39) is satisfied, then HZ;E’;C(f) €R} (A,B) as asserted.

This ends the proof of Theorem 7.

Conclusion

By making use of Cauchy-Schwarz inequalities, the
authors obtain sufficient conditions for a linear operator
define by means of normalized hypergeometric function
to be certain close to convex class. In this direction,
researchers (Bansal, 2013; Mostafa, 2009; Sharma et al.,
2013; Sivasubramanian et al., 2011; Swaminathan, 2010;
Sudharsan et al., 2014; Sivasubramanian et al., 2013)
have already obtained sufficient conditions for vaious
class without making use of Cauchy-Schwarz inequlaities.
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