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This paper is concerned with two unit warm standby systems having one expert repairman and one
assistant repairman. The assistant is called only if the expert repairman is busy. The assistant
repairman who may repair the failed unit after getting instructions by his master; but sometimes the
assistant repairman may repair it without having the need of instructions for doing repair with
probability p and q, respectively. Techniques of the semi-Markov processes and regenerative
processes are used to obtain various measures of system effectiveness mean time to system failure
(MTSF), availability analysis, busy period of an expert repairman, busy period of an assistant repairman

and profit incurred.
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INTRODUCTION

In reliability analysis of redundant repairable systems,
most of the research workers have concentrated their
attention on cold standby systems, and have emphasized
the importance of warm standby (Goel et al.,, 1985;
Kumar et al., 1995; Pour and Singh, 1996; Sridharan and
Mohanavadivu, 1998; Singh et al., 2000). And in most of
these papers one of the basic assumptions is that only
one repairman facility (Kuo-Hsiung and Wen-Lea, 2006;
Labib, 1991; Mokaddis et al., 2009a; 2009b). However, it
may not be true in all situations. There may be situations
when we should call two repairmen who may do the job
at the same time. So when an expert repairman is busy
for repairing a failed unit and another unit fails. Then the
assistant repairman who may repair the failed unit after
getting instructions by his master; but sometimes the
assistant repairman may repair it without having the need
of instructions because the faults in the failed unit are
minor. Thus, in this paper, a two-unit warm standby
system is studied incorporating the above idea, with
some usual assumptions and the following additional
assumptions:
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(i) The system consists of two identical units. Initially one
unit is operative and the other unit is warm standby,

(i) When failure of a unit is detected and is attended by
the expert repairman,

(i) System is down when both units are fail,

(iv) When the expert repairman is called on to do his job,
it takes negligible time to reach the system,

(v) The expert repairman leaves the system after
completing repair the failed unit. The other unit which fails
will be attended to by the assistant repairman,

(vi) After repair, the unit work as good as new,

(viii) There is a single repair facility attended by the two
repairmen (expert and assistant).

NOTATION

A: Constant failure rate of the operative unit.

|: Constant failure rate of the standby unit.

W(t),w(t): Cdf and pdf of time to repair of failure standby.
G(t),g(t): Cdf and pdf of time to repair by expert
repairman.

I(t),i(t): Cdf and pdf of time to when expert gives
instructions.
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Figure 1. State transition diagram.

U(t),u(t): Cdf and pdf of time to repair by to his
assistance.

p/q: Probability that the assistant repairman needs/ does
not need instructions before starting the repair.

pij _One step transition probability from state i to state j.

piijg Probability that the system in state i goes to state |

through state k; i,j eEand k e E
E,. State of the system at epoch t = 0.

E: Set of regenerative
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TRANSITION PROBABILITIES AND SOJOURN TIMES

The system can take one of the following states (Figure
1)

S,(0,ST): One unit is operative and the other unit is kept

as warm standby.
S,(r,,0): One unit is operative and the other is under

expert repairman.
S,(S,,0): One unit is operative and warm standby unit

under repair by the expert repairman.
S,(R,,r,): One unit continuous to repair by expert

repairman and the other unite under assistant repairman.
S,W_.W,_): One unit waiting for expert repairman and

other unit waiting for assistant repairman.

[

S5(O,R,): One unite is operative and the standby unit

continuous to repair by expert repairman.
S¢(r,,r,): One wunit is under repair by the expert

repairman and the other unit under repair by the assistant
repairman.

S,(Sw W ): One unit waiting for expert repairman and

other unit waiting for assistant repairman.
Sg(SR,,r,): One unit continuous to repair by expert

repairman and the other unite under assistant repairman.
Sy(Sr,,r,): One unit is under repair by the expert

repairman and the other unit under repair by the assistant
repairman.

S,0©,SR,): One unite is operative and the standby
unit continuous to repair by expert repairman.

Mean time to system failure

Time to system failure can be regarded as the first

passage to any of the failed states 33, 34, 36, 37,

Sg, Sg; 510 which is considered as absorbing.
Employing the arguments used for regenerative process
the following recursive relations for 7; t are obtained

when E,=S;

7o (t) = Qu ”1(t)+Q02 7T,
m(t)=Qp (1) +Qu+Qy
(1) =Qy (1) +Qy +Qy
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7s(1)=Qs  7p(t)+ Qs +Qs,

7)) =Qpo 7o (t) + Q7 + Qs

Taking Laplace-Stieltjes transform for this equations and
solving for 7}’0 Q\ we get the mean time to system failure
(MTSF) which is given by:

—-d- _OeNC
ds o ‘Is:o = D, ():

Where,
MTSF= /JO + POl/ll + POZ/UZ
1-RyPRo + PPy

AVAILABILITY ANALYSIS

The following probabilistic arguments

w(t) = pFM)gFG(L)
4s(t) = pF(t)AF (W (t)

1o (t) = F()R()
14, (t) = PF()AF (W (t)
1o (t) = PF()AF (HW (t)

Can be used in the theory of regenerative process in

order to find the point wise availabilities A, (t) as shown
in following recessive relations:

A (t) =M, t +Qy(OA (1) +Qp, (1) OA,(t)

At) =M, t +Q,()OA(t) + Q7 (OA (1) + Qi (OA (1) + QOA (1)
A () =M, t +Qy (O )+ Qyr (NOA, (1) + Q7. (1) OA, (1) + Qs (H)OA ()
A4 (t) = Q46 (t)©A6 (t)

A(t) =Mj t +Qs (t)OA(t) +Qs, (YYOA, (1) + Q5 (A (t) + Q5 (NOA (D)
As (1) = Qe (DOA (1) + Qg (NOA (1)

A, (t) = Qe (1) OA (1)

Ay (t) = Qq 1 (NOA, (1) +Q,, (NOA (1)

Ay )= My, t +Q100(t)©'%(t)+Q107(t)©A7 (t)+Qfow(t)©A0(t) +Q§)1(t)©A(t)-

After using Laplace transform for equations and solving
for A,(S) we can calculate the steady state availability
such that:

N,(0)

A= L'Hg SAG(S):D,i(m

Where,

D;(0) = Ho 1 —Pio7ProPoro — pfmo Pso
P+ Pio(l —PasPesPes — pgs )
+4(Pr @ —PurProPoo —Piwo) +Pe (P Pro
(Poto Plos +Pg, (1 —Plowo)) +(1— Pio7 Pro Poso
- pfom) p281 +(Pao7 Pro Por + pfm) pglo )
(L~ Pss Pss Pes —P)

+16 P (L +Pig7 ProPorg + pfmo) +(Pso  (PraPagPes
+P5) +Pi (1 —Pus Psg Pos Pis)

s Psa Py P 1- PuorProPory — Plow— P Pao

1Py PP — pfmo +Poo P27 ProPore + pgw

+Ps 1 —PiyProPoo — pfom 1- p131 —Po1Po
1— Pi7 Pro Poso — pfom —Puio 1 - p131

P27 P7g Po1o + pglo —Puw PPy Por +Poro + pfom

p14 p46 p65

P+ PurProPe+ Pl Poio +Pua
PsPss  PuPso  —1 +Piy +PurProPory -1
~PurProPac —Prow pi P Pso
P 1= PurProPoo—Pioww  + PuorPrePor  +Plor
P —Po 1-PorProPao—Plow —PooPow P
+PyPs  Po PaoPln +Pa 1Pl
~PuoPooPi  +Pa 1 —PuorProPuc —Ple —Po

8
P 1= Pur P Poto = Proo + Pioo P ProPoso + P01 PSs
3 8
15 PuPsPes +Pis 1 —PirProPow —Piso —Poo

Pp 1 - pfom —Pio7PePe0 +Pio  Pior Pro Paro
+ pglo
+1sPs 1 —PurProPoyy  — pfom —Poz P 1

~ P ProPoro —Prono PiorProPoo +Poio
P Pis + Prs 1 P

+1 Pz Pow

~PozPa0 Pz Pro P

1- p02 p20 pGl

+ Puoo

1 - p01 plO - poz pzo - p131 1
1 —PusPosPes —P%s  —PuaPus
1 - pgs + Pgs pgl = Po1Pso



+ Po2 Pso pgl + p531 1 — Py P PagPssPes  + p135
+ Poo p§1o Py P 1 —PuPsPes — pgs +Pso p135

+ P Pyg Pes + Doz P27

PorPio 1— PusPssPes + PraPasPooPss  +PosoProp 1
—PusPsiPss  —PuPuPa — PL P51
—PisPssPs  —PaPs  —Ps P +PuPisPes
+ Pas Pss Py Po 1 —Poo  +PaoPin

PoPis—PoPls  +4PuPe  (Pr @ —Piy)
+PrPo) (P (PuPsPes  +P%)

+Pp (I —PiPssPs — p§’5 ) +140P0; (P27 Pro Paro
+ pgm) (Pso (PuPisPss + pfs) +Po (1 —PusPssPss
— pgs )

N,(O) =Y, +Y +Y, +Y . +Y

Yo = ,Uo[ 1 - Pio7 Pro Poro — pfom) Q- p131 — Pg Pss
(Ps @ — p131) +Pe p135) - p135 p531 —PuPs ( Pes pgl
—Po (@ —p%)) —p& +PaPS)]

Yi=14 [ —PusPsyPes — p§5) (P (L —Pio7 Pro Poo
—Ploww) —Por (PrrPrs (PoroPion +Pu (1 —Plowo)
+Pn@  —PuorPoPao —Pow)  +Poo  (PuorProPa
+ pfm)))]

Y, = 14, Poy [ —Pi7 ProPoo — pfom) Q- p131 — s Pss
(Ps (L - p131) + Pe1 p135) - p135 p531 —PuPss (Pes pgl
+Py (1 — pgs ) + p§5 - p131 p§5 )]

Ys = 15 [(Puy Pas Pes + p135) (Poy (X —Puo7 Pro Pogo — pfom)
+Po2 (P Pre (Pogo pfm +py (- pfom )+ pg1 @
— Pro7 Prg Poro — pfom) + p2810 (Po7 PPy + pfm)))]

Yio = tho [Pz (P ProPory + p2810) (R p131 — s Pss
(s @ —PL)  —PabPs)  —PsPs  —Pubs
(PesPs +Pe (1 —P%)) —P% +Paps)]
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BUSY PERIOD OF AN EXPERT REPAIRMAN

The following probabilistic arguments

1 (t) = pF(t)aF (1)G(t)
45(t) = PF ()qF (W (1)

(1) =FOR(E)

14, (t) = pF(O)GF (W ()
#o(t) = PF(DAF W (1)
Can be used in the theory of regenerative process in
order to find the busy period analysis for the expert
repairman B, (t) (the probability that the operative unit is

under repair at time (t) as shown in following recessive
relations:

Bo (t) = Q(n (t) Bl (t) + Qoz (t) Bz (t)

B.() =W,(1)+Qu(t) By()+Qi(M) B(M)+Qu(t) Bi(®)+Qu(t) B,(t)
B,(1) =W, (1) +Qu(t) By(t)+Qy (1) B, () +Qy(t) By(t)+Qz(t) By(t)
B, )= W, O+ Qus (t) B (t)

B(t) =W, (1) + Qo) Bo(t) +Qse(t) B, (1) +Q5(t) Bs()+Q%(t) By(t)

Bs ®= W O+ Qel t) B, O+ Qes (t) Bs ®)

B, t)= W, O+ Qyo (t) B, (t)

By() =W, (1) + Qg 1o(t) By (1) +Qq,(t) Bi(t)

By (£) =W (1) + Qug (1) & By (1) + Qg () & B, (£) + Qi () &Byo (1) + Qo () &By (1):

After using Laplace transform for equations and solving
for Bg (S) we can calculate the busy period analysis
steady such that:

N5 (0)
D; (0

B, = limsB, (s) =

Where,

N,(0) =Y, +Y,+Y, +Y; +Y, +Y,

Yi=u4 [Q —PasPssPss — pgs) (P @ —Pio7 Pro Poo
—Plow) —Por (PrrPre (PoroPion +Pu (1 —Ploso)
+ pg1 @ —PiurPuPoa0 — pfom) + p2810 (Puo7 Pro Py
+Pio))]

Y, = 1,05 [ —Puo7 Pro Paso —p1801o) @ —p131 —PusPss (Pes
(L —Pa) +pupd) —PEP% —Pube (PPl +Pa (L)
5 PP Ya = st [(Por @ =iy ProPasy D) +Poz (Por Pro
(Poio pfm +Py @ - pfom)) +p21 @ —Pio7 ProPoro
- pfom) + p2810 (Pur PP + pfm))) (Psq p135
+P, (- pgs )]
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Figure 2. MTSF versus failure rate A.

Yo=tt; [P (P & —PirProPoc —Pioso) +Peo
(P Ps (PooPlr +Pu @ —Piwo)) +P5 (@
—Pio7 ProPoro  — pfom) - pglo (Puor PPy + pfm)))
(s P55 +Pra (1 P55))]

Y; =1, [P (P (L — pfom) + Puo pglo) @ - p131
— Pag Pss ( Pes (L — p131) +Pes p135) - p135 p531 —Pua Pss
(Pss pgl +Pe (L — pgs ) — pgs + p131 pgs )]

Yo = 44 [PePre (P ( _pfom) + Pior pglo) Q- p131
—PusPs (Pes (L — p131) —Pes p135 p531 —PuPs (Pgs pgl
—Po (@ —p%)) —p& +PaPS)]

BUSY PERIOD OF AN ASSISTANT REPAIRMAN
The following probabilistic arguments,

,(t) = pF(t)gF (1)G(t)
45 (t) = pF(DAF ()W (1)

4, (t) = F()R(t)
1,(t) = pF(DGF (HW (1)
1, (t) = PF()GF (HW (1)

Can be used in the theory of regenerative process in
order to find the busy period analysis T.(t) (the

probability that the operative unit is under repair at time
(t) as shown in following recessive relations:

To (t) = Qo1(t) T1(t) +Qoz (t) Tz (t)
T(M)=Qu) T,M®+Qi(1) T(M)+QL(t) T,()+Qu,t) T,(1)

T,(0=Qu(®) ToM+Qx(1) T, (M)+Q0u) TH®+Qnu®) T(1)
T, (1) =W, (1) +Q,(t)  Ty(t)

T0)=0Q1 TM+Qu) T.M+Q5%® T®)+Q5t) T
Ts ® =W, O+ Qel(t) T, O+ Qss ® Ts ®

T, (1) =W, (1) + Qp(t) Ty (t)

To(t) =Wy (1) +Qq10(t) Ty(t) +Qq (1) Ti(1)

To®=Quo() To()+Qu (1) T, +Qui(t) Tyo(t) +Qi, (0 Ty()

After using Laplace transform for equations and solving
for 17(s) we can calculate the busy period analysis steady

such that:

T, ~limsT, 9 = 5

Where,

N,(0) =Y, +Y s +Y, +Y,

COST BENEFT ANALYSIS

At steady state the net expected gain per unit of time is:
G= !lmG(t)/t :ClA) _CZBO —C3T0 '

Where,
C1 . Is revenue per unit uptime by the system.

C2 . Is per unit expert repair cost.
C3 . Is per unit assistant repair cost.

SPECIAL CASES

The failure and repair times are exponential distribution

F(t)=1-e*, I(t)=1-e",
G(t)=1-e*, X (t)=1-e",
ut)=1-e ", W (t)=1-e*.

Graphical representation

The graphical representations are shown in Figures 2, 3 and
4.

Conclusion

By comparing the characteristic, MTSF, Availability and
PROFIT with respect to A, it was observing that:



0.7

0.6

05

0.4

Availabilitv

0.3

0.2

0.1

Mokaddis et al. 25

Figure 3. Availability versus failure rate A.
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Figure 4. Profit versus failure rate A.

The increase of failure rate A at constant j=0.02
a=0.04, =006 =005 7=002 p=0.4,
q=06, C,=700, C, =40, C,=10 the MTSF, Availability
and PROFIT of the system decrease.
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