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In the current paper, the concept of one-dimensional Shehu Transform have been generalized into
three-dimensional Shehu Transform namely, Triple Shehu Transform (TRHT). Further, some main
properties, several theorems and properties related to the TRHT have been established. Triple Shehu
transform was used in solving fractional partial differential equations, with the fractional derivative
described in Caputo sense. The proposed scheme finds the solution without any discretization,
transformation or restrictive assumptions. Several examples are given to check the reliability and

efficiency of the proposed technique.
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INTRODUCTION

integral transforms is one of the most easy and effective
methods for solving problems arising in Mathematical
Physics, Applied Mathematics and Engineering Science
which are defined by differential equations, difference
equations and integral equations. The main idea in the
application of the method is to transform the unknown
function of some variable t to a different function of a
complex variable. With this, the associated differential
equation can be directly reduced to either a differential
equation of lower dimension or an algebraic equation in
the new variable. There are several forms of integral
transforms such as Laplace transform (Papoulis,
1957, Debnath and Bhatta, 2014, Rehman et al., 2014
and Dhunde et al., 2013), Sumudu transform (Kilicman
and Gadain, 2010; Mahdy et al., 2015 and Mahdy et al.,

2015a), Eltayeb and Kilicman, 2010, and Mechee and
Naeemah, 2020. Aboodh transform (Aboodh, 2013),
Elzaki transform (Elzaki, 2011), Variational homotopy
perturbation method (Mahdy et al., 2015b), Alternative
variational iteration method (Mtawal et al., 2020) and one
form may be obtained from the other by a transformation
of the coordinates and the functions. Recently, in 2019
Maitama and Zhao introduced a new type of integral
transform as a generalization of both Laplace transform
and Sumudu transform for solving differential equations
in the time domain, and provided some theorems on this
transform. The study was further reinforced by Issa and
Mensah (2020), Alfageih and Misirli (2020), Aggarwal et
al. (2019), Mahdy and Mtawal (2016), Mtawal and
Alkaleeli (2020). In this paper, we extend and generalized
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some results of Thakur et al. (2018), Abdon (2013) and
Alfageih (2019); in particular, we extend one-dimensional
Shehu transform into three-dimensional Shehu transform,
and provide some examples to show the effectiveness of
our results.

PRELIMINARIES
Here, we recall the definitions of Shehu and Double
Shehu transform.

Definition 1

The Shehu Transform (H) (Maitama and Zhao, 2019) is
defined over the set of the functions

[x]

(t)<M e[‘” ] if t e(~1)" x[0,00)

B= f(t):EIM,,ul,,u2

by the following formula
H(f (t))=F(s,u)= J'e f(x)dt
1)
i (;“)
= IimJ'e “/f (t)dt; s,u>0.
0

And the inverse Shehu transform is defined by
H‘l(F (s,u))=f (t),t=0,

a+io st
L 1e(”)F(s,u)ds. @
2ri % U

100

Definition 2

A real function f (t),t >0, is considered to be in the
space C,,m eR, if there exists a real number o >m,so
that f (t)=t’g(t), where g (t)e[0,0), and it is said
to be in the space CT, if f™ eC_,meN.(Podlubny,
1999; He, 2014).

o

Definition 3

The left-sided Riemann—Liouville fractional integral of
order a >0,0f a function f €C_,o0=-1 (Podlubny,

1999; He, 2014) is defined as:
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f (r)d 7, t,a>0. 3)

t

36 () =—=[(t-2)"
0

Here I'(.) is the gamma function.

Definition 4

If feC,,neNU{0}. The fractional

derivative of f in the Caputo sense (Podlubny, 1999; He,
2014) is defined as follows:

left Caputo

1 ey (n )
Df (t)= r(n——)l(t'f) @

Definition 5
The Mittag-Leffler function E,, E,p (Kilbas et al., 2004)
are defined as
, R, Re(a) >0, 5
%r No + 1 @< (@) )
, o,feR, Re(a),Re(f)>0. (6
nzf na+ﬂ a,fe (a), Re(B) (6)

These functions are generalization of the exponential
function. Some special cases of the Mittag-Leffler
function are as follows:

E.(t)=e', E,.(t)=E,(t).
Theorem 1

If «>0,aeR and |a|<(ij , (Khalouta and Kadem,
u

2019), then

i
H M =

2

Definition 6

5 (—at).

The single Shehu Transform ( H) of a function f(x,y,z)
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with respect to the variables x, y and z respectively
(Maitama and Zhao, 2019) are defined by:

H, (f (x,y,2))= Ie_mf (x,y,z)dx, )
H, (f (h%ﬂ){emf (x.y.z)dy, ®)
H, (f (x,y.2))= jemf (xy.z)dz . ©)
Definition 7

The double Shehu Transform ( H2) of a function f(x, y)
(Alfageih and Misirli, 2020) over the set of the functions

)eR?%, j 12}

\
A= f(x,y):HM,yi,,uz>0,‘f(x,y)‘<MeL J

by the following formula

sX qy

HE (F (x.y))=F[(s.a).(uv)]= I Ie[“+v jf (x,y )dxdy ,

(10)

and the inverse double Shehu transform is defined by

H, (FI6s,0). V) =f (x,y)

L} 16(1*][;”]“ LV, (x,y))dq]ds

e U 27i s V

11)

Definition 8

The double Shehu Transform (HZ) of a

function f(x,y,z) with respect to xy, xz and yz
respectively (Alfageih and Misirli, 2020), are defined by:

o o _(sx_qy

0 oy a)= ] Je T oy

HZ (f (x.y.2)) =T Te ] f (x,y,z)dxdz, (12)

0

HZ (f (x,y.2))= j Ie

f(xyz)

RESULTS

Here, we introduce the definition of Triple Shehu
transform and Triple Shehu transform of partial and
fractional derivatives which are used further in this paper;
moreover, we apply Triple Shehu transform for some
basic functions.

Definition 9

Let f be a continuous function of three variables; then,
the Triple Shehu transform (TRST) of (, y, z) is defined

by

qu

H3. (1 (v 2))=Fsam)uv.k)]= [ ] Je! F53) f(x,y,z )dxdy dz.
0 0 0

(13)

Where x,y,z >0 ands,q,r,u,vandk, are Shehu

variables, provided the integral exists.
Also, the inverse Triple Shehu transform is defined by
Hy: (FI(s,a.r), v, K)D =f (x,y,2)
_ o a1
= ﬁ”:[m 5e {gﬁﬂ ;e E,:‘:m e H;(f (x,y,z))dr |dg |ds.
(14)

Existence and uniqueness of TRST

Here, we debate the existence and uniqueness of the
Triple Shehu transform and prove it.

Definition 10

A function f (x,y,z)is said to be of exponential order

a>0,b>0,c>0,as x,y,z —»oo Iif there are positive
constants m , x ,y and z (Alfageih, 2019) such that

£ (x,y.2)| <M ™) forallx >X,y>Y ,2>Z,

and, we write
f(x,y,z)=0

Or, equivalently,

(eax+by+CZ) (as X,Y,Z —)OO)_

[f (x.y.2)|

(ax+by+cz) < <.

sup
X,y,z>0 e



Theorem 2

Let f (X Y.z ) be a continuous function on the interval

(0,X),(0,Y ),(0,2) and of exponential order &%)
Then the Triple Shehu transform of f (x,y,z ) exists

vs>au, g>bv, r>ck.

Proof

ax +by +cz )

Let f (x,y,z)be of exponential order e' such

that

[f(x,y.z)] <M e@ Yt forallx >X,y >Y ,z >Z.

Then, we have

www{%ﬂH]f X,y,z )dx dy dz
Ijje (x,y,z)dxdyd
0 00

Hy: (F (x.y.2))|=

X QY 1z

T Te_(u+v+k)|f (x,y,z)|dx dy dz
00

IN
oOt—38

X,y .7

ei[? v ?]eax+by+cz dX dy dZ

A5 [Te(“f”ly [Te(“f“]*dx ]dyjdz

0

IA

<
O =8
—38
oOt—38

1l
<
ot—3

Mukv
(s-au)(g-bv)(r-ke)

Thus, the proof is complete.
In the next theorem, we show that f (x,y,z)can be

uniquely obtained from F[(s,q,r),(uv k)]

Theorem 3

Let F,[(s.0.r),(uv.k)]and F,[(s.0.r).(uv.k)] be the
Shehu transform of the continuous functions f, (x,y,z)
and f,(x,y,z) defined for x,y,z >0 respectively. If

RI(5.9.r),(uv k)]=F[(s.q.r).(uv.k)], then
f.(x,y.z)=f,(x,y,z).
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Proof

If we presume «, B, ¥ to be sufficiently large, then since

a+io (sx) Pie (@ o
T iy e Sy o (0
27 5, U 27l 7, v 27 5,

kie[HF [(s.q.r).(uw .k )]dr ]dq }ds
We deduce that

a+in (sx) Pin ay yHio (1)
f.00y.2)= = | ule““{i_ | \%el\v W[i kie““JFI[(s,q,r),(u,v,k)]dr]dq}ds
oo . Yin

R PSP PR ST
< T T Rsan e

This proves the uniqueness of the TRHT.

TRHT of some elementary functions

(D) If f(x,y,z)=A,x,y,z >0.Then H}, (A)

Xyz

A[uvk].
sqr

2
() If f (x,y,z)=xy z.ThenH; (xy z)=(%j :

ax +hy +cz

3) If fx,y,z)=e Then

kv
H3 ax +hy +cz — u )
e (e ) (s—au)(q—bv)(r—kc)

i (ax +by +cz )

@) If f(x,y,z)=e . Then

H3 i(@xsby se2) ) _ ukv
o (e ) (s —iau ) (g —ibv )(r —ikc)

_ ukv [(rsq —abuvr —sbkvc —augke ) +i (sgkc —abuvke +sbvr +auqr)]
N (s*+a%u?)(a®+b¥?)(r* +k?) '

Consequently,

ukv (rsq —abuvr —sbkvc —augkc )
(s2 +azu2)(q2 +b2\/2)(l’2 +k202)'

H>, (cos@x +by +cz)) =

and,

ukv (sqkc —abuvke +sbvr +augr )
(5% +a)(o” +b%?)(r* +k )
(5)

HZ, (sin@x +by +cz)) =

Xyz

If f(x,y,z)=f(x)f,(y)f;(z). Then
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zﬂﬂ
u v

T (100n ) @)y de

(0 )< o'
Te [% f1 X)[,‘-e vjfz(Y)[Te[E] f3(z )dZ ]dy de

:Hx (fl(x)) Hy (fz(y) )Hz ( f3(Z ))

So that,
su qv rk .
H: (cosx cosy cosz :
xyZ( y ) (52_'_“2] [qz_l_vz) (r2+k2j
u? v 2 k2
H® (sinx siny sin _
xyz(I X siny si Z) (Sz_l_uzj [q2+v2] [I’2+k2j
H (x"y" Zp)zn!@T m!(LJW P!(k—]m ,nm,p=012...
S q r
UVk n+l
Hf’yz ((x y z)”) :(n! )T_j .n=012..,

sqr

a+l S+l 7+l
HE, (x y* Z’):F(a+l)[u—j r(ﬂ+1)[‘ij F(y+1)[k—j o fy>-1.
S q r

Some main properties of TRHT
Linearity property

Let f (x,y,z),9(x,y,z) be two functions such that

Ha: (F 00y .2))=F[(s..), (uv k)], and
HE, (9(x.y,2))=G[(s,a,r),(uv k)]

Then for any constants, «, 3, we have

HS, (of (x,y.2)+Bg(x,y.2))=aH, (f (x.y.2))+BHS, (9(x.y.2)).

Proof

Using definition of TRST, we obtain
X W .
sl

") (af (x,y,2)+Bg(x.y.z))dxdy dz

HY, (of (x.y.2)+Bg(x.y.2))

ce—3

sx L

je v kJ (x,y,z)dxdydz+ g8
0
f

s qyg‘

w @ xi
J‘J‘euvk
00

(x,y,z )dx dy dz

o'—.s

il

=a ny23( (X Y. Z))+ﬂnyZ( (x,y,z)).

o‘—.x

Change of scale property

Let f (x,y,z) be afunctions such that

Hoe (F (y.2)) =F[(s.a.r). (v k)]

Then for a,b,c >0, we have

H, (f (ax.by,cz))=
Proof
We have

X ﬂJrrz

Hy, (f (axby.cz)) :Tﬁe(“ v k)f(ax,by,cz)dxdydz. 5)
000

Lett=ax,w =by, | =cz.

Then

First shifting property

Let f (x,y,z) be a functions such that

He, (F (x.y.2))=F[(s.a.r),(uv.k)]

Then for real constantsa,b,c , we have

He ( ax+by+cz)f (X7y,z)): F[(s-au,q—bv,r—ck),(U,V,k)]

Xyz

Proof

We have, by definition

X qy 1

H3 ( ey (x,y,z))= :[ I Ie_(“ ) e ™™ (x,y,z )dx dy dz

xyz

u v ‘ k

_( (s-a)x (a-bv)y (r-ck )z]
¢ f (x,y,z )dx dy dz

-

F

O =38

1 o«——38

(s—au,g-bv,r—ck),(uyv,k)].



TRST of derivative of a function of three variables

1) The TRST of mixed derivative of a function of three
variables is given by:

i (DO | (S (s ). (v, )) (32 )15 (7 (x,v.0)

8
o
y

2) The TRST of nth partial derivative of a function of three
variables is given by

Mx,y.z)) (sY o s\ L (" (0,y,2)
Hy, [axnjz (a) F((s.0.r).(uv k)=, [ j Hy, ol
Hye [76fgy'ny'z)]: [\(,i] F((s.q ) (v k)-3 (g] H [76 f;; OZ)J

m=0
m=0

s (0" (X,y, ! 'S e 2 (" (x,y,0
1809, raninns § 6] (42

m=0

Qo

er (f (0,y.z))- ( j 2 (f (x,0,2))
] (f (x,0,0)) (k] H, (f (0,0,2))
]H (f (0.y,0))-f (0,0,0) .

= \

<|la c|n

= |w»

3) The TRST of the partial fractional Caputo derivatives
of a function of three variables is given by:

H&[%J: (5) ((sq r).(uv, k)) z; [ TMHYZI{%}

nyz[a”f g;va,z)j: (3] F((s,0,7),(uv k) mzm: ( ) 1Hi[amf§’mo'z)}

s (8 (x,y.z r)” o (M (x,y,0
nyz[ (az«‘y )j: (E) F((s,0.1), (v k)~ Zo[ j ny[ ;Zmy )j.

Multiplying by X" y™ z°

Let f (x,y,z) be a functions such that

=F[(s.9.r),(uv.k)]

HZ. (F (x.y.2))

Then
n+m+p

nyz(x y"z°f (x,y,z)): (—1)”*””"uﬂ\,m|(pasnaqmarp

F(s.0.r).(uv k)]

Proof

We have

HE (f (x.y.2) T T Te (x,y,z )dx dy dz
0 0 0
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Therefore,

nnnnn n+m+ ® © o 7"z+ﬂ‘l\
(71)n+m+p f mi ngz(f (X,y,Z)):(—l)Mmp ?n m" J‘_[J. [e ‘\u v k"f (x,y,z)]dxdydz

os"oq"or’ g g g

%o ‘ W‘ P
mj;h[e‘ [J'ar—pe kf(xyz)dz]dxdy

nem oo w (SC Q)| q\P

= (2 asa"iaqmg '0[ e ey J[%sz(zpf (x,y,z))}dxdy

( \
]

] (1 Aaﬂ”m T J~ e’l? T,‘[sz(zuf (x,y,z))}dx dy.
00

(16)

In the same way, integrating Equation (16) with respect to
Yy, X, we can get the required result.
For n=m=p =1 we get

HS, (xyzf(x,y,2))= —(uvk)mHXyZ (f (x.y.2)).

Recall that the Heaviside unit step function
U (x —a,y —b,z —c) (Thakur et al., 2018) is defined by

1 x>a y>b,z>c,
0 Otherwise.

U(x-ay—-b,z —c):{

Theorem 4

Let f (x,y,z) be a functions such that

Hy, (F (x.y.2))=F[(s,q.r).(uv k)]
Then for a constants a,b,c we have

sa qb rc

H, (f (x-a,y -b,z—c)U (x -a,y -b,z —¢))= e[“ v k] F[(s.0.r).(uv k)],

Where U (x,y,z ) is the Heaviside unit step.

Proof

Using definition of TRST, we get

@ ,‘Lﬂ

!e

X‘;[

HS, (f (x-a,y-b,z—c)U (x-ay-b,z —c) J (x —a,y -b,z —¢c)
0

ot—3

U (x-ay-b,z —c)]dxdy dz

* ,[i+ﬂ+ij
et I [H (x—ay -b,z —c)] dxdy dz

u vk

_[S(Ha)* g +b) r(I+c)]
e [f (tw,1)] dtdwdl
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sa gb rc

—e {o )F[(s,q,r),(u,v,k)].

Convolution Theorem for the Triple Shehu Transform

The convolution of the functions f (x,y,z),g(x,y,z)is

denoted by (f #*xg )(x,y,z) and defined by

(f x#xg)(x,y,2)

ot—,x

||

O t—y~

f(x—t,y —t,,2 —t;) g (t,.t,.t,)dt,dt,dt,

|

ot—<

[ 9 (x =ty ~t,,2 —t)f (t,.t,.t,)dt, dt,dt,.
0

Theorem 5

Let f(x,y,z),g(x,y,z) be of exponential order, such
that

Flsaroni] =] [
000
is converge, and in addition if
G[(s,q.r),(uv.k)] :j”e
000
is absolutely converge, then

H [(Fresg )00y 2) [ =HG [ Oy o) R o 00y )]

)f(x,y,z)dxdydz,

sx qy 7

) g(x,y,z)dxdydz,

Proof

We have

xyz[(f***g )(ny|z)] =I]E.Tei(u Y k](f *xx( )(X,y,Z)dXdde

sx L z

Ne vy k[”j f (X ~tyY ~t,2 —t,) g (tty Ly dt,dt, dtjdxdydz
00 000

c—s

‘l 9y
u

e xy e
V k[j [Tt —tl,y—tz,z—t3)g(tl,tz,t3)dt1dtzdtsjdxdydz
000

Using the Heaviside unit step function, we obtained

mg bl me‘%%%‘f (=t y =tz =t,) U (x =t,y ~t,,z =ty dz |dt,dt, o,
000 000
By using Theorem 4,
- i
000

=F[(s,q.r),(uv k) TTTe o rtBJg(tl,tz,ta)dtldtzdta
000

sl1 qtZ rtsj

[(s.0.r),(uv,k)]g (t.t,.t, )dt dt,dt,

=F[(s,a.r),(uv. k)] G[(s,q.r),(uv k)]
=H [f (v .2)JHE [9 (ay.2)].

APPLICATIONS

Here, the Triple Shehu Transform is illustrated by
studying the following examples.

Example 1

Consider the following fractional
equation (Alfageih, 2019)

partial differential

2
wa(x,y,z):%, 0<a<l. (17)

With
w0y, z)=sin(y) E,(-2%),
(//(O,y,Z):O, (18)
w(x,y,0)=sin(x)sin(y).

Applying Triple Shehu Transform to Equation (17), we get

[f]aﬁ(x,y,z)‘[fjaﬂw(ny,z):G]Z‘;(X’y’z)_(stVZZW(O'y'Z)

—H?ZI//X(O,y,Z)

Using initial conditions (18), we obtain

(rja—l
v(san k)= s S 2 qg)



Operating with the Triple Shehu inverse on both sides of
Equation (19) gives

w(x,y,z) =sin(x)sin(y)E, (-2°).

Example 2
Consider the following fractional partial differential
Equation (Alfageih, 2019):

2 2
Df‘yx(x,y,z):1 AN A , O<a<l (20)
With

v, y.0=e*" 2, p(0y.2)=eVE,(27),

w(x,0,z)=e*E, (z“), y/(x,0.5,z)=ex+lEa(z“), (21)

w(y,z)=e"¥E, (z“).

Applying Triple Shehu Transform to Equation (20), we
get,

(%),X;(X,y,z)_(ij“’ly,(X,y,z):%[(sza(x,y,z)-(S)Hfzw(o,y,z)
—Hyzzz//x(O,y,z)+(3—jzy7(x,y,z)

_(\%JHXZZV/(X,O,Z)—HXZZV/Y(x,O,z)}

Using the conditions (21), we obtain

S—u

v ((5,9,1),(uv,k))= ( u Nq\—lz\/j

Operating with the Triple Shehu inverse on both sides of
Equation 22 gives

w(x,y,z) :e“zyEa(z") :

Conclusion

In this paper, we introduced a new type of generalized
integral transforms called a Triple Shehu transform,
which is generalization of single Shehu transform.
Furthermore, several properties, examples and theorems
of this transform were presented. To see the efficiency of
Triple Shehu transform, this transform was applied on
some examples and the results show that the Triple
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Shehu transform method is an appropriate method for
solving the fractional partial differential equations. As a
new work, it will be interesting to extend known results on
a Triple Laplace transform, Triple Aboodh transform, etc,
to our results on a Triple Shehu transform. Finally, based
on the mathematical formulations, simplicity and the
findings of the proposed Triple Shehu transform, we
conclude that it is highly efficient.
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