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This paper is concerned with the solution of a class of fourth order initial value problems in ordinary
differential equation by the integrated formulation of the Tau method. The initial focus is the class with
a maximum of third degree overdetermination. The matrix equations were constructed based on the
degree of overdetermination and for purpose of automation. The automated Tau system was tested on
some selected problems to validate the study numerical evidences, thus obtained, to confirm the

accuracy of the method.
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INTRODUCTION

Lanczos proposed the Tau method techniques in 1983
for the numerical solution of ordinary differential equation
with some conditions given as

Lyn (1) = B (Zheo P 2 )y (0 = Lisp frx"a <2 < b (1)

L4 YCin) = ) ey = @ k= 1(Dm @)
r=0
By seeking an approximate solution of the form

n

Yn(x) = Z ax’ 3

r=0

r< +xof y(x) which is the exact solution of the
corresponding perturbed system

L*xYn(x) = fr x"Hn(x) 4)
LY, () = o< k= 1(1)m ()

Where L is the linear differential operator
Ky, fro Pa, -Ny 17 =0,1(1)m. K =0(1)N, a and b are
real constants, y(r) denoted the derivatives oforder r of
y(x).

The perturbation term H,,(x) in Equation (4) is defined

by
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HaG) = ) Tis Tyomsisn ()

i=0 .
m+s—1 n-m+i+1

— Z Tiv1 Z Cr(n—m+i+1)xr (6)
i=0 i=0

and ¢,™s are the coefficient of power
of x (that is x™) in the nth degree Chebyshev polynomial
denoted and defined by

n
2x—a—»b
T,(x) = cos (ncos‘1 [LD = Z c,™ (7
b—a
=0
The r's are the free Tau parameters to be determined
alongside with a,and Sis the number of over-
determination of Equation (1), which is defined by

S=max[N, —r:0<r<m,N,=>r]=0 (8)

LITERATURE REVIEW

The Tau method was initially formulated as a tool for the
approximation of special function of mathematical physics
which could be expressed in terms of simple differential
equations. It later developed into a powerful and accurate
tool for the numerical solution of complex differential and
functional equations. The main idea in it is to solve
approximate problem. Accurate approximate polynomial
solution in a linear ordinary differential equation with
polynomial coefficient can be obtained by the Tau
method introduced in Lanczos (1983). The method is
related to the principle of economization of a
differentiable function implicitly defined by a linear
differential equation  with  polynomial coefficient.
Techniques based on the Tau method have been
reported in the literature with application to more general
equations including non-linear ones (Onumanyi and Oritz,
1982; Oritz, 1974), while techniques based on direct
Chebyshev replacement have been discussed in Fox and
Parker (1968) and more recently in the work of Mousavi
and Mousavi (2012). Further details on the Tau method
can be found in Adeniyi (1991), Aliyu (2012), Lanczos
(1956), Adeniyi and Aliyu (2011), Yisa (2012) and Adeniyi
and Aliyu (2007). Because of the limitation in some of the
works (Aliyu, 2012), this study seeks to extend the scope to
fourth order problems with third degree overdetermination.

Integrated formulation of the Tau method

Description of the integrated formulation

Let us consider the m-th order linear differential system

m f
Ly(x)= >, (x)y'r)(x) = > f.x",a<x<b )
r=0 r=0

Ojo and Adeniyi 67

m-1
L*Y(er) = Zarky(r)(xrk) = Oy k = 1(1)m (10)
r=0

i
Let ”j--'J.y(x)dx denote the indefinite integration i
times applied to the function g(x) and let

1= [[[+LOdx (11)

The integral form of (11) now becomes

1L.yo) = [[[ [ 00dx+C,u(6) 12)

The Tau approximant Y,.(X) of Equation (16), satisfies
the perturbed problem:

1 (Yo 00) = [ [F 9%+ Hy s () (13)
LY, (X)) = e, k =1(1)m (14)
where:
m+s+1
H n+m (X) = Z z-ers—rTn—errJrl(X) (15)
r=0

A CLASS OF OVERDETERMINED FOURTH ORDER
DIFFERENTIAL EQUATIONS

We consider here the integrated form of the Tau method
for the class of problems:

Ly(x) = iPr )y (x)=f(x), a<x<b (@16)

m-1
LY, (X4) = zark yr(lr)(xrk) =, k=0(1)(m-1) @17

r=0

NI‘
P.(X) =D _pyX" (18)
k=0

forthe case M=4 and S=3.

So, we now derive a fifth degree approximants for the
equation. From Equation (16), the general case for
m=4, s =3 is given by
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L ( ) f— ! f— " - nr —_
:=y(3;0+0(1 x +00, x2 ocg x3 +oc, x* +ocg x5 +ocg x6 +oc, x7)yiv @) + Bo y(o) - pO’ y (0) - 101’ y (O) - 1027 y (O) - p3

+ Bix + Box® + B3x® + Byx* + Bsx® + Be)y ™ (x)
+ o +11x +72x% + 7327 + yx* +y5x®)y (0 (Ao + Lx + Apx? + Ax®

+ 2yl (0) where, for convenience, we have chosen «, f,7,4 and

Gt + o+ px? ] 4 to denote p,, 0. 0,0 and p, respectively;
3 r

Ty = f (x) = Z_O f.x 9) X, =0 and a=0. Thatis,

X U ot s . X U ot S
Ly(x) := L L LL (g + N +a N +a Vv +a vt + oV’ +av® +av')y" (v)dvdsdtdu+ _[0 .L _UO
(Bo+ BN+ BV + BN + BN + BV° + B;) Yy (v)dvdsdtdu+ j:j:j;j;(m A A A A AR
7Vt +7:v°)y"(v)dvdsdtdu+ on IOU I; J:(% + ANV + AV + AV + A,V Y (v)dvdsdtdu+

X FU pt S X (U pt S
[ LI Gtto + pav 4 12,02 + pay®) y(vydvdsdtdu = [ [ (V) dvdsdtdu+ 7T, ., (x)
+ z-lTn+6 (X) + z-Z-I-n+5 (X) + z-3Tn+4 (X) + Z-4Tn+3 (X) + TSTn+2 (X) + T6Tn+1 (X) (20)

After simplifying and equating the corresponding coefficient powers of x, we have the recurrence relation:

a8 —7,Cy"" = 7,Cy " ~7,Cq " — 7,05 —7,C5 " —7,Co " —7,Co " = e (21)
n+7 n+6 n+5 n+4 n+3 n+2 n+l
By +oya — G —7,C " —,C 7 —7,C T =7, G =7, G =G = oo — 2000, — 28,4 (22)

1 n+ n+ n+ n+ n+ n+ n+
E[(370 —4p8 —Tay)a, — (o, + By)a, — 2a,3,] - 7,C, - 7,C, °— 7,C, ° - 7,C, ‘- 7sC, - 7:C, ? - 7,C, !

— Pt 20,y = Bo¥o —3V0Po —AP1Po — 1000 + 1o, + 204,

23
> (23)
1 n+ n+
6[(30a3 +123, + 5y, +225)a, + (8e, +50, +3y5)a, — 2y + )8, + apa] - 7,.Cy —7,C5°
_ TBC:;HS _ T4C§+4 _T5C3n+3 _ TGC:;HZ _ Z_7C3n+l
_ 181, py =3y p, + 60,0, =35, +108,p0 + 67100 + 2001 + Ao =5 P3 + 30, + 55,01 (24)

6

i[(llGoz4 +308; +8y, + A4, + 14)a, + (420, +14 5, + 4y, + 24,)a, + (18, +12 8, + 6y, )a, — (18, +63;)

a, +24a,3,]-7,C;" —7,C; " - 7,C; " —¢,C =7 ,C)P — 7, C —7,C =0 (25)

ﬁ[(?ZOoz5 +1684, +368y, + 64, + 11,)a, + (264, +96 5, + 24y, + 34, + p4y)a, + 2(420, + 345, +11y,
+21,)a, +(60c, +424, +18y,)a, + 24(4c, + f5,)a, +120c,a;]

n+7 n+6 n+5 n+4 n+3 n+2 n+l —
-7,C" -7,C.7 - ,C -7,C -7 C = G —7,C =0 (26)

3—20[(1440046 +9004; +48y, + 244, + 11,)a, + (1240, + 3004, + 60y, + 84, + 14)a, + (432c, —1983, —

46y, —SA + 1y)a, + (720, +144 8, + 42y, +64,)a, +120(11e, -85, —3y,)a, +60(5c, + B, )a; +
360a,3,]-7,C{"" —7,Co° —7,Co° —7,Cot* —,Ci P — 7 ,Cl —7,C =0 (27)
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[[alk -+ :Bo]

k=) - Qo + K-V -8R, +f+70), 1 o)

k B k(k -1)
(k—=1)k =Bz + B,)(K —2)(k —1) —3(6x; + 23, + 1, )(k —2) —2(6; + 23, + . — %)]
(k=2)(k -1)k -

[, (k=3)(k=2)(k —1)k - (4a, + B3)(K = 3)(k —2)(k —1) —3(12ct, + 3, +7,)
(k=3)(k—2)—2(24a, +65; +2y, —A)K-3)+(24a, +65; + 2y, + 4 +uo)]
(k=3)(k —2)(k 1)k
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(k= 3)(k —2) — 2(60az; +123, + 3y, = 2)(k ~3) ~ (12005 + 2473, + 6, + 22, + p4)]
(k=3)(k—2)(k —1)k Hes
[ (K =3)(k —2)(k —1)k — (6cr + B )(k —3)(k —2)(k —1) —3(30c%; +50; +7,)
(k—=3)(k—2)—-2(120cs +1205, + 4y, + A,)(k— 3)+(360a6+60,85+12y4+3ﬂ3+,u2)]
(k—3)(k—2)(k —1)k -
[o, (k=3)(k =2)(k D)k = (7ar, + B )(K =3)(k = 2)(k —1) —=3(42¢x; +65; +¥5)
(k= 3)(k —2) - 2(210a; +30, + 5y, +A)(K = 3) + (840a; +120f, + 2075 + 44, + ;)]
(k=3)(k—2)(k —1)k At
z'1C|2+7 - z'2C|2+6 - 73C|2+5 - z'4C|2+4 _75C12+3 - T<3C|r<]+2 _T7C|2+l]
fis
(k)(k 1)(k —2)(k =3)(k —4)(k —5)(k - 6)

(28)

1
(n—=2)(n—1)(n)(n+1)
120/3;) — (75 (N—2)(n —1)]1—20y5) — (24, (N —4) + £5)&, 61+ [(as (N —2)(n* —6n* —85n —150) + 360cx;)
—(B5(n—=2)[n* +14n +225]-6043,) - 7,(n—2)[3n +5]-127,) = 22,(N—17) + 11,)], s +[(as (N - 2)
[n® —5n? — 56N —60]—-120c;) — (B, (N —2)(N* +11n+12) — 24 3,) — . (N —2)(3N +3) + 63,) + L,N + £4)]
a, , +[a,(n—2)[-35n° +20n” +15n) + 24a,) — (B, (N—2)[n* =10n - 3] +6 3,) + (7, (N — 2)(=3n 1)

+2y,)+(4,(5-2n) + 1)]a, 5 +[(a;(N—2)(n* —3n* —19n +6)]+ B,[2n* +10n) + y,(1—3n) — 24, )]
a, , +[(c,(N—2)(n* —7n+6)]— B,[n+3) —3y,]1a,, +[x (n—2)(N* —n)(n+ 5,)]a,]
- Tlc::; - Tzc::f - 2'3C::15 - T4C::f - Tsc::lg - T6C::lz - T7C::11]Xn+1

frs (29)
(n+1)(n)(n D(Nn—2)(n—3)(n—4)(n-5)

[[(c, (N—2)[N* —4n* —120n — 294]+840c,) — (B, (N — 2)[N* +17n+62]—

1
(n=1)(n)(n+1)(n+2)
12045,) — (s (N—1)(3n +10)]—20y,) — (A, (N —3) + 225)a,, 1+ [(ats (N —1)(N* —3n® —86n —240) +
360c;) — (B (n —1)[n? +16n+ 240) — 605,) — 7, (n—=1)[Bn+8]-12y,) —24,(n+6) + 2,)]a,_, +[(cs
(n—1)[N® —2n? —63n —120]—120c) — (B, (N —1)(N% +13n + 24) + 243,) — 1, (N —1)(3N +6) +6)7,) —
24,n—)la, 5 +[e, (n+1)[N* —39n? +38n —48) — 24«x,) — (B, (N —1)[N* —2n) + 6 3,) — (7, (N —1)
@n+4)—2y,) + (42N +3) + 1)]a, ., +[(as(N—1)(n° —19n) —12a;) — 3, (N* —7n) —4/3,)
(23 +2)—22,)]a, , + (@, (N—1)(N* —=7n) — B In+4) — 3y, 1, — ,Cl] —7,Clie —,Cs

n+2 n+2
f

n-5 (30)
(n+2)(n+1)(n)(n=1)(n—2)(n—-3)(n—4)

[[(e, (N—1)[N*® —4n* —131n — 420]+840c, ) — (5, (N —1)[n* +19n + 60] —

n+4 n+3 n+2
—-7,Chn —7Ch, —7Crls =
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1
(N)(n+1)(n+2)(n+3)
120,) — (7sn(3n—7)]-20y,) — 24, (N—2) + 1)1, ,1+[(agn(n® —85n —336) +
360a, ) — (Bn(n* +18n+25)—604,) — (7,n(3n—5) —12y,) — 24, (N —15) + 11,)]a, 5 +[(cxsn
[n®+n®—64n-184]-120c) — (B,n(N* +15n+38) + 243,) — N3N +9) +6y,) — 24, (N +1) — 14)]
a._, +[a,n[n’® +2n* —37n-86) + 24c,) — (B,n(n* +12n+23) — (y,n (BN +7) - 2y,)
—(4(@2n-1)+ )8, 4 +[(a5n(n° +3n° —16n—-30) - B,n(n+9) —125,) — (1, (3n+5) - 24,)]a,
- Tlcr:]:; _Tzcr?:aﬁ - Tscr?:g - 74Cr?:; - TSC::?

f

- (n+3)(n+2)(n +1)(E;(n -1)(n-2)(n-3)

[[(a,n[n® —n* —136n—554) +840c, ) — (B;n)[n° +21n +80] —

(31)

1
(n+1)(n+2)(n+3)(n+4)
~1208,) — (75 (n+1)(3n +16)]— 20y, ) — (24, (N —1) + 1)@, ;] +[(as (N +1)(n* —9Nn* —94n — 282) +
360a,) — (B, (N +1)(n* +20n +276)—60.4,) — 7, (N +1)[3n+14]-12y,) — 22, (N—14) + 11,)]a, , +
[(as (N+1)[n* +4n? —59n —234]-120c, ) — (B,(n+1)(n* +17n +54) + 243,) — 7,(n +1)(3n + 36) + 67,)
—24,(n+2)—w)la, , +[a, (N+1)[n® +5n* —30n —120) + 24er,) — (B, (N +1)[n* —4n—24) -6 3,) —
(7,(n+1)(Bn+2) = 2y,) = (L (2n+1) + o)la, = 7,Coiy —7,Coid —7.Coiy —7,Cls

n+4 n+4 n+4 n+4
fn—3

- (n+4)(n+3)(n+2)(n+1)(n)(n-1)(n—2)

[[(a, (N +1)[n? +2n® —135n —688] +840cz, ) — (B, (N +1)(n? +23n +102)

(32)

1
(n+2)(n+3)(n+4)(n+5)

~120,) — (75 (n+2)(3n +19)]- 20y, ) — (2A,n + )14, +[(cts (N + 2)(n® + 6n* —85n +520) +

3600, ) — (B (n+2)(n* +22n+297)—-604,) — 7, (N +2)(3n—-5) —12y,) — 24, (N —13) + 11,)]a, , +

[(as (n+2)[n* +7n* —48n—300]-120c%,) — (B, (n+2)(n* +19n+72) + 243,) — 7, (n+ 2)(3n +15) + 6)
fn—2

N+5)(M+4)(N+3)(n+2)(n+1)(n)(n-1)

[[(e, (n+2)[n* +5n* —128n —822]+840cx,) — (B (N + 2)(n* + 25n +12)

—22,(n+3)—wy)]a, —7,C - 7,C e — T3C::§ =

n+5 n+5

(33)

1
(n+3)(n+4)(n+5)(n+6)
—1208;) — (75 (N +3)(N+14)]—20y,) — (24, (N +1) + 2)]a,, ; +[(c (N +3)(N* +9n? + 70N — 600) +
360c;) — (L (n+ 3)(h2 +24n+320)—-6045,) — 7, (n+3)(BN+20) —12y,) — 22, (n—12) + 2,)]a, +

[[(e, (n+3)[n®+8n* —11n —944]+840c, ) — (5, (N +3)(n* +27n +152)

Gl ~TClE = fos o)
(n+6)(n+5)(n+4)(n+3)(n+2)(n+1)(n)
l 3 2
DB BN T) [[(cr, (N +4)[n® +11n? +58n — 630]+840cr,) — (B, (n+4)

(n? +29n +180)1203,) — (75 (N +4)(3n + 25) — 205, ) — (24, (N + 2) + 1)1,

= L (35

T T (3 7)(n+6)(n+5)(n+4)(n+3)(n+ 2)(n+1)
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Table 1. Numerical results for Example 1 (Case n =8,9,10).

X Ys(X) Yo (X) Y10(X) | Yo (X) = Y5 (X) | | V1o (X) = Y5 (X) |

0 1.0000000000 1.0000000000  1.0000000000 0.0000 e + 00 0.0000 e+ 00
0.1 1.1004999990 1.1005000000  1.1005000000 7.8449e-10 57548e-11
0.2 1.2039999820 1.2039999830  1.2039999830 1.5551e-09 3.3891e-11
0.3 1.3134997050 1.3134997000  1.3134997000 5.2749e-09 3.8674e-10
0.4 1.4319976580 1.4319976490  1.4319976490 9.1879e—-09 2.2208e-10
0.5 1.5624882710 15624882780  1.5624882770 7.3319e-09 1.0258 e - 09
0.6 1.7079560510 1.7079560760  1.7079560770 2.5509 e — 08 4.2041e-10
0.7 1.8713648410 1.8713648410  1.8713648430 3.8179e-10 1.9375e-09
0.8 2.0556398720 2.0556398270  2.0556398250 4.5653 e —08 1.4648 e —09
0.9 2.2636397740 2.2636397940  2.2636397930 1.9539e-08 1.1165e-09
1.0 2.4981152240 24981151530  2.4981151490 7.0892 e — 08 41212 e-09

¥(x)

L7

/

/

02

04 06
X

08 1

[——xN=8

—-N=9 —-—N=10]

Figure 1. Grahical representation of numerical results for
Example 1 (Case n = 8,9,10).

A NUMERICAL EXPERIMENT y(0)=1,y'(0)=1,y"(0)=0,y"(0)=3

We consider here the following problems for experiment

with our preceding results. The exact error is defined by m=4, s=3

The set of linear equations obtained were solved by

= - < = H
e or?fsxl[ly(x") ()l 0 < x < 1, Dol = [0.01k] k Maple 18 package as shown in Table 1 and Figure 1..

= 0(1)100

Example 2
Example 1

Ly(x) = y"(x)+x%y(x) =0 Ly(x) =3y" () +x"y'(x) =0
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Table 2. Numerical results for Example 2 (N = 8,9,10).

X Ye(X) Yo (X) Yi0(X) | Yo (X) = Ya(X) | | Y10 (X) = Yo (X) |
0 1.0000000000 1.0000000000 1.0000000000 0.0000 e + 00 0.0000 e + 00
1 0.9951666667  0.9951666667  0.9951666667 2.7786 e—-11 15337 e-11
2 0.9813333333 0.9813333334  0.9813333334 3.8048e-11 2.5758 e -11
3 0.9595000021 0.9595000018  0.9595000020 24147 e-10 1.2258 e -10
4 0.9306666926  0.9306666922  0.9306666921 3.4552e-10 1.1643e-10
5 0.8958335163 0.8958335167 0.8958335163 3.8585e-10 3.5358e-10
6 0.8560009096  0.8560009107  0.8560009109 1.0810e-09 2.1331e-10
7 0.8121701801 0.8121701800  0.8121701807 1.2106 e -10 6.9196 e —10
8 0.7653445797  0.7653445778  0.7653445772 1.9916 e —09 6.0242 e -10
.9 0.7165311731 0.7165311740 0.7165311736 9.3978 e -10 3.6296 e —-10
1.0 0.6667438262 0.6667438231 0.6667438215 3.1295e-09 1.5560e—-09
10 3 K
\\
0.9 \
v(x) \
0.8
N\
0 02 0.4 0.8 i
|——N=§ ——-N=9 —:=N=10|

Figure 2. Grahical representation of numerical results for

Example 2 (n = 8,9,10).

y(0)=1,y'(0)=0,y"(0) =-1,y"(0) =1
m=4, S=3

The linear equations obtained were solved by Maple
package as shown in Table 2 and Figure 2.

Conclusion

A method for the solution of the class of fourth order
differential equations with third degree overdetermination
by the integral method has been presented. The integral
Tau method closely approximates the analytic solution.



Numerical evidences obtained from some selected
problems show that the method is accurate and effective.
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