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In this article, the failure rates of the system's components are functions of time t. We study two cases 
(i) the mixture of two stages of life time distribution with weibull failure rates, (ii) the mixture of two 
stages failure rates with weibull distribution� The reliability equivalence factors of some systems with 
identical components are obtained. Two different methods are used to improve the given systems. 
Numerical examples are presented to interpret how one can utilize the obtained results. Some special 
cases are obtained from our results� 
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INTRODUCTION 
 
In reliability analysis, sometimes different system designs 
should be compared based on a reliability characteristic 
such as the reliability function or mean time to failure in 
case of no repair� The concept of reliability equivalence 
factors has been introduced by Råde (1993a). Råde 
(1993a, 1993b) has calculated the reliability equivalence 
factors for a single component and for two independent 
and identical component series and parallel systems. He 
assumed that the reliability function of the system can be 
improved by three different methods: (1) improving the 
quality of one or several components by decreasing their 
failure rates; (2) adding some hot redundant components 
to the system; and (3) adding some cold redundant com-
ponent to the system.�Råde (1993) has used the survival 
function as the performance measure of the reliability 
system�   

Sarhan (2000) has obtained the reliability equivalence 
factors of n independent and non-identical components 
series system. He used the survival function and mean 
time to failure as characteristics to compare different sys-
tem designs. 

Sarhan (2002, 2004, 2005), Mustafa (2002), Sarhan et 
al. (2004), Sarhan and Mustafa (2006), Mustafa et al. 
(2007), and Sarhan et al. (2008) have applied the con-
cept of reliability equivalence on a parallel (series) and 

series-parallel (parallel-series) systems with independent 
and identical (non-identical) components and Mustafa 
(2008) has studied the simple system of two non-identical 
components when the system improved by adding only 
one component to the system by using the im-proving 
techniques� 

The previous articles in reliability equivalence tech-
nique assumed that the system components have one 
type of constant failure rate. Mustafa et al. (2007) as-
sumed system components have three types of constant 
failure rates and made a mixture of these types (Elsayed, 
1996; Kapur, 1996). 

All articles mentioned above are about components of 
exponential distribution. But Xia and Zhang (2007) app-
lied the reliability equivalence factor of a parallel system 
with n independent and identical components with Gam-
ma life time distribution. Gamma distribution has a failure 
rate of function of time. Mustafa and El-Bassiouny (2008) 
applied the concept of reliability equivalence factor on 
some system with linear increasing failure rates. We 
hope to discuss more life time distributions, failure rates 
and apply the mixture approach on them to obtain the 
general systems� 

To derive the reliability equivalence factors of a sys-
tem, we use/need the following definitions: 



 

 
 
 
 
Definition 1. (Sarhan, 2002) A reliability equivalence 
factor is a factor by which a characteristic of 
components of a system design has to multiply in order 
to reach equa-lity of a characteristic of this design to a 
different design.   

The reliability function and mean time to failure will 
be used as characteristics of system performance. In 
this case the reliability equivalence will be referred to as 
sur-vival reliability equivalence factor, shortly SREF, 
and mean reliability equivalence factor, shortly MREF, 
res-pectively. 

In the current study, we shall calculate the SREF and 
MREF for some systems, consisting of independent and 
identical components. These components are assumed 
to be having two stages of failure rates or failure life 
times. The reliability of the system can be improved ac-
cording to one of the following different methods� 
 

(1) Reducing the failure rates of some of the system com-
ponents. This method will be referred to by the reduction 
method. 
(2) Assuming hot duplication of some of the system com-
ponents� This means that each component is duplicated 
by a hot redundant standby compo-nent. This method will 
be called the hot duplication method� 
(3) Assuming cold duplication of some of the system 
components� This means that each component is dupli-
cated by a cold redundant standby compo-nent connec-
ted with perfect (imperfect) switch. This method will be 
called the cold (imperfect switch) duplication method� 
 
 
The methods of cold and imperfect switch duplication 
contain some problems in the integrations and Maple pro-
gram cannot compute it. So we shall improve the study 
systems by using only two methods.  

This paper is organized as follows. Section 2 presents 
the one component system with mixture of weibull life 
time distributions. Section 3 gives n-components series 
system with a mixture of two stages of weibull failure 
rates. Special cases of our works are introduced� 
 
 
Mixture of life time distributions 
 
We consider a system whose components fail if they 
enter either of two stages of failure mechanisms. The first 
mechanism is due to excessive voltage, and the second 
is due to excessive temperature. Suppose that the failure 
mechanism enters either the first stage with probability �1 
or the second stage with probability �2. Let the probability 
density function (p.d.f.) of the first stage be f1 (t) and the 
p.d.f. of the second stage be f2 (t). Hence the failure of a 
component occurs at the end of either the first or the 
second stage� Therefore, the p.d.f. of the failure time for a 
component is:  
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The reliability function of the component is 
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The hazard (failure) rate function of the component is: 
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where �1+ �2�= 1 (Elsayed, 1996). 
 
 
The original system 
 

In this section, we consider a simple system consisting 
of one component which has two stages with weibull 
failure rates as:  
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where �i, �i > 0, t � 0, i =1, 2. The life time of the stage i, 
has the weibull distribution, from equation (2), the 
reliability function is given as follows: 
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Let MTTF be the system mean time to failure, which is 
given by: 
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where �
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0

1 ,}exp{)( duuux x
�(x)= (x-1)! If x is  

integer, π=Γ )( 2
1 . 

 
 
The improved systems 
 

Reduction method 
 

In this method, we can reduce the failure rate of the 
stage 
i by the factor iρ , 10 << iρ  , 2,1=i . Let )(tRρ  be 

the reliability function of the improved system when we 
reduce 
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the failure rate of the stage i by the factor 	i. One can 
obtain the function )(tRρ   as follows: 
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From equation (7), the mean time to failure of the improved 
system say MTTF� becomes: 
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Hot duplication method 
 

Let  )(tR H  be the reliability function of the improved 

system assuming hot duplication. The function )(tR H   
can be obtained as: 
 

)()](2[)( tRtRtR H −=                       (9)                                           
 

From equation (5), one can easy find )(tR H . See 
Billinton and Allan (1983). 
 

Let   HFMTT  denotes the mean time of failure of the 
system improved in this case. Using equation (9), that 
can be obtained by: 
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�-fractiles 
 
This section presents the 
 -fractiles of the original and 
improved systems. Let L(
) be the 
-fractiles of the 
original system and )(γHL , the 
-fractiles of the im-
proved system assuming hot duplication method� 

The 
-fractiles L(
) and )(γHL are defined as the 
solution of the two following  equations, respectively, 
 

( ) ( ) γγααγγαα =+=+ )()(,)()( 2121 LRLR H    (11)                    
 
It follows from equation (5) and the first equation of (11) 
that L= L(
) satisfies the following equation 
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From the second equation of (11), and (9), one can verify 
that )(γHLL = satisfies the following equations: 
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Equations (12) and (13) have no closed form solution and 
can be solved using numerical method technique� 
 
 

Reliability equivalence factors 
 
Now we are ready to derive the reliability equivalence 
factors of the system. We will deduce the survival reliabi-
lity equivalence factor, say SREF and mean reliability 
equivalence factor, say MREF of the underlying system 
as follows� 

The first type of reliability equivalence factor, SREF 
say )(γρ H , can be obtained by equating the reliability 
function of the improved system that is obtained by 
improving the system according to reduction method with 
the reliability function of the system improved by impro-
ving the system according to the hot duplication method  
at the level 
. Hence from equations (7) and (9), )(γρ H , 
can be obtained by solving  the following system of 
equations: 
 

.)()( γρ == tRtR H     (14)                                                        
 

Let us now explain how one can deduce the second type 
of reliability equivalence factor. This type is MREF say 

Hξ  that can be obtained by equating the mean time of 
the improved system that obtained by improving the sys-
tem according to reduction method with the mean time to 
failure of the system improved  by improving the system 
according to hot duplication method. It means that, 

Hξ can be derived from equations (8) and (10) as 
follows� 
 

.MTTFMTTF H=ρ       (15) 
                                                     

Equations (14) and (15) can be solved numerically by 
using the numerical method technique� 
 
 

Numerical results and conclusions 
 

To explain how one can apply theoretical results obtained 
in the previous subsections, we introduce a numerical 
example. In this example, we assume  
 

�1 = 5, �1 = 2, �2 = 4, �2 = 3, �1 = 0.45, and �2 = 0.55. 
The mean time to failure of the original system is MTTF = 
3.95857�and MTTFH = 4.98433, then MTTF < MTTFH. 



 

 
 
 
 

The 
-fractiles, L(
), LH(
) and the values of 	H(
) are 
calculated using Mathematica Program system according 
to the previous theoretical formulae. In these calculations 
the level 
 is chosen to be 0.1, 0.2, …, 0.9. 
The 
-fractile and the survival reliability equivalence 
factor are given in Table 1 at some values of 
. Based on 
the results presented in Table 1: 
 

1. One can recognize that L (
) < LH (
) for all studied 
cases, which confirms the results obtained for MTTF� 
2. The hot duplication of the component increase L (0.1) 
from 0.7051(�1+�2)   to 0.8222(�1+�2) (Table 2.1) 
3. The same effect on L (0.1) can occur by reducing the 
failure rates of� 
 

i. the first stage of the component, by the factor 	1=0.6911, 
 ii. the second stage of the component, by the factor  
	2=0.3798, 
 iii. the two stages by the same factor 	=0.7147� 

 

4. In the same manner one can read the rest results� 
5. The notation NA in Table 1 means that the value of 
SREF is not available and therefore there is possible 
equivalence between the system improved by reduction 
method and that system improved by using the redun-
dancy method at this level� 
And the mean reliability equivalence factors are H

1ξ  = 

0.4360, H
2ξ = 0.2836, Hξ = 0.5771, then one can con-

clude that, the improved system that can be obtained by 
improving the system according to hot duplication me-
thod, has the same mean time to failure of that system 
which can be obtained by doing one of the following� 
 
(i) Reducing the failure rate of the first stage by the factor 
ξ  = 0.4360, 
(ii) Reducing the failure rate of the second stage by the 
factor ξ  = 0.2836, 
(iii) Reducing the failure rate of the first and second stage 
by the factor ξ =0.5771. 
 
 
Special cases 
 
We can calculate the reliability equivalence factors for the 
special cases from the present system as follows: 
 

1. if �i = 0, equation (4), can be reduced to: 
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 in this case, the stages have the exponential distribution  
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with parameter 
iα

1  (Kapur, 1996). 

 
2. if �i = 2, equation (4), can be reduced to: 
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in this case, the stages have the Rayleigh distribution with 

parameter 2

2

iα
 (Lewis, 1996). 

 
Therefore, the reliability equivalence factor for these 
systems can be obtained as special cases from the 
studied system in this section� 
 
 

Mixture of failure rates 
 
In this section, we consider a system whose components 
fail if they enter either of two stages of failure mecha-
nisms. The first mechanism is due to excessive voltage, 
and the second is due to excessive temperature. Sup-
pose that the failure mechanism enters the first stage 
with probability �1, and the failure rate is of the failure 
time is h1 (t). It enters the second stage with probability �2 
and the failure rate of its failure time h2 (t). The failure of a 
component occurs at the end of either first stage or the 
second stage. Hence the failure rate of the component i 
is: 
 

).()()( 2211 thththi θθ +=            (18) 
                                               
The reliability function of the component i is given as 
follows: 
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where �= t

i duuhtH
01 )()(  be the cumulative failure rate 

of the stage i,  I = 1, 2��Elsayed, 1996). 
In this section, we consider a simple system with n-

identical components in series system. Each component 
has two stages of the hazard (failure) rate functions� 
 
The original system 
 
In this section, we consider the stages for component i, 
having the weibull failure rates as follows: 
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Table 1. 
-fractiles and  	H(
). 
 

Y L LH H
1ρ  H

1ρ  Hρ  

0.1 0.7051 0.8222 0.6911 0.3798 0.7147 
0.2 0.5889 0.6959 0.5558 0.4283 0.6684 
0.3 0.5189 0.6226 0.4221 0.4231 0.6324 
0.4 0.4641 0.5688 0.2891 0.3913 0.5937 
0.5 0.4156 0.5233 0.1543 0.3422 0.5507 
0.6 0.3689 0.4809 0.0145 0.2767 0.5020 
0.7 0.3208 0.4383 NA 0.1897 0.4451 
0.8 0.2669 0.3909 NA 0.0663 0.3747 
0.9 0.1978 0.3289 NA NA 0.2769 
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and the reliability function for the component i becomes 
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Therefore, the reliability function of n-independent and 
identical components in series system is given as: 
 

.exp)(
21

2
2

1
1

��

�
�
�

��

�
�
�

�
�

�

�

�
�

�

�

		



�
��



�
+		




�
��



�
−=

ββ

α
θ

α
θ tt

ntR       (22)                            

 
Let MTTF be the system mean time to failure, which is 
given by: 
 

dttRMTTF �
∞

=
0

)(     (23)                                                              

 
 

The improved systems 
 
Reduction method 
 

In this method, we can reduce the mixture failure rate by 
reducing the stages of the failure rates by the factor 	i, 0 
< 	i < 1, I = 1, 2. Let )(, tR rρ  be the reliability function of 

the system improved when reducing the failure rates of r 
components. One can obtain the function as follows 
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From equation (24), the mean time to failure of the impro-
ved system, say MTTF	, r  becomes 

.)(MTTF
0
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Hot duplication method 
 

Let )(tR H
m be the reliability function of the improved sys-

tem assuming hot duplication of m system components. 
The function )(tR H

m  can be obtained as 
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Let H
mMTTf  denote the mean time to failure of the 

system improved in this case. Using equation (22), one 
can obtain  H

mMTTf  as: 
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The mean time to failure in (23, 25, 27) can be calculated 
numerically� 
 
 

The �-fractiles 
 

In this section, we present the 
-fractiles of the original 
and improved systems. Let L(
�, )(γH

mL be the 
-fractiles 
of the original and improved system assuming hot dupli-
cation method. The 
 -fractiles L(
) and )(γH

mL , are de-
fined as the solution of the following equations respect-
tively: 
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It follows from equation (22) and the first equation of (28) 



 

 
                    
 
 
that L satisfies the following equation: 
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From the second equation of (28), and equation (26), one 
can verify that )(γH

mLL = satisfies the following equation 
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Equations (29, 30) have no closed form solution and can 
be solved using numerical method technique� 
 
 
Reliability equivalence factors 
 

Now we are ready to derive the reliability equivalence 
factors of the system. We will deduce survival reliability 
equivalence factor, say SREF and mean reliability equi-
valence factor, say MREF of the underlying system as 
follows� 

  The first type of reliability equivalence factor, SREF say 
)(, γρ H

rm , can be obtained by solving the following system 

of equations: 
 

γρ == )()( , tRtR r
H
m             (31)                                                        

 
 
Table 2. The 

H
mMTTF . 

 
m 1 2 3 

H
mMTTF  2.3436 2.5525 2.8245 

 
 
Let us now explain how one can deduce the second 
type of reliability equivalence factor. This type is MREF 
say H

rm,ξ that can be obtained by solving the following 

system of equations: 
 

r
H

m ,MTTFMTTF ρ=              (32) 
                                                      

Equations (31) and (32) have no closed form, which can 
be solved numerically by using numerical method tech-
nique� 
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Numerical results and conclusions 
 

To explain how one can apply theoretical results obtained 
in the previous subsections, we introduce a numerical ex-
ample. In this example, we assume three components 
series system with identical components, �1 = 4, �1 = 3, �2 
= 3, �2 = 4, �1 = 0.45 and �2 = 0.55 that the failure for the 
stages is: 
 

3
2

2
1 04938.0)(,04688.0)( tthtth ==  

 

The mean time to failure of the original system is MTTF = 
2.1795 and H

mMTTF  are given in Table 2 as follows 
From Table 2, one can conclude that MTTF < 

H
mMTTF for all m = 1, 2, 3, and increases with m� 

 
 
 

Table 3. The 
-fractiles. 
 

)(L αH
m  

� L 
m = 1 m = 2 m = 3 

0.1 0.1443 0.1516 0.1591 0.1665 
0.2 0.1311 0.1391 0.1476 0.1562 
0.3 0.1213 0.1296 0.1389 0.1485 
0.4 0.1126 0.1212 0.1311 0.1418 
0.5 0.1044 0.1131 0.1236 0.1354 
0.6 0.0961 0.1047 0.1158 0.1289 
0.7 0.0871 0.0955 0.1071 0.1218 
0.8 0.0765 0.0845 0.0964 0.1132 
0.9 0.0620 0.0690 0.0807 0.1011 
 
 
 

The 
-fractiles, L(
), )(L αH
m and the values of )(γρ H

m  
are calculated using Mathematica Program system 
according to the previous theoretical formulae. In these 
calculations the level 
 is chosen to be 0.1, 0.2, …, 0.9. 
The 
-fractile of the original and improved system are 
given in Table 3 at some values of 
. 
Based on the results presented in Table 3, one can 
recognize that )()( γγ H

mLL < , for all studied cases, which 
confirms the results obtained for MTTF� 

The values of the SREF are given in (i) Table 4, when 
we reduce the second stage by the factor 	2, (ii) Table 5,�
when the first and second stages by the same factor 	, at 
some values of 
. 

Based on the results presented in Tables 4 and 5, one 
can conclude that� 
 

1. The hot duplication of the one component, m = 1, 
increases L(0.1) from  0.1443n (�1+�2) to 0.1516n 
(�1+�2), (Table 3). The same effect on L(0.1) can occur 
by reducing the failure rates of� 
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Table 4. The SREF, )(2 γρ H
. 

 
m = 1 m = 2 m = 3 � 

R = 1 R = 2 R = 3 R = 1 R = 2 R = 3 R = 1 R = 2 R = 3 
0.1 0.3235 0.6618 0.7745 NA 0.3944 0.5963 NA 0.1891 0.4594 
0.2 0.1955 0.5978 0.7318 NA 0.2835 0.5223 NA 0.0506 0.3670 
0.3 0.0926 0.5463 0.6975 NA 0.1934 0.4623 NA NA 0.2928 
0.4 NA 0.4991 0.6660 NA 0.1096 0.4064 NA NA 0.2243 
0.5 NA 0.4525 0.6350 NA 0.0258 0.3505 NA NA 0.1564 
0.6 NA 0.4040 0.6027 NA NA 0.2912 NA NA 0.0848 
0.7 NA 0.3502 0.5668 NA NA 0.2240 NA NA 0.0047 
0.8 NA 0.2843 0.5229 NA NA 0.1407 NA NA NA 
0.9 NA 0.1848 0.4565 NA NA 0.0152 NA NA NA 

 
 

Table 5. The SREF, )(γρ H
. 

 
m = 1 m = 2 m = 3 � 

R = 1 R = 2 R = 3 R = 1 R = 2 R = 3 R = 1 R = 2 R = 3 
0.1 0.4895 0.7448 0.8298 0.0753 0.5377 0.6918 NA 0.3743 0.5829 
0.2 0.4061 0.7031 0.8020 NA 0.4629 0.6419 NA 0.2784 0.518925 
0.3 0.3427 0.6714 0.7809 NA 0.4048 0.6032 NA 0.2036 0.4691 
0.4 0.2879 0.6439 0.7626 NA 0.3529 0.5686 NA 0.1367 0.4245 
0.5 0.2376 0.6188 0.7459 NA 0.3036 0.5357 NA 0.0724 0.3816 
0.6 0.1897 0.5949 0.7299 NA 0.2543 0.5028 NA 0.007 0.3381 
0.7 0.1429 0.5715 0.7143 NA 0.2030 0.4687 NA NA 0.2916 
0.8 0.0963 0.5481 0.6988 NA 0.1473 0.4315 NA NA 0.2387 
0.9 0.0489 0.5245 0.6829 NA. 0.0829 0.3886 NA NA 0.1709 

 
 
 
1.1. The second stage of: i. one component, r = 1, by the 
factor 	 = 0.3235; ii. two components, r = 2, by the factor 
	 = 0.6618; iii. three components, r = 3, by the factor 	= 
0.7745, (Table 4). 
1.2. The first and second stages of: i. one component, r = 
1, by the same factor 	 = 0.4895; ii. two components, r = 
2, by the same factor 	 = 0.7448; iii. three components, r 
= 2, by the same factor 	 = 0.8298, (Table 5). 
2. In the same manner one can read the rest results� 
3. The notation NA in Tables 4 and 5 means that the 
value of SREF is not available and therefore there is pos-
sible equivalence between the system improved by HDM 
and that system improved by using the redundancy me-
thod at this level� 
Table 6 introduces the values of the mean reliability 

equivalence factor, when we reduce the second stage by 
H
2ξ and the two stages by the same factor Hξ . 
One can conclude that, 
 

1. The improved system that can be obtained by impro-
ving the one component of the system components, m = 
1, according to HDM, has the same mean time to failure of 

that system which can be obtained by reducing 
1.1. The second stage of (i) two components, r = 2 by the 
factor, 
 = 0.4966; (ii) three components, r = 3 by the 
factor, 
 = 0.6644. 
1.2. The two stages of (i) one component, r = 1 by the 
same factor, 
 = 0.2948, (ii) two components, r = 2 by the 
same factor, 
 = 0.6474, (iii) three components, r = 3 by 
the same factor, 
 = 0.7649. 
2. In the same manner one can read the rest results� 
3. The notation NA in Tables 6 means that the value of 
MREF is not available and therefore there is possible 
equivalence between the system improved by HDM and 
that system improved by using the redundancy method at 
this level� 
 
 

Special cases 
 

We can calculate the reliability equivalence factors for the 
special cases from the present system as follows 
 

1. if  �i = 1, the failure rates of the stages are constant. 
We have the mixture of the constant failure rates, in this 
case, the component with mixture failure rate has the
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Table 6. The MREF� 
 

H
2ξ  Hξ  r 

m = 1 m = 2 m = 3 m = 1 m = 2 m = 3 
1 NA NA NA 0.2948 NA NA 
2 0.4966 0.0765 NA 0.6474 0.3359 0.0732 

3 0.6644 0.3843 0.1659 0.7649 0.5573 0.3821 
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2. if �i = 2, the failure rates of the stages are increasing 
failure rates. we have the mixture of the increasing failure 
rates, equation (20, 21), can be reduced to 
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in this case, the component with mixture failure rate has 

the Rayleigh distribution with parameter .2
2
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Therefore, the reliability equivalence factor for the 
system with two stages of the failure rates, when the mix-
ture failure rate of the components are exponential or 
Rayleigh distribution can be obtained as a special case 
from the studied system in this section� 
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