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A pre A*-algebra is the algebraic form of the 3-valued logic. In this paper, we define a binary operation
@ on pre A*-algebra and show that < A,® > is a semilattice. We also prove some results on the partial

ordering <, which is induced from the semilattice <A,®> .

We derive necessary and sufficient

conditions for pre A*-algebra (A,A,v, (-)°) to become a Boolean algebra in terms of this partial ordering
and binary operation and also find the necessary conditions for (A, <,) as a lattice.
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INTRODUCTION

In 1948 the study of lattice theory was first introduced by
Birkhoff (1948). In a draft paper by Manes (1989), the
Equational Theory of Disjoint Alternatives, E. G. Maines
introduced the concept of ADA (Algebra of disjoint
alternatives) (A, A,v,(-),(-),.0,1,2) which however differs

from the definition of the ADA of his later paper (Manes,
1993); ADAs and the equational theory of if-then-else in
1993. While the ADA of the earlier draft seems to be
based on extending the if-then-else concept more on the
basis of Boolean algebra and the later concept was
based on C-algebra (A,A,v,”) introduced by Fernando
and Craig (1994). Rao (1994) was the first to introduce
the concept of A*-Algebra (A,A,v.*(-).(-)..0,1,2) and
also studied its equivalence with ADA, C-algebra, ADA’s
connection with 3-Ring, stone type representation but
also introduced the concept of A*-clone, the If-Then-Else

structure over A*-algebra and Ideal of A*-algebra.
Venkateswara (2000) introduced the concept of pre A*-

algebra (A, A,v,(-)) analogous to C-algebra as a reduct

of A*- algebra. Venkateswara and Srinivasa (2009)
defined a partial ordering on a pre A*-algebra A and the
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Abbreviation: ADA, Algebra of disjoint alternatives.

properties of A as a poset are studied.

PRELIMINARIES
Definition 1

Boolean algebra is algebra (B,v,A,(-),0,1) with two

binary operations, one unary operation (called
complementation), and two nullary operations which
satisfies:

(i) (B,v,A) is a distributive lattice
(i) xA0=0, xvI=1

(i) xAx"=0, xvx'=1

We can prove that x"=x, (xv y)=x"AYy, (xAy) =x"vy
forall x,ye B

An algebra (A, A, v, (-)7) satisfying

) X =x,VxeA,

) XAX=X,VXeA,

) XAYy=YyAX, VX, yeA,

) XAy =x"vy ,VXVyeA,

)

f) XA(yvz)=(XAy)v(Xaz),Vx,yz€ A,
g) XAY=XA(X VY), Vx,y,z€ A,

is called a Pre A*-algebra.



Example 1

3 = {0, 1, 2} with operationsa,v, (-) ~ defined below is a
pre A*-algebra.

1 2 vi| 0 1 2 X | x
0 0 0 2 o0 1 2 0|1
1 0 1 2 111 1 2 110
2 2 2 2 212 2 2 2|2
Note 1

The elements 0, 1, 2 in the above example satisfy the
following laws:

a)2 =2;(b) 1 Ax=xforallxe 3;(c) 0v x=xforall x
€3; (d2Aax=2vx=2forallxe 3.
Example 2

2 = {0, 1} with operations A, v, (-) ~ defined below is a Pre
A*-algebra.

A | 0 1

\Y X X
0 0 0 0 0 1 0 1
1 0 1 1 1 1 1 0
Note 2

(i) (2.v.A.(=)) is a Boolean algebra. So every Boolean

algebra is a Pre A* algebra.

(i) The identities X~ =x, VxeAand (x Ay) =x vy ,V
X, ¥y €A implies that the varieties of pre A*-algebras
satisfies all the dual statements of x AXx =x, V xeAto x A
y=xA (X VvYy), Vx,y,z€ A.

Note 3

Let A be a Pre A*-algebra then A is Boolean algebra iff x
V(X AY)=XXA (XVYy)=Xx(absorption laws holds).

Lemma 1

Every pre A*-algebra satisfies the following laws
(Venkateswara and Srinivasa, 2009).

(@) xv(x"Ax) =x

(b) (xvXIAYy=(xAY)VE AY)

(C)(xvx)Aax=x
(d)

dxvy)Az=xAZ)V(XTAYAZ)

Definition 1

Let A be a Pre A*-algebra. An element x € A is called
central element of A if xvx™=1 and the set {xe
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xvx"=1} of all central elements of A is called the centre
of A and it is denoted by B (A). Note that if A is a pre A*-
algebra with 1, then 1, 0e B (A). If the centre of pre A*-
algebra coincides with {0, 1} then we say that A has trivial
centre.

Theorem 1

Let A be a pre A*-algebra with 1, then B (A) is a Boolean
algebra with the induced operations

A, V,(-)” (Venkateswara and Srinivasa, 2009).

Lemma 2

Let A be a Pre A*-algebra with 1(Venkateswara and
Srinivasa, 2009),

(a) IfyeB (A)then xAx"Ay=xAx",Vxe A
(b) xA(xvy)=xv(xay)=x ifand only if x,ye B(A)

SEMILATTICE STRUCTURE ON PRE A*-ALGEBRA
Theorem 2

Let A b e a Pre A*-algebra define a binary operation® on
Abyx & y= xvy forall x, ye Athen< A,® > is a semi

lattice.

Proof

X @ x=xvx=xforall xe A.

Forx,ye Awehavex®@y= xvy =yvx=y®x.

X® (y®z)=x® (yvz)

=XV (yvz)=(xvy)vz=(x@y) @z forall x,y, ze A.
Hence< A,® > is a semi-lattice.

Definition 3

Let A be a pre A*-algebra define a relation <, on A by x
< Yiffx@y=y.

Lemma 3
Let A be a pre A*-algebra then (A, <;) is a poset.
Proof

. <
Since x@x=x\/x=x, Xx~® x, forall x€ A

< . .
Therefore ~@is reflexive.
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Suppose x <o Y,y <o 7, for all x, y,zEAthenx @ y=y,
andy@z=z. Now x @ z=x@(y ®z)=(x@ y) ®,

y@ z =z that is x e z, this shows that e is Transitive.

Let x S®y and y e x for all X, Y€ A then x ® y=y
and y ® x = x = x = y. This shows that e s anti
symmetric. Therefore (A, S®) is a poset.

Note 4

We have x S@yiffx ® y =Y, SO X Sex ® y for all x€ A.
This shows that x @y is the supremum of {x, y}.

Let A be a Pre A*-algebra with 0, 1, 2 then 0 e x(xVO0

= x for all x€ A) and x Se (2V x = 2 for all x€ A). This
gives that 2 is the greatest element and 0 is the least

element of the poset (A,S@). The Hasse diagram of the
poset (A, S@) is

We have AXA — { Cll =(1,1) , az =(1,0) , Cl3 =(1,2) ,
a, =01 a;=00,0) a;=(0,2) a,=(21) a;=(2,0)

ay=(2,2) } is a pre A*-algebra under point wise operation
and AXA is having four central elements and remaining
are non central elements, among that %~ 2.2) is
a, = a,

satisfying the property that . The Hasse diagram

is of the poset (AXA | o) as shown:

aog

(xva9=a9) asﬁex(xva:;:x)

Observe that x e ag and
for all X€ AXA This shows that ag is the greatest element
and as is the least element of AXA |

Lemma 4

The following conditions hold for any elements x and y
in a pre A*-algebra A

(i)x e x vy
(i) x A x™ Se XAV

Proof

(i) Consider (*VY) @ x = (*YY)V x=*VY Therefore, x
Se x V y.

(i) Consider (xAy) ® (xA X7) = (xAy) V (XA X))

= xAN(yV x)=xAyydualofxay=xa (X vy),
Vx,y,z€ A)

. <
Therefore x A x~ =e ¥V

Lemma5

Let A be a Pre A*-algebra then ® s distributive over v
and A thatis (i) x® (y Vz) = (x @ y) vV (x ®2). (i) x
O r)=x®y rx® 2

= |
X X —~ T X > o~~~

Theorem 3

Let A be a Pre A*-algebra for any x€ A then the following

holds in the semi-lattice < A,0> .

(i) xV x"is the supremum of {x , x’}
(i) x Ax™ is the infimum of {x , x7}
Proof

(i) x® (xv x)=xv (xv x)=xv x



Therefore, x <, xVv X'.
X® (xvx)=x"v (xvx)=xv x.
Therefore, x™ <, xv x".

x Vv x"is upper bound of {x, x}.
Let k be the upper bound of {x, x}
= x <pkandx” <, kthatisx @k =k and x™ ® k=k

= x v k=kandx v k=k.
Nowk® (x v x)=kv (xv X)) =(kv x) v x
=k v x =k
SoX VX gk
Therefore, x v x"is least upper bound of {x, x’}.
Sup {x, X} =xVv x

(i) x® x AX)=xV (xA X)= X
Therefore x A X <.

X® (X AXD)=xX"V(xAX)=x"
Therefore, x AX" <, X'

X A X is lower bound of {x, x}.
Let | be the lower bound of {x, x'}
= |1 <, xand | £, x thatisx @ I=xand x™ @ I=x"

=lvx=xandlv x =x"
Now @ (x AX)=lv xAX)=(0V x) A (VX)
=X AX 1<, x AX

. X A X is greatest lower bound of {x, x}.
Inf{x,x}=x A X.

Lemma 6

In the poset (A, <;) and x, ye A .If x<, ythen forae€ A.
laAax<sg,aAny
(lavxs<,avy

Proof

Ifx<gythenx®y=y= xvy=y

(i) (anx) @ (any)=(aAx) v (aAy)=aA (xvy)=aAy
aNAX<, any

(i) (avx) @ (avy) = (avx) v (avy) =av (xvy) =

avy

avxsgavy

Lemma?7

Let A be a Pre A*-algebra for any x, ye A, X <gx v y
then, x v y is the upper bound of {x, y}.

Proof

Suppose x <y X Vythen x v yis upper bound of x
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Now (X Vy) @y=XVYy)Vy=XxVvVy=ys,XVvy
Therefore x v y is upper bound of y.
. X Vv yis the upper bound of {x, y}.

Theorem 4

Let A be a Pre A*-algebra for any x, ye A then sup {x, y}
=X vy inthe semilattice < A,® >.

Proof

(X vy) ®x=(X VYy) VX=X VY
S X g X VY.
(x vy ®@y=(x vy) vy=x vy
=y < X VY
Therefore x vy is upper bound of y
‘. X vy is the upper bound of {x, y}
Suppose m is the upper bound of {x, y}
=>x<smand ys,mthatism®x=mandm®y=m

=>mvx=mandmvy=m

Nowm® (X vy)=mV (X vy)=(MmV X) vy=m Vv y=m
= Xxvys,m

. X Vv yis the least upper bound of {x, y}
sup{x,y}=x vy

Note 5

In general for a pre A*-algebra with 1, xv y need not be
the greatest lower bound of {x,y} in (A, <; ). For
example 2vx=2Ax=2, Vxe A is not a greatest lower
bound. However we have the following theorem.

Theorem 5

In a semi lattice <A, ® > with 1, for any x,ye B(A) then
inf{x,y}=xAy

Proof

If x,ye B(A) , then by lemma 2b, xv(xAy)=x and
yV(xAy)=y

= X® (XAy)=xandy® (XAy)=y

This shows that x A y<, xandx Ay <,y

Hence x A yis an lower bound of {x, y}.
Suppose k is an lower bound of {x, y}, then k <  x,k <.y

= k®x=xandk ®y=y
= XVvk=x,yvk=y
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Now k @(x Ay) =k v (x Ay =(kvx)Aa(kvVy) =
XAY.

Therefore, k <, x Ay

X Ay is the greatest lower bound of {x , y}. Hence, inf {x,

VI=x Ay
Theorem 6

If Ais a Pre A*-algebra andxv (xAy)=x, for all x, ye A

then (A, <, ) is a lattice.

Proof

By theorem 4 every pair of elements have supremum. If
xv(xAy)=ux forall x, ye A then by theorem 5 every pair

of elements have infimum. Hence (A, <) is a lattice.

Lemma 8

Let A be a pre A*-algebra then:
(Ixv X ® y)=x Vv y.

(f(x ®y) vx=x @ vy.

Proof

(Ixv (x®y)=xVv Xvy=xvy
(fxX®y)vx=XVYy VX=XV y=x®y

Now we present a number of equivalent conditions for a
pre A*-algebra become a Boolean algebra.

Theorem 7

The following conditions are equivalent for any pre A*-
algebra (A, A, v (-)7)

A is Boolean algebra
x Ay < xforall x,ye A

<p) forall x, ye A
x Vv X is the least elementin (A, <, ) for every xe A

(1) = (2) Suppose A is a Boolean algebra.

Now x® (XA y)=xV (X A y)=x (by absorption law)
SOXAY S X
(2) = (3) Suppose x Ay <, x then x® (XA y) = x.
Therefore xv (x A y) =x
Nowy® (x Ay)=yV (XA y)=y. Therefore,x Ay <,y
(8) = (4) Suppose that x Ay<,y = y® (xAYy) =y
thereforey v (x A y) =y

Sincex Ay <,y thenx A yislower bound of y

Now x @ (XA y) =xV (XA y) = x (by supposition)

X AY S X

= X A yis alower bound of x.

. X A yis alower bound of {x,y}.
(4) = (5) Suppose x A y is a lower bound of
{x,y} Suppose z is a lower bound of {x,y} then z < x, z
<p Ytlhatisx ® z=xandy®z=y

= XVZ=X,YyvVvz=y
Now z @ (X Ay) =2V (X AY)=(ZVXA(zVYy)
=X AY
Therefore, z <g, x Ay
X A yis the greatest lower bound of {x, y}
Hence Inf {x,y}=x Ay
(5) = (6) Suppose Inf {x,y}=x Ay then x,ye B(A)
Now Inf{Xx A X", y} =x AX A y=x A X (bylemma 2a)
= X A X <, y.Therefore x A x" is the least element in
(A, <)

(6) = (1) Suppose x A X is the least element in A then
X AX <y, fory€A

= xAXxX'@®@y=y = x AX)Vvy=y

Nowy A (xVvy)=[xAX)Vy]Vv (xvVvy)
=[(x AX)V Xx]Vy=(xAX) vy=y (by supposition).

Therefore by Note 3 we have B is Boolean algebra.

Theorem 8

Let A be a pre A*-algebra x v x” is the greatest element in
(A, <) forevery xe A then A is Boolean algebra.

Proof

Suppose xV X is the greatest element in (A,<;) then y
<g X VX
=>xvx'®y= xvx
= (xv x!'vy=xvx
Nowxv (X Ay)=[xA (X" VX)]V (XAY)
=XA[(xVv X))V y]=x A (xv X) =x (by supposition)
XV (XA y)=x, absorption law holds

By Note 3 we have B is Boolean algebra.
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