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This paper represents a continuation of a previous study on “Analysis of a Sliding Frictional Contact
Problem with Unilateral Constraint”. This study considers a mathematical model which describes the
equilibrium of an elastic body in frictional contact with a moving foundation. The contact is modeled
with a multivalued normal compliance condition with unilateral constraints, associated to a sliding
version of Coulomb’s law of dry friction. After a description of the model, the variational formulation
was presented. Then, the dependence of the solution was studied with respect to the data and a
convergence result was proven. Regularization method was also used to study the existence and
uniqueness of the contact problem for which a convergence result was presented. Finally, a semi-
discrete scheme was introduced for the numerical approximation of the sliding contact problem. Under
certain solution regularity assumptions, an optimal order error estimate was derived.

Key words: Elastic material, frictional contact, normal compliance, unilateral constraint, variational formulation,
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INTRODUCTION

The mathematical literature dedicated to the study of
physical phenomena of contact is more recent. The
reason for this is that, accompanied by physical
phenomena and surface complexes, the contact
processes are modeled by very difficult nonlinear
boundary problems. One of the first mathematical
publications on this subject is that of Signorini (1933),
where the problem of unilateral contact between a
linearly elastic body and a rigid foundation is formulated.
It follows the work of Fichera (1964) where the Signorini

problem has been solved, using arguments of variational
inequalities of elliptic type. This being said, we can safely
say that the mathematical study of contact problems
begins with the monograph by Duvaut and Lions (1972),
which has the merit of presenting the variational
formulation of several contact problems, accompanied
by1996; Kikuchi and Oden, 1988; Kinderlehrer and
Stampacchia, 2000; Panagiotopoulos, 1985; Sofonea
and Matei, 2012). General results on the analysis of the
variational inequalities, including existence and results
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of existence and uniqueness of the solution. Considerable
progress has recently been made in the fields of
modeling, mathematical analysis and humerical simulation
of various contact processes (Haslinger et al., 1996;
Kikuchi and Oden, 1988; Kinderlehrer and Stampacchia,
2000; Panagiotopoulos, 1985; Sofonea and Matei, 2012).
General results on the analysis of the variational
inequalities, including existence and uniqueness results,
were developed in a large number of works (Barboteu et
al.,, 2013, 2016; Capatina, 2014; Eck et al., 2013; Han
and Reddy, 1995, 1999; Rochdi et al., 1998).

Recently, a more general contact condition, called the
normal compliance condition restricted by unilateral
constraint introduced in Jarusek and Sofonea (2008),
models the contact with an elastic-rigid foundation. The
mathematical analysis of models involving the frictionless
contact condition with normal compliance and unilateral
constraint can be found in Eck et al. (2013; 2015),
Jarusek and Sofonea (2008) and Sofonea and Matei
(2012). When friction is considered, the unique solvability
of the variational problems can be proven by considering
a smallness assumption of the friction coefficient
(Barboteu et al., 2016; Sofonea and Souleiman, 2015,
2016, Sofonea and Xiao 2016).

In this work, the frictional contact model introduced in
Sofonea and Souleiman (2015) which describes the
contact of deformable body with a moving foundation not
perfectly rigid was considered. Therefore, the contact law
with normal compliance and unilateral constraint was
associated to a sliding version of Coulomb’s law of dry
friction. The frictional contact model are characterized
condition as a multivalued normal compliance contact
condition with unilateral constraints. Such kind of rigid-
elastic foundation problems have been considered in
Sofonea and Souleiman (2015, 2016).

PRELIMINARIES

The notation and some preliminary material which will be
of use later on wer presented. In this paper, the notation
N was used for the set of positive integer. Let d € N.
Then, we denote by S¢ the space of second order
symmetric tensors on R%. The inner product and norm on
R? and S¢ are defined by:

VvV u,v €RY,
Vo,T €S$4

lvi= (- v)%

lzl= (T-T)%

u-v=uuyv ,

o -7 zaijTij ,

Here, the indices i, j, k, | run between 1 and d and
unless stated otherwise, the summation convention over
repeated indices is used.

Let Q be a bounded domain Q c R¢ (d = 1,2,3) with a
Lipschitz continuous boundary T and let I, be a
measurable part of T such that meas (Iy) > 0. The
notation x = (x;) was used for a typical point in QUT
and denoted by v = (v;) the outward unit normal at T.

Also, an index that follows a comma represents the
partial derivative with respect to the corresponding
component of the spatial variable, e.g. u;; = du;/dx;. In
particular, it was recalled that the inner products on the
Hilbert spaces L(Q)¢ and L?(I')¢ are given by:

(u, V)20 = L u-vdx, (u,v)pzryu

=J-u-vda,
r

and the associated norms will be denoted by II-ll;2 )2 and
I-ll 2y, respectively. Moreover, the spaces are
considered.

V={v eH'(Q)%v =0 on I}
Q={7 =(t;) e P47 =7}

These are real Hilbert spaces endowed with the inner
products:

(u,v)vzf e(u)- e(v)dx, (U,T)Q=f o - T dx,
Q Q

and the associated norms |-l and [-ll,, respectively.
Here ¢ is the deformation operator given by:

1
e(v)=(gj(v)) &i(v) =5 Wi +v) VYo
€ H'(Q)“4

Recall that the completeness of the space (V,Illy)
follows from the assumption meas (T}) > 0, which allows
the use of Korn’s inequality.

For an element v €V, v is still written for the trace of
v on the boundary I'. Let v, and v, br denoted by the
normal and the tangential component of v on T,
respectively, defined by v,=v - -v, v, =v —v,v.
Let I'; be a measurable part of I. Then, by the Sobolev
trace theorem, there exists a positive constant ¢, which
depends on Q, I; and T; such that:

” v ”LZ(F3)dS Co " v ”V VvevVv (1)

For a regular function ¢:QUI'->S$% ¢, and o, are
denoted by the normal and the tangential components of
the vector o v on T, respectively, and recall that
o,=0v-v and o¢,=ov —ag,v. Moreover, the
following Green'’s formula holds:

Jop 0-e(v)dx+ [, Dive-vdx=[ ov-
vda Vv eV (2)

This introduction ends with the following abstract
existence result.

Theorem 1

Let (X,(:,)x IFllx) be a real Hilbert space, K a closed



convex subset of X and A:K — K a strongly monotone
Lipschitz continuous operator, that is, there exists m > 0
and M > 0 such that:

(Au—Av,u—v)y=>2mllu—vl% VuveK, (3)

lAu—AviIxy<M lu—vly VuveK 4)
Assume that j: K X K —» R is a function which satisfies the
following conditions:

( (a) For all n€K, j(n,):K—= R is convex
and lower semicontinuous.
(b) There exists @« =0 such that
J(M1,v2) = j(M1,v1) + (M2, v1) — j(02,v2)
Sallny=—mlixllvy —vy llx  Vnum,v,v, €K

(®)

Moreover, assume that m > a. Then, for each feX
there exists a unique element u € X such that:

ueK, (Auv—wy+jlw,v)—jluu) = (f,v—u)y Vv e
K (6)

Theorem 1 will be used to prove the existence and
unigueness of our model of contact problem regularized.
Its proof can be found in Sofonea and Matei (2012) and is
based on the Banach fixed point theorem.

FORMULATION OF THE PROBLEM

An elastic body that occupies the bounded domain Q with
T, its boundary was considered. Let v denotes the unit
outward normal, defined almost everywhere on T. The
body is clamped on I; and, therefore, the displacement
field vanishes there. A volume force of density f , acts in
Q, and surface tractions of density f , act on I,. On I3,
the body is in frictional contact with a moving obstacle,
the so-called foundation. Let v * denotes the velocity of
the foundation, that is, its velocity v * = v* k * is assumed
to be larger than the tangential velocity u , on the surface

contact T; (that is, | v* >l u, ), where k*= ”Z:”

denotes a given unitary vector in the tangential plane and
the value v* > 0 is also given.

Therefore, lets consider the classical formulation of
frictional contact problem that follows.

Problem P

Find a displacement field u: Q —» RY and a stress field
o : Q - S9 such that:

o =Ne(u) in Q, (7)
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Div o +f,=0 in Q, (8)
u=0 on I, (9)
ocv =1f, onl,, (10)

—g,=uT(u) k* on I3, (12)

and there exists m: I; = R which satisfies:

u, <g0,+pu,)+nr<0, \

(W, =~ 9)(0y +p(w) +m) =0, L

0<m<R, onls. (12)
=0 if wu, <0, J

m=R if u,>0

Here, for simplicity, the dependence of various functions
on the spatial variable x was not indicated explicitly.
Now, the physical meaning of Equations 7 to 12 were
shortly described. Equation 7 represents the elastic
constitutive law in which N is the elasticity operator,
assumed to be nonlinear. Equation 8 represents the
equation of equilibrium and was used here since the
internal term in the equation of motion was neglected.
Equations 9 and 10 are the displacement boundary
condition and the traction boundary condition,
respectively. Finally, Equations 11 and 12 represent the
friction Coulomb’s law and the multivalued normal
compliance contact condition with unilateral constraint
and crust, respectively. The friction condition of Equation
11 represents a regularized form of a version of
Coulomb’s law in slip status where u represents the
coefficient of friction and T is a operator which depends
only on the normal displacement u, (Sofonea and
Souleiman, 2015). Equation 12 represents the contact
condition in which p is a positive Lipschitz continuous
increasing function which vanishes for a negative
argument, R is a positive function and g > 0. Note that
this conditions the model's contact with a foundation
made of a rigid material and covered by a layer of soft
material (asperities) of thickness g with a thin crust
(Sofonea and Souleiman, 2015).

Lets turn to the variational formulation of Problem P
and, to this end, the assumptions on the data were listed.
First, the elasticity operator N and the normal compliance
function were assumed to satisfy the following conditions:

(a) N:Q xS > s,
(b) There exists Ly > 0 such that
INCx,e1) = N(x,e) ISLyll e1— g,
V g,,6, €S, ae. x €0
(¢) There exists my > 0 such that
(N(x,e1) =N(x,e5)) (e1—e)=my Il e1— e, I
VEI,SZESd, a.e. x € Q.
(d) The mapping x ~ N(x,&) is measurable onQ,V ¢ € S¢.
(e) The mapping x - N(x,0) belongs to Q.

(13)
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(@) p:T3 xR->R,.
(b) There exists L, > 0 such that
lp(x,m) —p(x,m)| <Ly |r =1l
Vr,n, ER, ae x €.
(©) (p(x,m) =p(x,1))(r1 —12) 20
Vr,r €ER ae x €T3
(d) The mapping x - p(x,r) is measurable on I3, Vr € R
(&) p(x,r)=0 for all r <0, a.e.x €T3.

(14)

The densities of body forces and surface tractions have
the regularity

fo€L2(Q)Y, f,€L*(I)? (15)

The surface yield and the coefficient of friction satisfy:

RelL*(I3), R(x)=0 ae x €3 (16)

nwel*Ts), ul(x)=0 ae x €Iy an

Finally, the operator T satisfies:

(@) T:T3 xRY > R,.
(b) There exists Ly > 0 such that
ITCx,u) —T(x,u) ISLyll ug—uyl
Yu,u, ERY ae x €T,
(c) The mapping x = T(x,u)is measurable on T3, for any u € R%,
(d) The mapping x + T(x,0 y¢)belongs to L?(T3).
(18)

Next, the set of admissible displacements fields was
introduced, defined by:
U={veV:v<g ae onlz} (29)
Moreover, the operator P:V — V, the function j:V XV —

mmIRI R and the element f €V were defined by
equalities:

(Pu,v)y =f1_3 p(u)v,da VY u, veEV, (20)
jlu,v) =
fF3va+da+fF3,uT(u)n*'dea Yu, vev,

(21)

(f:v)v=fﬂf0-vdx,+frzfz-vda Vvev.

Here, r* denotes the positive part of r, that is, r* =
max {r,0}.

Assume in what follows that (u,o) are sufficiently
regular functions which satisfy Equations 7 to 12 and let
v € U. Green’s formula of Equations 2, 8 to 10 and
Definition 22 were used to see that:

(o,e(v)—e(u))=2(f,v -
u,) da—fl,3 RS —uf)da
u,)da (23)

u)y _fr3 p(uy)(vy —
— i, uTCu)n” (v, -

Finally, the constitutive law of Equation 7, the variational
inequality (Equation 23) and Definitions 19 to 21 were
gathered to obtain the following variational formulation of
the contact problem P .

Problem Py,
Find a displacement field u such that:

uel (Ne(),e(m)—e)g+Pu,v—u)y+ju,v) -
jlu,w)=(f,v—u)yVvelU (24)

A result of existence and uniqueness for the problem P,
was provided in Sofonea and Souleiman (2015).

A CONTINUOUS DEPENDENCE RESULT

The dependence of the solution Problem PV was studied
with respect to perturbations of the data. To this end, it
was assumed in what follows that Equations 13 to 18
hold, and denoted by u the solution of Problem P". For
each n>0, let fo,, f2,p0p R, and p,, represent
perturbations of f,, f . p,R and pu, respectively, which
satisfy conditions of Equations 14 to 17, respectively.
With these data, the operator B;:V — V and the functions
Jp:V XV >R the element f,€V were defined by
equalities:

(Pnu,v)v=fr3pn(uv)vvda Yu, vevy,
(25)
jn(u'v)z
fr3 an;“da+fr3ynT(u)n*-vrda Yu, vevy,
(26)
(fn,v)vzfoOn-vdx,+fF2f2,7-vda YoveV.
(27)

Then, the following perturbation of Problem PV was
considered

Problem Py
Find a displacement field u,, such that:

Uy, €EU,(Ne(uy)e@) —e(wy)o+ Buyv—uyy+
Jp g, v) —jpuypuy) =(f,v—uy)y Vv eU (28)



It follows from Sofonea and Souleiman (2015) that, for
n > 0, Problem P]}7 has a unique solution u,. Consider
now the following assumptions:

There exists G: R, = R, such that

J (@) |py(x,m) —p(x, N <GmMr|+1)

Vr€eR, a.e. x €l for each n> 0. (29)
L (b) limG(n) = 0.

170

R,»R in L®3) as n-0 (30)
Uy 2 p in L¥(d3) as n-0 (31)
fon= fo in @* as n-0 (32)
fan—= f2 in ’@)* as n-0 (33)

The following convergence result represents the main
result here.

Theorem 2

Assume that Equations 29 to 33 hold, then the solution
u,, of Problem P, converges to the solution u of Problem
Py, that is:

up—>u in U as n-0(34)

Proof

Let n >0, then v = u in Equation 28 and v = u, in
Equation 24 and add the resulting inequalities to obtain:

(Ne(uy)—Ne(u)e(uy,)— e(u))g =<
un)V+(fn_ frun_ u)V+

i(u'un)_j(u'u)+jn(ur]'u)_jn(unlun)
(35)

(Pnun—Pu,u —

Estimating each term in previous inequality using
Assumption (Equation 13), to deduce that

(Ne(uy)—Ne(u)e(uy)—e(u))g=myll uy—
u |12 (36)

To proceed, the Definitions (Equations 20 and 25), the
monotonicity of the function p,, and Assumption (Equation
29) were used to see that:
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Pyuy—Pu,u,—u)y=
_L(pﬂ(unv)_??(uv))(uv— u,,)da <
]F3(Pn(uv)—p(uv))(uv_ w,,)da <

[ tpyCu) =p(w i, =y, Jda <
r

3

frc(n)(|uv|+1>|uv—unv|da

3

Therefore, using the trace Inequality (Equation 1), after
some elementary calculus, it was found that:

(Ppuy—Pu,uy—u)y <G
u lly+comeas M)V Il uy—u lly  (37)

Next, using Definitions (Equations 21 and 26), thus:
jlu,uy) =jCu,uw) +jy(wgu) = jy(upuy)=

f (R—R,)(u, — ui)da+
I3

- (.uT(u)_:unT(un))n*(unr_ u‘[) da

Therefore, writing:
HT(w) = iy T () = p(T(w) = T(wp)) + (1= )T (U )

Assumptions 17 and 18b combined with Equation 1 were
used to get:

j(u,un)—j(u,u)+jn(u,7,u)—j,,(un,un)
1

< ¢y I R =Ry |l (ry) meas (L2l u,—ully+

cdLlr Il p ol uy — u 2+

co i — iy Mooyl T(u ) lzepll upy — u lly<

1
co I R =Ry Ny ryy meas (I3)2 I uy — u lly+

oLy I p e rpll wy — u 5+

o ll = py Ny rgy (o Lr Il uy lly+

I TOp) lzeep) Il wy = lly

(38)
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Finally, using the Cauchy-Schwartz inequality, we obtain
that:

(fn_f:un_u)vsllfn_f"V"un_u"V (39)
Inequalities 35 to 39 were combined to deduce that:
(my = cGLy M p =) I uy — u lyS GO(E I u liy+
1 1
co meas (I3)2) + ¢y | R — Ry lly= (r,) meas (I3)2 +
coll — My ”L°°(l"3) (co L7 Il Uy Iy +
ITO) Nz, )+ fy = f lly
(40)

Take v =0 in inequality (Equation 28) and using
inequality (Equation 13c and 13e) to see that:

my l wqy I5S (f o)y

which implies:

1
Iy llys—I I
n v my fn 14

On the other hand, using Definitions (Equations 32 and
33), there exists a constant @ which does not depend on
n such that:

hfylysa
and since my > cfLr Il p lleo(r,), it was deduced that:

lhuy—ully<cGEU u ly+ 1) +c I R—Ry lgor,y+
c Il =ty Moy GeHI TO) izeyy)) +¢ I o= f 1y
(41)

where c is a positive constant which does not depend on
7.
The convergence in Definiton 34 is now a
consequence of the Inequality 41 combined with
Assumptions 29 to 33.

In addition to the mathematical interest in the
convergence results in Definition 34, it is of importance
from mechanical point of view, since it states that the
weak solution of problem in Equations 7 to 12 depends
continuously on the normal compliance function, the
surface yield, the coefficient of friction and the densities
of body forces and surface tractions, as well.

REGULARIZATION

In what follows, Problem P using the regularization

method was studied. To this end, for each p > 0, the
difference arises from the fact that here the function j
define by Equation 21 with its regularization the function
Jjp:V XV — R defined by equalities were replaced:

jp( u,v)=
fr3 RY,(v,) da + fr3 ug,(T(u)n*v,da Vu €V, v €
v (42)

Where ,:R—-> R, and ¢,:R—- R, are the functions
differentiable defined by the equalities:

x24+p2—p, if x>0

¥plx) = {0, if x<0 (43)
and,
¢,(x) =x*+p?2—p, Vx€ER (44)

Let p > 0, considering the following lemma.

Lemma 3

Let p > 0. The functions y, and ¢, defined by Equations
43 and 44, the following satisfies conditions:

Consider the function h:R — R, such that:

i (@ [h(x) —h@)| < |x -y Vx,y ER,
(B)Ih(x) — x|l < p vx € R,
©hG)| < |x| Vx € R.

(45)

Proof

(a) Let p > 0. Using Equation 44 of the function ¢, to see
that:

x2 _y2

bp(X) = Pp(y) =2 +p2 = Jy? + p? = NNy

x+y
O (40)
and, since
x+y < 47
Tmepteyi? = 1 (47

Combining Equation 46 and inequality (Equation 47) to
obtain

[ (x) = hp (W < [x =yl 48)

Consider x > 0, it follows from the Definitions (Equations
43 and 44) that:



() =9p(x) if x>0 (49)

Moreover, from Equations 48 and 49, it is deduced that:
[Yp(xX) =Y, = |¢p(x) = PN < |x =y (50)
which conclude the first part of the proof.

(b) Let p > 0. Noting that for all x € R it is obtained that:

|9 () = IxI| = [Vx2 + p2 = p = |xl| = p + |x| =

VX +p2<p (51)
Moreover, using Equation 49, it is deduced that:

|, () = IxI| = |9, () = Ixl| < p (52)
which concludes the second part of the proof.

(c) Next, using Equations 43 and 44, it is easy to see
that:

$p(0) = ,(0) =0 (53)

Therefore, using Equation 50 with y = 0 and Equation 53,
it is found that:

1o ()] = 19, (X)) < |x] (54)
Which completes the proof.
For all u,v €V and note that, again, the integral in
Equation 42 is well-defined.
Using argument similar to those used in the previous
section, using the previous equality, the following

variational formulation of the sliding friction contact
problem regularized was obtained.

Problem P}

Find u , such that:

U, €U, (Ne(up)e(w)—ep))e+ (Pupyv—uy)y+
Jopv) —jo(upu,) = (f,v—u,)yVveu (55)

The following are the existence,
convergence results.

unigueness and

Theorem 4

Under the Assumptions (Equations13 to 18), there exist a
constant p,, which depends only on Q, I}, I3, N and T,
such that:
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1) The Problem P admits a unique solution if:
Il U "L°°(1"3)< Ho (56)

2) The solution u , of Problem Py converges strongly to
the solution u of the Problem Py, that is:

u,->u inV as p-0 57)
p

Proof 1

To solve the variational inequality (Equation 55),
Theorem 1 with X =V and K = U was used. To this end,
it is noted that U is a nonempty closed convex subset of
V. Considering the operators A:V — V defined by:

Aupv)y=We(upy),e(v))g+Puyv)y Yu,veE
4 (58)

Moreover, using definitions (Equations 13c and 20c) to
see that:

Yu,vev
(59)

Au —Av,u —v)yzmyllu—v 3

On the other hand, using definitions (Equations 13b, 14b)
and the trace inequality (Equation 1) yield:
lAu —Av|ly <Uy+cil)lu—-vily, Yu, vev

(60)

To see that A is a strongly monotone Lipschitz continuous
operator on the space V.
Next, using the functional defined by Equation 42.

RY,(v,) da + f pd,(T(u))n*. v, da

I3

oCuw) = |

'3

Moreover, using Equation 44 to obtain:

R|v,| da +f ulS(u)n".v . da.

I's

jp(u,v)Sf

I'3

Conditions (Equations 13 to 18), inequality (Equation 1)
and the previous inequality were combined to see that:

Jo(u,v) < co(Il R llyeo(ryy meas (T3) Y241 p lloo ey |
T(u) lze,y) I v lly (61)

Therefore, it is easy to see that the functional j, satisfies
Equation 5a.

Let u,, u,, v4, v, €V using Equations 42 and 48,
we find that:
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Jo(upva) —jp(u,v) +j,(uzv) —j(uzvy) =

[ w(@p(rCu) =, (rCu))n - (w2 - vida <
I3

[ ey =reu movy -
r

3

vl da

Then we Definitions (Equations 17 and 18b) and
Inequality (Equation 1) to see that:

Jo(u,v2) —jo(uq,vy) +j,(uzvy) —j(uzvy) <
GLr eyl uy— uazllyll vi— volly

(62)
Let

my

Ho = (63)

CgLT

and note that, clearly, u, depends only on Q,I;, I3, N and
T. It follows from Inequality (Equation 62) that j, satisfies
condition (Equation 5b) with a = cfLr Il u llo(r,) and
m =mg. Assume Inequality (Equation 56), cZLy |l
p llo(ryy< my which implies that m > a was obtained,
which concludes the first part the proof.

Let p>0,v = u in inequality (Equation 55) and
v = u, in inequality (Equation 24). Then, adding the
resulting inequalities to obtain:

Au,—Au,u,— u)y <jo(upu)—j(upu,) +
Jju,up) —jCu,u). (64)

Then by Equations 13c, 21 and 42,
ﬂQN " llp —Uu ”%S;Al +‘A2 (65)

where

A = fr RQuby — 1wt + P, () — P () da

3

A, = fr w(pp(T(up)) —T(u)n™. (u,— u,)da.

Next, using the definitions (Equations 43 and 52) to
obtain:

A < f RO, () — w] + () — uf]) da
I's

Sf 2pR da
r

3

and, by Equation 13:

Ay < 2p I R llyo(r,y meas (T3) (66)

On the other hand, using the triangle inequality, it follows
that:

bp (T(up)) —T(u)=¢, (T(up)) _¢p(T(u))+
$p(T(w)) = T(u) < [, (T(u,)) = (T ()| +
lpp(T(u)) =T(u)l

Combining definitions (Equations 18a, 18b, 50 and 52)
and the previous inequality, it is seen that:

Gp(T(up))—T(u)<Lrllu,—ull+p (67)

Finally, using inequalities (Equations 66, 67, 17 and 1) to
obtain:

Ay +A; <2p IR NIy ry) meas (I3) +
oLy Il pllpo el w, — u lf+

co p meas ()21 u, — u lly

(68)
Assume condition (Equation 56), it follows from
Inequalities (Equations 65 and 68) that:

(my—a)l u,— u I5< 2p | R ligeo(r,y meas (I3) +
cop meas (L)Y2 1l u,— u lly (69)

where a = ¢fLr Il p llyo(r)
ing necualiy (Equat (LOm—
Using inequality (Equation 69), the elementdry inequality:

x,a,b>0 and x*<ax+b = x> <a*+2b

As aresult it is deduced that:

lu,—ullj=0 as p—-0 (70)
Therefore, Equation 70 implies the convergence in
Equation 57, which concludes the proof.

The interest in Theorem 4 is twofold: first, it provides
the existence and unigqueness of the solution to the
variational inequality (Equation 55); second, it shows that
the solution of inequality (Equation 24) represents the
strong limit of the sequence of the solution u, of the
problem of inequality (Equation 55), as p — 0.

The convergence result in Equation 57 is important
from the mechanical point of view, since it shows that the
weak solution of the elastic the sliding frictional contact
problem with normal compliance, and unilateral constraint
may be approached as closely as one wishes by the
solution of the sliding friction contact problem with normal
compliance, unilateral constraint and regularized friction,



with a sufficiently small regularization parameter.

NUMERICAL APPROXIMATION

Here, is devoted to the numerical discretization of the
Problem P,. Let V* c V be a linear finite element space
on the domain, which is vanishing on the boundary Tj.
We define the space:

Uh={vhevhvl<g ae on I3} (71)

where h > 0 denotes the spatial discretization parameter.
It is easy to see that the finite dimensional space U" c U
for the polygonal domain. The constraint condition v"* < g
on the boundary T3 is satisfied at nodes, that is, v"* < g/,
where g’ is the linear interpolation of function g.

The following approximated solution for the Problem P,
are discussed.

Problem P2

Find a displacement field u " such that:

e B, (N, (V) — el g +

@l M = Pyl Py =,y =
(f Vh - uh) VVVbEUh
(72)

Under the assumptions (by Sofonea and Souleiman,
2015) and inequality (Equation 56), the discrete system
of inequality (Equation 72) has a unique solution.
Focusing on the error analysis between the solutions to
problems P, and P}}.

Theorem 5

Assume that conditions (Equations 13 to 18) and
inequality (Equation 56) hold, then there exists a constant
c independent of h such that:

. h : . h _ . h /2
Iy —u IIVch}lrégh(llu vidlly Hlu — v+
u— v ) (73)

L(T3)

Proof

By the assumptions (Equations 13c and 14c), and
Equations 20 and 58 for any v, € U™
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my I e(u)—e(uM) i<
e(u)— s(uh))S
e(u)— s(uh))+

(Ns(u)—Ns(uh),
(Ns(u)—Ne(uh),
[ () = p))u, - utrda =
I3
Au —Auhu —uh) =
(Au—Auh,u—vh)+(Au,vh—uh)—(Auh,vh—uh)
(74)
Using the inequality (Equation 24) with v = u" and
inequality (Equation 72) to find that:
Au,vh—uh—-QAurtvh—uh) <
Au,v"—u)+j(ur,vh) -
jce™umy +ju,ut) —ju,u)+(f,u — vty
(75)
Then by inequalities (Equations 74 and 75):
mp le(u)—e(uMIZ<K +K, + K3 + K, (76)
Where:
Ki=(Au —Auu —vh
Ky=@Au,v"—u)+j(u,vh—j(u,u)=(f,v"=u)y
Ky =j(u,um) —j(utu™) +j(utu) —ju,u)
Ky =j(u™v™) —j(u,v™) +j(u,u) —jlu"u)

Estimating term by term; for the first term, the same
inequality as inequality (Equation 13b) is obtained:

|K1|S|f (Ne(u)—Ne(u™)-e(u —vhdx+
Q
(W) —pW)(w, — 1) da| <
I3
Ly lu—u™lyllu—v"iy+
Ly T u —ulllzeyl u— vt lpe,<
(Ly + L) u=ully l u-vhiy

(77)

For the second term K,, it can be viewed as a residual.
Hence:
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KzzfﬂNe(u)- e(vh— w)dx +

|| Pt - u)da+
r

3

f R(vi*— u,)da+
r

3

f[*3 H’T(u)n*(v‘}rl - u,)da—(f,vh— u)V

After some elementary calculus based on the

Assumptions (Equations 13 to 18):
Kl <UNeCu)lly 0 £ ) 0w —vhiy+

1
('p(uy) 2y IR e (ry) meas([3)2 +

Ly bl el w 2o+

I e oyl TCOP) Tizeryy) 1w = v ll2gry
(78)
For the term Kj:
K= [ WG =TCuM . (ut = u ) da
I3
Therefore, using Equations 1, 17 and 18b to obtain:
|K3| < c§Ls I g llpeorpll w — w13 (79)
For the last term K,, using Equation 18b to obtain:
IKal = liCu",v™) —j(uu) +j(u,u) —ju,vh)| =
UF #(T(uh)—T(u))n*.(vg— u,)da| <
3
Lyl p el w —u™ Iyl u — vhily,
(80)

Under the hypothesis of Inequality (Equation 56),
absorbing the third term K5 of Inequality (Equation 79),
using the elementary inequality:

1
ab < §a? +—b?,

25 vé >0

The result of inequality 73 can be proved easily.
Note we obtain the error estimate by the trace
inequality on boundary T5:

lhu—umlly=0C inf Ilu—-vhiy)
vheyh

It is the same order error estimates as presented in
Inequality (Equation 1) and for the other mathematical
model and not the optimal order. The optimal error
estimates under extra regularity for the solution was
derived.

Theorem 6

Under the assumptions of Theorem 5 and o € (L?(I3))9,
there exists a constant c independent of h such that:

1/2 )

h ; h h
u-—-u <c inf u-—-v Hlu-—-v
II Ily ) heyh(ll Iy +i "LZ(F3)

(81)

Proof

The estimate K, was done under extra regularity of the
solution o € L?(T3)%. Green’s formula (Equation 2),
Equations 7 to 10 and Definition (Equation 22) were used
to show that:

(o,e(v)—e(u))e=(fv—u) + fl—3 oy (v, —
uv)da+fl_3 o, (v,— u,)da (82)

By Equation 82:

|KZ| < lfI‘3 o’v(”\? _uv) da+fl-3 [ (V}rl - u‘r) dal
+fr3 uT(u)n*.(vh - u,)dal
<oy N2y +I o7 N2y +I P 2y +1 R =y meas(T3)"/2

+Lr |l u "L°°(l"3)" u ||L2(r3) +lu "L°°(F3)H S(0y) ||L2(r3)) hu—ovh "LZ([‘3)
Scllu—=v"lze,

Thus, the result of inequality (Equation 81) following the
proof of Theorem 6 can be obtained.

To derive an order error estimate, similar theory (cf.
Han and Sofonea, 2002) was used. Assume:
u € H*()4, ur, € H3(I3)* (83)
Let [T, u €V, be the linear finite element interpolant of
the solution u. As the solutionu € U, that is, u, < g,
then I, u € U™. The standard finite element interpolation
theory yields (cf. Ciarlet, 1978):
lu—-Mully<ch|u |H2(Q)d.

Ihu —Tpu llzensc h?|u 2 rgye-

Therefore, under the regularity Assumption (Equation
83), the optimal error estimate is obtained:

lu—utll,<ch

where the constant c¢ is independent of h.
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