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This paper deals with the replacement issue of an Omni bus plying on Silchar–Guwahati route in India under 
government and private travel agencies and daily expenditure minimization of travel agencies. In this paper, 
effort has been given to study the age at which a bus should be replaced on the basis of various expenditure on 
it. It also attempts to calculate how to minimize daily expenditure of a bus service providing agency with some 
constraints. The post optimality of the L.P models will be studied at the end .We find the literature of it in 
various standard books and journals (Hartly, 1969; Harvey, 1969) as listed in the reference section. We find 
literature for formulation of LP models in (Sen and Som, 2008a, b, c; Sen, 2008d). In (Sen and Som, 2008a), 
models were developed to maximize daily profit of a service unit while in (Sen and Som, 2008b), a model was 
developed to minimize passenger fare. 

Key words: Omnibus, scrap value, running cost, E-class. 
 
 
INTRODUCTION 
 
The communication of the southern part of North-Eastern 
Region of India is not good as compared to the other part 
of the nation. The heart of South Assam is Silchar which 
connects the neighboring states like Mizoram, Manipur 
and Meghalaya. Even the gate way of North-Eastern 
Region of India Guwahati is not properly connected with 
Silchar by rail. The main dependable source of com-
munication on Silchar-Guwahati route is bus. So, in the 
quest for comfortable journey, people are always in 
search of buses in good condition. On the other hand, 
travel agencies do not care about the good condition of 
buses for better service to the passenger on this route. 
So it becomes necessary to make a mathematical study 
to calculate the age of replacement of buses on  the  said  
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route and also simultaneously a mathematical study will 
be carried out to minimize daily expenditure to run the 
buses under a particular travel agency on Silchar-
Guwahati route. Our study will be carried out on the basis 
of data collected from the concerned source. Before 
commencing our actual mathematical study, it is 
necessary to mention the technique to be applied here. 
 
 
METHODOLOGY 
 
Replacement policy and linear programming technique will be 
applied to carry out the mathematical study. 
 
 
Replacement policy 
 
Replacement of an item takes place in the following cases: 
 
(a) When an old item has failed and does not work at all or the  item 



 

 

 
 
 
 
is expected to fail soon. 
(b) Then existing item deteriorated and work badly, and also need 
expensive maintenance. 
(c) A better model of item has been developed. 
Replacement problem can also broadly be classified into two 
categories: 
 
(a) When item deteriorate with time and value of money (i) does not 
change with time (ii) changes with time. (b) When item fails 
completely. 
 
 
Replacement of an item that deteriorate with time (t) is discrete 
and value of money does not change with time 
 
In this section, we discuss the policy which will suggest the optimal 
age of replacement of items. Here time period is taken fixed and not 
taken as 1,2,3,4… Then 
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Now ( )A n will be minimum for that value of n for which 
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For the above, we write 
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Thus, ( 1) ( ) 0A n A n+ − ≥  

( 1 ) ( )f n A n� + ≥  
 
It can also be proved that 
 

( 1 ) ( ) 0A n A n− − ≤  
 

( ) ( 1 )f n A n� ≤ −  
 
This suggest that if the maintenance cost in (n+1)th year is more 
than the average total cost in the nth year and nth years 
maintenance cost is less than the previous year’s average total 
cost,   then   the  item   should be  replaced  at the end of n  years. 
 
 
LP models 
 
The genera l LP model with n variables and  m  constraints  can  be 
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variables X, we 
 
Optimize Z=CX  

 
Subjected to 
 
AX � 0  r = 0  r � b. 
 
Together with X � 0. 
 
In general, LP problem (�,=�) means that in any specific problem 
each constraint may take only one of the three possible form 
namely less than or equal, equal, greater than or equal. 

Minimization problem can be solved by converting it into 
maximization form by the relation. 
 
Min Z = -Max                                                     bn -Z). 
 
The following are the steps to be followed to formulate an LP 
model: 
 
# Identification of decision variables 
#Identification of the problem data 
#Formulation of constraints 
#Formulation of the objective function. 
 
 
Solution of LP models 
 
When the model involves two decision variables, then it can be 
solved by graphical methods. But when it involves more than two 
variables, simplex method is used to solve it. If all the constraints 
are of less than type, by introducing slack variable it can be solved. 
But if some of the constraints are greater than or equal or equal 
type, we use artificial variable technique. 
 
 
Post optimality or sensitivity analysis 
 
The scope of linear programming does not end at finding the 
optimal solution to the linear model of real life problem. Sensitivity 
analysis of linear programming continues with the optimal solution 
to provide additional practical insight of the model. Since this 
analysis examines how sensitive the optimal solution is to changes 
in the coefficients of the LP model, it is called sensitivity analysis. It 
is also known as post-optimality analysis as it starts after the 
optimal solution is obtained. Since we live in a dynamic world where 
changes takes place constantly, this study of the effects on the 
solution due to changes in the data of the problem is very useful. In 
general, we are interested in finding the effects of the following 
changes on the optimal LP solution: 
 
#changes in profit/unit or cost/unit of the objective function. 
#changes in the availability of resources or capacity or limit on 
demand and in other parameters. Post-optimal analysis of model A 
and model B will be done by using the following: 
 
#When CK belongs to CB, then the change �Ck so that the solution 
remain optimum is given by 
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Table 1. Capital cost Rs 11, 00,000/-. 
 

End of the year 1st year 2nd year 3rd year 4th year 5th year 6th year 7th year 
Maintenance cost (Rs) 47,000 95,000 1,25,000 1,65,000 2,40,000 1,50,000 3,90,000 
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The range for discrete change �bk for which the optimum basic 
feasible solution remains is given by 
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DATA 
 
A sample data for capital cost and its maintenance cost 
of an Omni-bus, which was purchased during the year 
2001 has been given in Table 1. 

We also listed here some other related data for the 
year 2007 of a travel agency, engaged in providing bus 
service on Silchar-Guwahati route which will be useful to 
minimize daily expenditure. 

It is found from the collected data of for a particular 
year that 
 
Number of ticket booking for one old E-class bus is 25. 
Number of ticket booking for one new E-class bus is 28. 
Number of ticket booking for one old deluxe bus is 30. 
Number of ticket booking for one new deluxe bus is 35. 
Daily Expenditure on a old E-class bus is Rs. 4331/- 
Daily Expenditure on a new E-class bus is Rs. 4181/- 
Daily Expenditure on a old deluxe bus is Rs. 4494/- 
Daily Expenditure on a new deluxe bus is Rs. 4331/- 
 
The agency used to run 10 to 14 numbers of different 
types of buses during this period. It is also obtained from 
the data that 
 
One old E-class bus requires 115 L of fuel per trip 
One new E-class bus requires 110 L of fuel per trip 
One old deluxe bus requires 120 L of fuel per trip 
One new deluxe bus requires 110 L of fuel per trip 
 
There is only one trip every of each type of bus in the 
route. 
 
The agency can provide daily 1680 L  of  fuel  for  running  

these buses. 
 
Let us also fix the maximum profit as Rs 18,000/ 
 
 
MATHEMATICAL APPROACH: 
 
In this section, first computation will be carried out to 
calculate the optimal age of replacement of a bus and 
then an LP model will be formulated to solve daily 
expenditure minimization. 

As per the data we get, Table 2 displays the necessary 
related calculation. 
 
 
LP model formulation and solution 
 
Model A 
  
LLeett  uuss  aassssuummee  xx11  ttoo  bbee  tthhee  nnuummbbeerr  ooff  oolldd  EE--ccllaassss  bbuuss..  
LLeett  uuss  aassssuummee  xx22  ttoo  bbee  tthhee  nnuummbbeerr  ooff  nneeww  EE--ccllaassss  bbuuss..  
LLeett  uuss  aassssuummee  xx33  ttoo  bbee  tthhee  nnuummbbeerr  ooff  oolldd  ddeelluuxxee  bbuuss..  
LLeett  uuss  aassssuummee  xx44  ttoo  bbee  tthhee  nnuummbbeerr  ooff  nneeww  EE--ccllaassss  bbuuss..  
  
SSoo,,  tthhee  ddaaiillyy  ttoottaall  ttrraannssppoorrttaattiioonn  ccoosstt  ==  44333311xx11  ++  44118811xx22  ++  
44449944xx33  ++  44333311xx44  

  
TThheenn  mmaatthheemmaattiiccaallllyy  tthhee  pprroobblleemm  ccaann  bbee  ssttaatteedd  aass  
  
MMiinniimmiizzee  ZZ  ==  44333311xx11  ++  44118811xx22  ++  44449944xx33  ++  44333311xx44  
  
  
SSuubbjjeecctt  ttoo  
  
TToottaall  nnuummbbeerr  ooff  ppaasssseennggeerr  iinn  aallll  tthhee  bbuusseess  ssaattiissffyy  tthhee  
iinneeqquuaalliittyy  
  
2255xx11  ++  2288xx22  ++  3300xx33  ++  3355xx44  � 446622……                                                              ((11**))  
  
TToottaall  nnuummbbeerr  ooff  bbuusseess  ssaattiissffyyiinngg  tthhee  iinneeqquuaalliittiieess  
  
xx11  ++  xx22  ++  xx33  ++  xx44  ��  ��1100……                                                                                                  ((22**))  
  
xx11  ++  xx22  ++  xx33  ++  xx44  ����  1144……                                                                                                  ((33**))  
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Table 2. Computation to calculate the optimal age of replacement of a bus. 
 

Year of 
service(n) 

Maintenance cost 
(Rs) 

Cumulative maintenance 
cost 

Depreciation 
/Scrap value 

Resale value 
(C-S) 

Total cost 
Average 
total cost 

1 47,000 47,000 1,10,000 9,90,000 1037000 1037000 
2 95,000 1,42,000 99,000 8,91,000 1033000 516500 
3 1,25,000 2,67,000 89,100 8,01,900 1068000 356000 
4 1,65,000 4,32,000 80,190 7,21,710 1153710 2884275 
5 2,40,000 6,72,000 72,171 649539 1321539 264307.8 
6 1,50,000 822000 64,953.9 584585.1 1406585.1 234430.6* 
7 3,90,000 1212000 58458.5 526126.6 1738126.6 248303.8 

 

Here we have taken depreciation 10%. 
  
  
  
TThhee  ttoottaall  ddaaiillyy  pprrooffiitt  ffrroomm  aallll  tthheessee  bbuusseess  hhaass  bbeeeenn  
rreessttrriicctteedd  aass    
  
11440000xx11  ++  11553333xx22  ++  883333xx33  ++  11003333xx44  ��  1188,,000000……..  ((44**))  
  
TTooggeetthheerr  wwiitthh  xx11,,  xx22,,  xx33,,  xx44  ��  00  
  
WWee  uussee  ttwwoo--pphhaassee  mmeetthhoodd  ttoo  ssoollvvee  iitt  
  
IInnttrroodduucciinngg  ssllaacckk  vvaarriiaabblleess  xx55,,  xx77,,  xx88  aanndd  ssuurrpplluuss  vvaarriiaabbllee  
xx66  wwee  ggeett    
  
2255xx11  ++  2288xx22  ++  3300xx33  ++  3355xx44  + XX55  ==  446622  
  
xx11  ++  xx22  ++  xx33  ++  xx44  – X6 = 1100  
  
xx11  ++  xx22  ++  xx33  ++  xx44  +X7 = 14 
  
11440000xx11  ++  11553333xx22  ++  883333xx33  ++  11003333xx44  ++  XX88  ==  1188000000  
  
SSiinnccee  tthheerree  iiss  nnoo  iinniittiiaall  bbaassiicc  ffeeaassiibbllee  ssoolluuttiioonn,,  wwee  
iinnttrroodduuccee  aarrttiiffiicciiaall  vvaarriiaabbllee  XX99  ttoo  tthhee  sseeccoonndd  eeqquuaattiioonn  ttoo  
ggeett  aann  iinniittiiaall  bbaassiicc  ffeeaassiibbllee  ssoolluuttiioonn  aass    
  
XX55  ==  446622,,  XX99  ==  1100,,  XX77  ==  1144  aanndd  XX88  ==  1188,,000000  
  
RReewwrriittiinngg  tthhee  oobbjjeeccttiivvee  ffuunnccttiioonn  aass    
  
MMaaxx  ZZ**==--44333311XX11  --44118811XX22  --44449944XX33  --44333311XX44  
  
  
PPhhaassee--II    
  
TThhee  iinniittiiaall  ssiimmpplleexx  ttaabbllee  iinn  pphhaassee  ––II  ooff  LLPP  mmooddeell  AA  iiss  
ggiivveenn  iinn  TTaabbllee  33..  
  
HHeerree  ZZ11  --  CC11    iiss    mmoosstt      nneeggaattiivvee..  TThheerreeffoorree    YY11    eenntteerrss    tthhee    

bbaassiiss..  
  
HHeerree  mmiinn  {{446622//2255,,  1100//11,,  1144//11,,  1188000000//11440000}}  ==1100  wwhhiicchh  
ccoorrrreessppoonnddss  ttoo  XX99..  
TThheerreeffoorree  XX99  lleeaavveess  tthhee  bbaassiiss..  TThhee  ppiivvoott  eelleemmeenntt  iiss  11..  
  
TThhee  ffiinnaall  ssiimmpplleexx  ttaabbllee  iinn  pphhaassee--II  ooff  LLPP  mmooddeell  AA  iiss  aass  
sshhoowwnn  iinn  Table 4.  
  
HHeerree  MMaaxx  ZZ**  ==  00  aanndd  nnoo  aarrttiiffiicciiaall  vvaarriiaabbllee  aappppeeaarrss  iinn  tthhee  
bbaassiiss..  SSoo  wwee  pprroocceeeedd  ttoo  pphhaassee--IIII..    
  
  
PPhhaassee--IIII  
  
NNooww  iiff  wwee  aassssiiggnn  aaccttuuaall  ccoosstt  ttoo  tthhee  oorriiggiinnaall  vvaarriiaabblleess  aanndd  
00  ccoosstt  ttoo  tthhee  ootthheerr  vvaarriiaabblleess  wwee  ggeett  
  
MMaaxx  ZZ**  ==  --44333311XX11    --  44118811XX22    --  44449944XX33  --  44333311XX44  ++  00XX55  ++  
00XX66    ++  00XX77  ++  00XX88  

  
IInniittiiaall  ssiimmpplleexx  ttaabbllee  ffoorr  pphhaassee--IIII  ooff  LLPP  mmooddeell  AA  iiss  tthhuuss  aass  
ggiivveenn  iinn  Table 5. 
  
HHeerree  ZZ22  --  CC22  iiss  mmoosstt  nneeggaattiivvee..  TThheerreeffoorree  YY22  eenntteerrss  tthhee  
bbaassiiss..  
  
HHeerree  mmiinn  {{441122//33,,1100//11,,1144//11,,44000000//113333}}==1100  wwhhiicchh  
ccoorrrreessppoonnddss  ttoo  XX11..  
  
TThheerreeffoorree  XX11  lleeaavveess  tthhee  bbaassiiss..  TThhee  ppiivvoott  eelleemmeenntt  iiss  11..  
  
TThhee  ffiinnaall  ssiimmpplleexx  ttaabbllee  iinn  pphhaassee--IIII  ooff  LLPP  mmooddeell  AA  iiss  aass  
sshhoowwnn  iinn  TTaabbllee  66..  
  
HHeerree  aallll  ZZjj  ––  CCjj  ��  00  aanndd  tthheerreeffoorree,,  tthhee  ooppttiimmaall  ssoolluuttiioonn  xx22  ==  
1100  iinn  tthhee  ffiirrsstt    ccaassee    ffoorr    wwhhiicchh    tthhee    mmiinniimmuumm  eexxppeennddiittuurree    
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Table 3. TThhee  iinniittiiaall  ssiimmpplleexx  ttaabbllee  iinn  pphhaassee  --II  ooff  LLPP  mmooddeell  AA..  
  

CCJJ��  00  00  00  00  00  00  00  00  --11  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 

00  XX55  ==  446622  2255  2288  3300  3355  11  00  00  0 0 
--11  XX99  ==  1100  11**  11  11  11  00  --11  00  0 1 
00  XX77    ==  1144  11  11  11  11  00  00  11  0 0 
00  XX88  ==  11  88,,000000  11440000  11553333  883333  11003333  00  00  00  1 0 

ZZJJ--CCJJ��    --11  --11  --11  --11  00  00  00  0 0 
  
  
  

Table 4. FFiinnaall  ssiimmpplleexx  ttaabbllee  iinn  pphhaassee--II  ooff  LLPP  mmooddeell  AA..  
  

CCJJ��  00  00  00  00  00  00  00  00  --11  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 

00  XX55  ==441122  00  33  55  1100  11  2255  00  0 -25 
00  XX11==1100  11  11  11  11  00  --11  00  0 1 
00  XX77  ==44  00  00  00  00  00  11  11  0 -1 
00  XX  88==44,,000000  00  113333  --556677  --336677  00  11440000  00  1 -1400 

ZZJJ  --  CCJJ��    00  00  00  00  00  00  00  0 1 
  
  
  

Table 5. IInniittiiaall  ssiimmpplleexx  ttaabbllee  ffoorr  pphhaassee--IIII  ooff  LLPP  mmooddeell  AA..  
    

CCJJ��  --44333311  --44118811  --44449944  --44333311  00  00  00  00  00  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 

00  XX55  ==  441122  00  33  55  1100  11  2255  00  0 -25 
--44333311  XX11  ==  1100  11  11**  11  11  00  --11  00  0 1 

00  XX77  ==  44  00  00  00  00  00  11  11  0 -1 
00  XX88  ==  44,,000000  00  113333  --556677  --336677  00  11440000  00  1 -1400 

ZZJJ--CCJJ��  00    00  --115500  116633  00  00  44333311  00  0  
  
  
  
ZZ**  ==  --4411881100,,  tthhaatt  iiss,,  ZZ  ==  4411881100..  
  
  
LP Model B 
 
If maximum number of E-class bus (old and new) = 4 
If maximum number of deluxe bus (old and new) = 10 
Then first problem can be stated as 
 
MMiinniimmiizzee  ZZ  ==  44333311xx11  ++  44118811xx22  ++  44449944xx33  ++  44333311xx44    
MMaaxx  ZZ**  ==  --44333311xx11  --  44118811xx22  --  44449944xx33  --  44333311xx44    
SSuubbjjeecctteedd  ttoo  
  
TToottaall  nnuummbbeerr  ooff  ppaasssseennggeerr  iinn  aallll  tthhee  bbuusseess  ssaattiissffyy  tthhee  
iinneeqquuaalliittyy  

2255xx11  ++  2288xx22  ++  3300xx33  ++  3355xx44  � 446622……                                                              ((55**))  
  
TToottaall  nnuummbbeerr  ooff  bbuusseess  ssaattiissffyyiinngg  tthhee  iinneeqquuaalliittiieess  
  
xx11  ++  xx22  ++  xx33  ++  xx44  ����  1100……                                                                                                  ((66**))  
  
xx11  ++  xx22  ++  xx33  ++  xx44  ����  1144……                                                                                                  ((77**))  
  
  xx11  ++  xx22  ��  44……                                                                                                                                  ((88**))  
  
xx33  ++  xx44  ����  1100……                                                                                                                                ((99**))  
  
11440000xx11  ++  11553333xx22  ++  883333xx33  ++  11003333xx44  ��  1188,,000000……                    ((1100**))  
  
TTooggeetthheerr  wwiitthh  xx11,,  xx22,,  xx33,,  xx44  ��  00  
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TTaabbllee  66..  FFiinnaall  ssiimmpplleexx  ttaabbllee  iinn  pphhaassee--IIII  ooff  LLPP  mmooddeell  AA..  
  

CCJJ��  --44333311  --44118811  --44449944  --44333311  00  00  00  00  00  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 

00  XX55  ==  338822  --33  00  22  77  11  2288  00  0 -28 
--44118811  XX22==  1100  11  11  11  11  00  --11  00  0 1 

00  XX77  ==  44  00  00  00  00  00  11  11  0 -1 
00  XX88  ==  22667700  --113333  00  --770000  --550000  00  11553333  00  1 -1533 

ZZJJ  --  CCJJ��    115500  00  331111  115500  00  44118811  00  0  
  
  
  

TTaabbllee  77..  IInniittiiaall  ssiimmpplleexx  ttaabbllee  iinn  pphhaassee--II  ooff  LLPP  mmooddeell  BB..  
  

CCJJ��  00  00  00  00  00  00  00  00  00  00  --11  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 YY1100 YY1111 

00  XX55  ==  446622  2255  2288  3300  3355  11  00  00  0 0 0 0 
--11  XX1111  ==  1100  11  11  11  11  00  --11  00  0 0 0 1 
00  XX77  ==  1144  11  11  11  11  00  00  11  0 0 0 0 
00  XX88  ==  44  11**  11  00  00  00  00  00  1 0 0 0 
0 XX99  = 10 0 0 1 1 0 0 0 0 0 1 0 
0 XX1100  = 18000 1400 1533 833 1033 0 0 0 0 0 1 0 

ZZJJ  --  CCJJ��   --11 --11 --11 --11 0 1 0 0 0 0 0 
  
  
  
HHeerree  aallssoo  wwee  uussee  ttwwoo--pphhaassee  mmeetthhoodd  ttoo  ssoollvvee  iitt..  
IInnttrroodduucciinngg  ssllaacckk  vvaarriiaabblleess  XX55,,  XX77,,  XX88,,  XX99,,  XX1100  aanndd  ssuurrpplluuss  
vvaarriiaabbllee  XX66  wwee  hhaavvee  
  
2255xx11  ++  2288xx22  ++  3300xx33  ++  3355xx44  +X5 = 446622  
  
xx11  ++  xx22  ++  xx33  ++  xx44  ––xx66 ��  ==  1100  
  
xx11  ++  xx22  ++  xx33  ++  xx44  ++  xx77  ==  1144  
  
xx11  ++  xx22  ++  xx88  ==  44  
  
xx33  ++  xx44  ++  xx99  ==  1144  
  
11440000xx11  ++  11553333xx22  ++  883333xx33  ++  11003333xx44  ++  XX1100  ==  1188000000  
  
SSiinnccee  tthheerree  iiss  nnoo  iinniittiiaall  bbaassiicc  ffeeaassiibbllee  ssoolluuttiioonn,,  wwee  
iinnttrroodduuccee  aarrttiiffiicciiaall  vvaarriiaabbllee  XX1111  ttoo  tthhee  sseeccoonndd  eeqquuaattiioonn,,  
aanndd  tthheenn  iinniittiiaall  bbaassiicc  ffeeaassiibbllee  ssoolluuttiioonn  bbeeccoommeess  XX55  ==  446622,,  
XX1111  ==  1100,,  XX77  ==  1144,,  XX88  ==  44,,  XX99  ==  1100,,  XX1100  ==  1188000000..  

  
  
PPhhaassee--II  
  
TThhee    iinniittiiaall    ssiimmpplleexx    ttaabbllee    iinn    pphhaassee--II    ooff    LLPP    mmooddeell    BB    iiss    

sshhoowwnn  iinn  TTaabbllee  77..  
  
HHeerree  ZZ11  --  CC11  iiss  mmoosstt  nneeggaattiivvee  ..TThheerreeffoorree  YY11  eenntteerrss  tthhee  
bbaassiiss..  
  
HHeerree  mmiinn  {{446622//2255,,  1100//11,,  1144//11,,  1188000000//11440000}}  ==1100  wwhhiicchh  
ccoorrrreessppoonnddss  ttoo  XX88  ..  
  
TThheerreeffoorree  XX88  lleeaavveess  tthhee  bbaassiiss..  TThhee  ppiivvoott  eelleemmeenntt  iiss  11..  
  
TThhee  nneexxtt  iitteerraattiioonn  iinn  pphhaassee--II  ooff  LLPP  mmooddeell  BB  iiss  ggiivveenn  iinn  
TTaabbllee  88..  
  
HHeerree  ZZ33--CC33  aass  mmoosstt  nneeggaattiivvee..  TThheerreeffoorree  YY33  eenntteerrss  tthhee  
bbaassiiss..  
  
HHeerree  mmiinn  {{336622//3300,,  1100//11,,  1100//11,,  1122440000//883333}}  ==  66  wwhhiicchh  
ccoorrrreessppoonnddss  ttoo  XX1111..  
  
TThheerreeffoorree  XX1111  lleeaavveess  tthhee  bbaassiiss..  TThhee  ppiivvoott  eelleemmeenntt  iiss  11..  
TThhee  ffiinnaall  iitteerraattiioonn  ttaabbllee  iinn  pphhaassee--II  ooff  LLPP  mmooddeell  BB  iiss  ggiivveenn  
iinn  TTaabbllee  99..    
  
HHeerree  aallll  ZZJJ  --  CCJJ  � 0 and no artificial variable appears in the 
basis. Therefore we proceed to phase-II.   



 

 

1122                  AAffrr..  JJ..  MMaatthh..  CCoommppuutt..  SSccii..  RReess..  
  
  
  

TTaabbllee  88..  IInniittiiaall  iitteerraattiioonn  iinn  pphhaassee--II  ooff  LLPP  mmooddeell  BB..  
  

CCJJ��  00  00  00  00  00  00  00  00  00  00  --11  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 YY1100 YY1111 

00  XX55  ==  336622  00  33  3300  3355  11  00  00  -25 0 0 0 
--11  XX1111  ==  66  00  00  11**  11  00  --11  00  -1 0 0 1 
00  XX77  ==  1100  11  11  00  00  00  00  11  -1 0 0 0 
00  XX11  ==  44  11  11  00  00  00  00  00  1 0 0 0 
0 XX99  = 10 0 0 1 1 0 0 0 0 1 0 0 
0 XX1100  = 12400 0 133 833 1033 0 0 0 -1400 0 1 0 

ZZJJ  --  CCJJ��   0 0 -1 -1 0 1 0 1 0 0 0 
  
  
  

TTaabbllee  99..  FFiinnaall  iitteerraattiioonn  ttaabbllee  iinn  pphhaassee--II  ooff  LLPP  mmooddeell  BB..  
  

CCJJ��  00  00  00  00  00  00  00  00  00  00  --11  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 YY1100 YY1111 

00  XX55  ==  118822  00  33  00  55  11  3300  00  5 0 0 -30 
00  XX33  ==  66  00  00  11  11  00  --11  00  -1 0 0 1 
00  XX77  ==  44  00  00  00  00  00  11  11  0 0 0 -1 
00  XX11  ==  44  11  11  00  00  00  00  00  1 0 0 0 
0 XX99  = 6 0 0 0 0 0 1 0 1 1 0 0 
0 XX1100  = 7402 0 133 0 200 0 833 0 -567 0 1 -833 

ZZJJ  --  CCJJ��   0 0 0 0 0 0 0 0 0 0 1 
  
  
  

TTaabbllee  1100..  Initial simplex table in phase-II of LP model B..  
  

CCJJ��  --44333311  --44118811  --44449944  --44333311  00  00  00  00  00  00  00  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 YY1100 YY1111 

00  XX55  ==  118822  00  33  00  55  11  3300  00  5 0 0 -30 
--44449944  XX33  ==  66  00  00  11  11  00  --11  00  -1 0 0 1 

00  XX77  ==  44  00  00  00  00  00  11  11  0 0 0 -1 
--44333311  XX11  ==  44  11  11  00  00  00  00  00  1 0 0 0 

0 XX99  = 6 0 0 0 0 0 1 0 1 1 0 0 
0 XX1100  = 7402 0 133 0 200 0 833 0 -567 0 1 -833 

ZZJJ  --  CCJJ��   0 -150 0 -163 0 4494 0 163 0 0  
  
  
  
Phase-II 
 
The initial simplex table in phase-II of LP model B is 
given in Table 10. 
  
HHeerree  ZZ44  --  CC44  iiss  mmoosstt  nneeggaattiivvee  ..TThheerreeffoorree  YY44  eenntteerrss  tthhee  
bbaassiiss..  
HHeerree  mmiinn  {{118822//55,,66//11,,77440022//220000}}==66  wwhhiicchh  ccoorrrreessppoonnddss  ttoo  
XX33  

TThheerreeffoorree  XX33  lleeaavveess  tthhee  bbaassiiss..  TThhee  ppiivvoott  eelleemmeenntt  iiss  11..    
  
TThhee  nneexxtt  iitteerraattiioonn  ttaabbllee  iiss  TTaabbllee  1111..  
  
HHeerree  ZZ22  --  CC22  iiss  mmoosstt  nneeggaattiivvee..  TThheerreeffoorree  YY22  eenntteerrss  tthhee  
bbaassiiss..  
  
HHeerree  mmiinn  {{115522//33,,44//11,,66220022//113333}}==44  wwhhiicchh  ccoorrrreessppoonnddss  ttoo  
XX11  



 

 

SSeenn  eett  aall..          1133  
  
  
  

TTaabbllee  1111..  IInniittiiaall  iitteerraattiioonn  ttaabbllee  ffoorr  PPhhaassee--IIII  ooff  LLPP  mmooddeell  BB..  
  

CCJJ��  --44333311  --44118811  --44449944  --44333311  00  00  00  00  00  00  00  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 YY1100 YY1111 

00  XX55  ==  115522  00  33  --55  00  11  3355  00  10 0 0 -35 
--44333311  XX44  ==  66  00  00  11  11  00  --11  00  -1 0 0 1 

00  XX77  ==  44  00  00  00  00  00  11  11  0 0 0 -1 
--44333311  XX11  ==  44  11  11**  00  00  00  00  00  1 0 0 0 

0 XX99  = 6 0 0 0 0 0 1 0 1 1 0 0 
0 XX1100  = 6202 0 133 -200 0 0 1033 0 -367 0 1 -1033 

ZZJJ--CCJJ��   0 -150 163 0 0 4331 0 0 0 0  
  
  
  

TTaabbllee  1122..  FFiinnaall  iitteerraattiioonn  ttaabbllee  ffoorr  PPhhaassee--IIII  ooff  LLPP  mmooddeell  BB..  
  

CCJJ��  --44333311  --44118811  --44449944  --44333311  00  00  00  00  00  00  00  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 YY1100 YY1111 

00  XX55  ==114400  --33  00  --55  00  11  3355  00  7 0 0 -38 
--44333311  XX44==66  00  00  11  11  00  --11  00  -1 0 0 1 

00  XX77==44  00  00  00  00  00  11  11  0 0 0 -1 
--44333311  XX22  ==44  11  11  00  00  00  00  00  1 0 0 0 

0 XX99  =6 0 0 0 0 0 1 0 1 1 0 0 
0 XX1100  = 5202 -133 0 -200 0 0 1033 0 500 0 1 -900 

ZZJJ  --  CCJJ��   115500 0 163 0 0 4331 0 150 0 0  
  
  
  
TThheerreeffoorree  XX11  lleeaavveess  tthhee  bbaassiiss..  TThhee  ppiivvoott  eelleemmeenntt  iiss  11..  
  
TThhee  nneexxtt  iitteerraattiioonn  ttaabbllee  iiss  TTaabbllee  1122..  
  
HHeerree  ZZJJ--CCJJ  ��  00,,  tthheerreeffoorree  tthhee  ooppttiimmaall  ssoolluuttiioonn  iiss  XX22==  44  aanndd  
XX44==  66  ffoorr  wwhhiicchh  mmiinn  ZZ  ==  4422771100..  
  
  
PPoosstt  ooppttiimmaall  aannaallyyssiiss  
  
WWee  mmaakkee  aa  ppoosstt  ooppttiimmaall  ssttuuddyy  iinn  CC  aanndd  bb  ffoorr  mmooddeellss  AA  
aanndd  BB..  
  
  
MMooddeell  AA  
  
NNooww  wwee  ssttuuddyy  tthhee  sseennssiittiivviittyy  aannaallyyssiiss  wwhhiicchh  hhaass  ddeeaalltt  
wwiitthh  mmiinniimmiizziinngg  tthhee  eexxppeennddiittuurree  ooff  tthhee  oorrggaanniizzaattiioonn  
rruunnnniinngg  tthhee  ttrraannssppoorrtt  ssyysstteemm..  

TThhee  ooppttiimmuumm  ssiimmpplleexx  ttaabbllee  iiss  ggiivveenn  iinn  TTaabbllee  1133..  
  
VVaarriiaattiioonn  iinn  cc11::    

  
SSiinnccee  cc11  ddooeess  nnoott  bbeelloonngg  ttoo  CCBB  ,,  tthhee  cchhaannggee  iinn  CC11  ��CC11,,  ssoo    

tthhaatt  tthhee  ssoolluuttiioonn  rreemmaaiinnss  ooppttiimmuumm  iiss  ggiivveenn  bbyy  
  
  ��CC11��ZZ11--CC11  

  

����CC11��115500  
  
TThheerreeffoorree  tthhee  rraannggee  oovveerr  wwhhiicchh  cc11  ccaann  vvaarryy  wwiitthh  
mmaaiinnttaaiinniinngg  tthhee  ooppttiimmaalliittyy  ooff  tthhee  ssoolluuttiioonn  iiss  ggiivveenn  bbyy  
  
--����CC11��CC11++��CC11  
  
��--����CC11��--44333311++115500  
  
��--����CC11��--44118811  
  
FFoorr  oorriiggiinnaall  pprroobblleemm  CC11  lliieess  bbeettwweeeenn  44118811  aanndd  44333311  
  
VVaarriiaattiioonn  iinn  CC22::  
  
SSiinnccee  CC22  bbeelloonnggss  CCBB,,  tthhee  rraannggee  ooff  ��CC22  iiss  ggiivveenn  bbyy  
  

{ }2 2 2

2 2

( )/   C { ( )/ } 

0                                             Y 0
j J j j J j

j j

Max Z C Y Min Z C Y

Y

− − ≤ ≤ − −

> <

�
 



 

 

1144                  AAffrr..  JJ..  MMaatthh..  CCoommppuutt..  SSccii..  RReess..  
 
 
 

TTaabbllee  1133..  OOppttiimmuumm  ssiimmpplleexx  ttaabbllee  ffoorr  mmooddeell  AA..  
  

CCJJ��  --44333311  --44118811  --44449944  --44333311  00  00  00  00  00  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 

00  XX55  ==  338822  --33  00  22  77  11  2288  00  0 -28 
--44118811  XX22==  1100  11  11  11  11  00  --11  00  0 1 

00  XX77  ==  44  00  00  00  00  00  11  11  0 -1 
00  XX88==  22667700  --113333  00  --770000  --550000  00  11553333  00  1 -1533 

ZZJJ--CCJJ��    115500  00  33111133  115500  00  44118811  00  0  
 
 
 
�max {-150/1, 0/1, -3131/1, -150/1} � �C2 � min {-4181/-
1} 
�0 � �C2 � 4181 
 
The required range over which C2 can vary maintaining 
the condition of optimality is therefore  
 
-4181+ 0 � C2 � -4181 + 4181 
�-4181 � C2 � 0 
 
For actual problem C2 � 4181 
 
Variation in C3: 
 
SSiinnccee  cc33  ddooeess  nnoott  bbeelloonngg  ttoo  CCBB,,  tthhee  cchhaannggee  ��CC33  iinn  CC33,,  ssoo  
tthhaatt  tthhee  ssoolluuttiioonn  rreemmaaiinnss  ooppttiimmuumm  iiss  ggiivveenn  bbyy  
  
  ��CC33��ZZ33--CC33  

  

����CC33��331133  
  
TThheerreeffoorree  tthhee  rraannggee  oovveerr  wwhhiicchh  cc11  ccaann  vvaarryy  wwiitthh  
mmaaiinnttaaiinniinngg  tthhee  ooppttiimmaalliittyy  ooff  tthhee  ssoolluuttiioonn  iiss  ggiivveenn  bbyy  
  
--����CC33��CC33++��CC33  

  
��--����CC33��--44449944++331133  
  
��--����CC33��--44118811  
  
FFoorr  oorriiggiinnaall  pprroobblleemm  CC11  lliieess  bbeettwweeeenn  44118811  aanndd  44449944  
  
VVaarriiaattiioonn  iinn  CC44::  
  
SSiinnccee  cc44  ddooeess  nnoott  bbeelloonngg  ttoo  CCBB,,  tthhee  cchhaannggee  ��CC44  iinn  CC44,,  ssoo  
tthhaatt  tthhee  ssoolluuttiioonn  rreemmaaiinnss  ooppttiimmuumm  iiss  ggiivveenn  bbyy  
  
  ��CC44��ZZ44--CC44  

  

����CC44��115500  

TThheerreeffoorree  tthhee  rraannggee  oovveerr  wwhhiicchh  cc11  ccaann  vvaarryy  wwiitthh  
mmaaiinnttaaiinniinngg  tthhee  ooppttiimmaalliittyy  ooff  tthhee  ssoolluuttiioonn  iiss  ggiivveenn  bbyy  
  
--����CC44��CC44++��CC44  

  
��--����CC44��--44333311++115500  
  
��--����CC44��--44118811  
  
FFoorr  oorriiggiinnaall  pprroobblleemm  CC44  lliieess  bbeettwweeeenn  44118811  aanndd  44333311  
  
VVaarriiaattiioonn  iinn  bb::  
  
FFrroomm  tthhee  ooppttiimmuumm  ssiimmpplleexx  ttaabbllee  wwee  hhaavvee    
  
XXBB  ==  [[338822  1100  44  22667700]]  
  
BB  ==  [[YY66  YY99  YY77  YY88]]  
  

  
  
TThhee  iinnddiivviidduuaall  eeffffeecctt  ooff  bbii  wwhheerree  bb  ==  [[bb11  bb22  bb33  bb44]]  ssuucchh  tthhaatt  
tthhee  ooppttiimmaalliittyy  ooff  tthhee  bbaassiicc  ffeeaassiibbllee  ssoolluuttiioonn  iiss  nnoott  vviioollaatteedd  
iiss  ggiivveenn  bbyy    
 

{ / } <  { / }

0                            0
i iB ik k B ik

ik ik

Max X b b Min X b

b b

− < −

> <
 

 
For b1 we get  
 
Max {-382/1} � �b1  



 

 

 
 
 
 
Here b1 = 462,  
 
That is, 462 – 382 � b1 
80 � b1 
 
For b2 we get  
 
Max {-10/1} � �b2 � min {-382/-28, -4/-1, -2670/-1533} 
-10 � �b2 � 1.7 
 
Here b2 = 10 therefore -10+10 � b2 � 10+1.7 
 0 � b2 � 11.7 
 
For b3 we get  
 
Max {-4/1} � �b3 
--4 � �b3  
 
Here b3 =14, therefore 14-4 � b3 
 10 � b3 
 
For b4 we get  
 
Max {-2670/1} � �b4  
 -2670 � �b4 
 
Here b4 = 18,000 , therefore 18000 – 2670 � b4 
  
That is, 15330 � b4 
 
 
Model B 
 
The optimum simplex table for model B is given in Table 
14. 

First we go for the sensitivity analysis of C.  
SSiinnccee  cc11  ddooeess  nnoott  bbeelloonngg  ttoo  CCBB  ,,  tthhee  cchhaannggee  ��CC11  iinn  CC11,,ssoo  
tthhaatt  tthhee  ssoolluuttiioonn  rreemmaaiinnss  ooppttiimmuumm  iiss  ggiivveenn  bbyy  
  
  ��CC11  ��  ZZ11  --  CC11  

  

����CC11  ��  115500  
  
TThheerreeffoorree  tthhee  rraannggee  oovveerr  wwhhiicchh  cc11  ccaann  vvaarryy  wwiitthh  
mmaaiinnttaaiinniinngg  tthhee  ooppttiimmaalliittyy  ooff  tthhee  ssoolluuttiioonn  iiss  ggiivveenn  bbyy  
  
--����CC11  ��  CC11  ++  ��CC11  

  

��--����  CC11  ��  --44333311  ++  115500  
  
��--��  ��  CC11  ��  --44118811  
  
FFoorr  oorriiggiinnaall  pprroobblleemm,,  CC11  lliieess  bbeettwweeeenn  44118811  aanndd  44333311  
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VVaarriiaattiioonn  iinn  CC22::  
  
SSiinnccee  CC22  bbeelloonnggss  ttoo  CCBB,,  tthhee  rraannggee  ooff  ��CC22  iiss  ggiivveenn  bbyy  
  

{ }2 2 2

2 2

( ) /   C { ( ) / } 

0                                             Y 0
j J j j J j

j j

Max Z C Y Min Z C Y

Y

− − ≤ ≤ − −

> <

�

 
�max {-150/1, 0/1, -3131/1, -150/1} � �C2 
 
�0 � �C2 
 
The required range over which C2 can vary maintaining 
the condition of optimality is therefore 
 
�-4181 � C2 
 
For actual problem C2 � 4181 
 
Variation in C3: 
  
SSiinnccee  cc33  ddooeess  nnoott  bbeelloonngg  ttoo  CCBB,,  tthhee  cchhaannggee  ��CC33  iinn  CC33,,  ssoo  
tthhaatt  tthhee  ssoolluuttiioonn  rreemmaaiinnss  ooppttiimmuumm  iiss  ggiivveenn  bbyy  
  
  ��CC33  ��  ZZ33  --  CC33  

  

����CC33  ��  116633  
  
TThheerreeffoorree  tthhee  rraannggee  oovveerr  wwhhiicchh  cc11  ccaann  vvaarryy  mmaaiinnttaaiinniinngg  
tthhee  ooppttiimmaalliittyy  ooff  tthhee  ssoolluuttiioonn  iiss  ggiivveenn  bbyy  
  
--��  ��  CC33  ��  CC33  ++  ��CC33  

  
��--��  ��  CC33  ��  --44449944  ++  116633  
  
��--��  ��  CC33  ��  --44333311  
  
FFoorr  oorriiggiinnaall  pprroobblleemm  CC33  lliieess  bbeettwweeeenn  44333311  aanndd  44449944  
VVaarriiaattiioonn  iinn  CC44::  
SSiinnccee  CC44  bbeelloonngg  ttoo  CCBB,,  tthhee  rraannggee  ooff  ��CC44  iiss  ggiivveenn  bbyy  
 

{ }2 2 2

2 2

( ) /   C { ( ) / } 

0                                             Y 0
j J j j J j

j j

Max Z C Y Min Z C Y

Y

− − ≤ ≤ − −

> <

�

 
�max {-163/1, 0/1} � �C4 � min {-4331/-1, -150/-1} 
�0 � �C4 � 150 
 
The required range over which C4 can vary maintaining 
the condition of optimality is therefore  
 
�-4331 � C4 � -4181 
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Table 14.  Optimum simplex table for model B..  
  

CCJJ��  --44333311  --44118811  --44449944  --44333311  00  00  00  00  00  00  00  
ccBB  

xxBB  
YY11  YY22  YY33  YY44  YY55  YY66  YY77  YY88 YY99 YY1100 YY1111 

00  XX55  ==  114400  --33  00  --55  00  11  3355  00  7 0 0 -38 
--44333311  XX44  ==  66  00  00  11  11  00  --11  00  -1 0 0 1 

00  XX77  ==  44  00  00  00  00  00  11  11  0 0 0 -1 
--44333311  XX22  ==  44  11  11  00  00  00  00  00  1 0 0 0 

0 XX99  = 6 0 0 0 0 0 1 0 1 1 0 0 
0 XX1100  = 5202 -133 0 -200 0 0 1033 0 500 0 1 -900 

ZZJJ  --  CCJJ��   150 0 163 0 0 4331 0 150 0 0  
 
 
 
For actual problem C4 lies between 4181 and 4331 
 
Variation in b: 
 
From optimum simplex table we have  
 
XB = [140 6 4 4 6 5670] 
 
B = [Y5 Y11 Y7 Y8 Y9 Y10] 
 

 

1  -38     0   7     0      0   
0   1       0  -1     0      0

0  -1      1   0      0      0
0   0       0   1     0      0
0   0       0   1     1      0

0  -900   0  500  0      1

� �
� �
� �
� �
� �
� �
� �
� �
� �
� �
� �

      
 

 
The individual effect effect of bi where b = [b1 b2 b3 b4] 
such that the optimality of the basic feasible solution is 
not violated is given by 
  

{ / } <  { / }

0                            0
i iB ik k B ik

ik ik

Max X b b Min X b

b b

− < −

> <
 

 
For b1, 
Max {-140/1} � �b1 
�-140 � �b1  
 
Here b1 = 462, therefore 462 – 140 � b1 
For b2, 
 
Max {-6/1} � �b2 � min {-140/-38, -4/-1, -5670/-900} 

 -6 � �b2 � 3.7 
 
Here b2 = 10, therefore -6 + 10 � b2 � 10+3.7 
 � 4 � b2 � 13.7 
 
For b3, 
Max {-4/1} � �b3 
�-4 � �b3  
 
Here b3 = 14, therefore 14 – 4 � b3 �10 � b3 
For b4, 
 
Max {-140/70, -4/1, -6/1} � �b4 � min {-6/-1} 
 �-2 � �b2 � 6  
 
Here b4 = 4, therefore 4 - 2 � b4 � 6 + 4�2 � b4 � 10 
For b5, 
Max {-6/1} � �b5 
�-6 � �b5  
 
Here b5 = 10, therefore 10 – 6 � b5 �4 � b5  
For b6, 
Max {-5760/1} � �b6 
�-5760 � �b6  
 
Here b6 = 18000, therefore 18000 – 5760 � b6 �12330 � 
b6. 
 
 
Conclusion 
 
From the calculation, it may be noted that average total 
cost at the end of the 6th year is less than the same at 
the end of the 7th year. This implies that the agency 
should replace the buses which were purchased in 2001. 
This will favour the agency on one hand and on the other 
hand, the introduction of new buses after replacement will 
give the passengers comfort. Furthermore,  similar  study  



 

 

 
 
 
 
can be carried out on the other routes which are 
connecting Silchar-Agartala and Silchar-Aizwal. 

Again from the solution of model A we can say that 
daily expenditure to run the buses can be minimized if the 
said agency provide new 10 E-class buses daily when 
there is no restriction on the number of buses and their 
types; whereas the solution of model B suggests that 
daily expenditure can be minimized if the agency pro-
vides 6 new deluxe and 4-new E-class. From both results 
of models A and B, it is clear that a new bus always give 
comfort to the passengers. Age for replacement of bus 
can be determined as calculated here. 

Post–optimal analysis of model A suggest that C1 
should lie between 4181 and 4331, C2 must not exceed 
4181, C3 between 4181 and 4494 and C4 between 4181 
and 4331 for the solution to be optimum. Also for the 
optimality of the solution b1 � 80, b2 � 12, b3 � 10 and 
15330 � b4. 

Post-optimal analysis of model B reveals that C1 must 
lie between 4181 and 4331; C2 should not exceed 4181, 
C3 between 4331 and 4494 and C4 between 4181 and 
4331 for the solution to remain optimum. Also optimality 
of the solution remains unchanged for b1 � 322; 4 � b2 � 
13.7; b3 � 10;2 � b4 � 10; b5 � 4 and b6 � 12330. 

Further it is suggested these LP model can be solved 
by using integer programming if our decision variables 
are restricted to integer values. Moreover the post–
optimality study assures us that Ci and bj are not fixed. 
Variations in them will give different situations. By 
considering related data of other parts of the country 
models can be formulated with different objectives. Our 
study can be further extended towards transportation 
related issues in inventory control by using optimization 
techniques. 
 
 
Suggestion/practical implication 
 
Our study suggests that agencies providing bus service 
on different routes should replace their vehicles after 
considering average total cost and maintenance cost in 
the future, that is, if the maintenance cost in a particular 
year is higher than average total cost of the previous year 
then vehicle should be immediately replaced with 
alternative arrangement. For the calculation, Table 2 may 
be referred to. 
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Again daily expenditure to run these buses on the 
routes could be minimized in two different ways: a) 
Firstly, by considering the number of buses plying the 
route under an agency providing bus service, and 
number of passengers to whom service can be provided 
daily and the maximum expectation of daily profit in total. 
b) Secondly, considering additional two conditions on the 
number of buses of different types on the basis of new 
and old category, the daily expenditure could be 
minimized. Moreover the test post-optimality of models (A 
and B) suggests that with the variation of data on the 
number of passengers, daily expenditure per vehicle, 
total number of buses of different types keeps our 
solution optimal and we can get the range of variation of 
different parameters like ci and bj. It is also suggested 
that the present piece of investigation be further applied 
in other areas as an application of linear programming 
technique. 
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