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Recently, authors established a number of inequalities involving Khatri-Rao product of two positive 
matrices. Here, in this paper, the results are established in three ways. First, we find new Holder-type 
inequalities for Tracy-Singh and Khatri-Rao products of positive semi-definite matrices. Secondly, the 
results are extended to provide estimates of sums of the Khatri-Rao and Tracy-Singh products of any 
finite number of positive semi-definite matrices. Finally, the results lead to inequalities involving the 
Hadamard and Kronecker products, as a special case. 
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INTRODUCTION  
 
Consider matrices ][ ijaA = , nmij McC ,][ ∈= and 

qpkl MbB ,][ ∈= .Let A and B  be partitioned as ][ ijAA =  

and ][ klBB = ,(1 ti ≤≤ )1 cj ≤≤ , where ijA is an ji nm ×  

matrix and klB  is a lk qp × matrix 
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Let BA ⊗ , CA o , BAΘ  and BA ∗  be the Kronecker, 
Hadamard, Tracy-Singh and Khatri-Rao products, 
respectively. The definitions of the mentioned four matrix 
products are given by Al-Zhour and Kilicman (2007); Al-
Zhour and Kilicman (2006a); Al-Zhour and Kilicman 
(2006b); Cao et al. (2002); Liu (2002); Mond and Pecaric 
(2000) and Visick (2000). 
 

( )
ijij BBA a=⊗  ; ( )

ijijijcaCA =o  ;                               (1) 

 
( )

ijijij BABA ⊗=∗  ; ( ) ( )( )
ijklklijijij BABABA ⊗Θ=Θ = .   (2)  
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Additionally, the Khatri-Rao product can be  viewed  as  a  
generalized  Hadamard   product   and   the   Tracy-Singh 
product as a generalized Kronecker product, that is, for a 
non-partitioned matrix A and B , their BAΘ  is 

BA ⊗ and BA ∗  is BA o . For any compatibly partitioned 
matrices DCBA ,,, , we shall make frequent use the 
following properties of the Tracy-Singh product (Al-Zhour 
and Kilicman, 2007; Al-Zhour and Kilicman, 2006a and b; 
Cao et al., 2002; Liu, 2002): 
 

)()())(( BDACDCBA Θ=ΘΘ ;                                      (3) 
 

∗∗∗ Θ=Θ BABA )( .                                                          (4) 
 

The Hermitian matrix A  is called positive semi-definite 
(Written 0≥A ) if 0, ≥xAx  for any vector x  and 

positive definite (Written 0>A ) if 0, >xAx  for any non-

zero vector x . For Hermitian matrices A  and B , the 
relations BA ≥  mean that 0≥− BA  is a positive semi-
definite. Given a positive semi-definite matrix A and 1≥k  
be a given integer, then there exists a unique positive 

semi-definite matrix B such that kBA = , written 

as
kAB /1= . Denote 

+
nH be the set of all positive definite 



  

 
 
 
 

nn ×  matrices. If ∈A +
nH , then the spectral 

decomposition of A  assures that there exists a unitary 
matrix U such that (Zhang, 1999): 
  

UDUA ∗= UdiagU i )(λ∗=  , mIUU =∗  .  

 
Here, )()( ,,1 mi diagdiagD λλλ L==  is the diagonal 

matrix with diagonal entries iλ  ( iλ are the positive eigen 

values of A ). For any real number r , rA  is defined by: 
  

rA UDU r∗= UdiagU r
i )(λ∗= .                                    (5)  

  
Now we present the following basic results (Al-Zhour and 
Kilicman, 2007; Al-Zhour and Kilicman, 2006b; Cao et al., 
2002; Rao and Rao 1998). 
 
 
Lemma 1 
 

Let )(),( inimi MA ∈ ( ki ≤≤1 , 2≥k ) 

 be compatibly partitioned matrices 
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there exists two real matrices 1Z of order rm ×  and 2Z of 

order sn ×  such that 111 IZZ T = , 222 IZZ T =  and: 
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Here, 1I and 2I are identity matrices of order rr ×  and 

ss × , respectively. 
 
 
Lemma 2  
 

Let ia  and ib ( ki ≤≤1 ) be positive scalars. If 

∞<≤ qp,1  satisfy 1)/1()/1( =+ qp . Then the scalar 
Holder inequality is given by: 
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Corollary 1 
 

Let ia  and ib ( ki ≤≤1 ) be positive scalars. If ∞<< p0   
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and 10 << q  satisfy 1)/1()/1( =− pq . Then: 

 an Equation (8) in Corollary 1. As follows: 
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Proof: The condition 1)/1()/1( =− pq  can be 

rewritten as 1
)/1(

1

)/(

1
=+

qqp
 .  

Since ∞<≤
q

p
1  and ∞<≤

q

1
1 , then by Lemma 2 we 

have: 
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This completes the proof of Corollary 1. ϒ 
 
The problem may occur that we cannot find Holder-type 
inequalities for usual product of positive semi definite 
matrices, but here, we can find new Holder-type 
inequalities for the Tracy-Singh, Khatri-Rao, Kronecker 
and Hadamard products of positive matrices which are 
very important for applications to establish new 
inequalities involving these products. Since it is 
sometimes difficult to compute, for example, ranks, 
determinants, eigen values, norms of large matrices, it is 
of great importance to provide estimates of sums of these 
products of any finite number of matrices by applying 
Holder-type inequalities of positive matrices. 
 
 
MAIN RESULTS  
  
Based on the aforementioned basic results, and the 
general connection between the Khatri-Rao and Tracy-
Singh products in Lemma 1, we derive some inequalities 
with respect to the Tracy-Singh and Khatri-Rao products 
and extend these results to any finite number of matrices. 
These results lead to inequalities involving Kronecker and 
Hadamard products, as a special case. 
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Theorem 1 
 

Let +∈ ni HA  and +∈ mi HB  be partitioned matrices 

( ki ≤≤1 ). If ∞<≤ qp,1  satisfy 1)/1()/1( =+ qp . Then: 
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Proof: By assumption there exist a unitary matrix nMU ∈  

and a unitary matrix mMV ∈ such that UDUA ii
∗=  with 

)( ,,1 inii dddiagD L= and VTVB ii
∗=  

with )( ,,1 imii ttdiagT L= , where ijd , ijt  are nonnegative 

real numbers for all i and j . It follows that: 

=Θ ii BA ( )Θ∗ UDU i ( )VTV i
∗ ( )( )( )VUTDVU ii ΘΘΘ= ∗∗   

( ) ( )VUdiagVU iminiinimiii tdtdtdtd ΘΘ= ∗
)( ,,,,,, 1111 LLL

  
So, by using Lemma 2, we have: 
 

=Θ∑
= i

k

i
i BA

1

( ) ( )VUtdtdtdtddiagVU im

k

i
ini

k

i
inim

k

i
ii

k

i
i Θ∑∑∑∑

∗Θ 






==== 1
1

11
11

1
1 ,,,,,, LLL

 

( )
qk

i

q
im

pk

i

p
i

qk

i

q
i

p
k

i

p
i tdtddiagVU

/1

1

/1

1
1,

/1

1
1

/1

1
1 , 




















 





 ∑∑∑∑Θ≤

====

∗
L

p

i

p
in

k
d

/1

1
,, 








∑
=

L  

q

i

q
it

k /1

1
1 







∑
=

( )VU
i

td
qk q

im

pk

i

p
in Θ∑∑ 

















==

/1

1

/1

1
,,L  

( ) 















 





 ∑∑Θ=

==

∗
p

k

i

p
in

p
k

i

p
i dddiagVU

/1

,

/1

1
1

1
,L   

( )VUttdiag
qk

i

q
im

q
k

i

q
i Θ∑∑Θ
















 







==

/1

1

/1

1
1 ,,L  

( )∗∗Θ= VU ( )VUTD
qk

i

q
i

pk

i

p
i Θ∑Θ∑






















==

/1

1

/1

1
 











































 ∑

=
∗Θ∑

∗=
=

V
i

TVUDU
q

k q
i

pk

i

p
i

/1/

1 1

1
 

 

Θ∑= 






=

pk

i

p
iA

/1

1

qk

i

q
iB

/1

1





 ∑

=
. ϒ 

 
 
 
 
Corollary 2  
 

Let
+∈ ni HA  and +∈ mi HB  be partitioned matrices 

( ki ≤≤1 ). If ∞<≤ qp,1  satisfy 1)/1()/1( =+ qp . Then: 
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Proof: Follows immediately by applying Lemma 1 and 
Theorem 1.. ϒ 
 
 
Corollary 3 
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Proof: Using Theorem 1, the corollary follows by 
induction on k . ϒ 
 
 
Corollary 4 
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Proof: Using Corollary 3 and Lemma 1, the corollary 
follows by induction on k .ϒ 
 
We give an example using products of three matrices 

( 3=r ). Let )( j

iA )1( ki ≤≤  be nn ×  positive definite 

partitioned matrices, ( 31 ≤≤ j ). Let { } ∞<≤ =
3

1
)(1 j

jp  
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Theorem 2 
 

Let +∈ ni HA  and +∈ mi HB  be partitioned matrices 

( ki ≤≤1 ). If ∞<< p0  and 10 << q  satisfy 

1)/1()/1( =− pq . Then:  
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Proof: By assumption there exist a unitary matrix nMU ∈  

and a unitary matrix mMV ∈ such that UDUA ii
∗=  with 

)( ,,1 inii dddiagD L= and VTVB ii
∗=  with 

)( ,,1 imii ttdiagT L= , where ijd , ijt  are nonnegative real 

numbers for all i  and j . It follows that:  
  

=Θ ii BA ( )Θ∗ UDU i ( )UTV i
∗ ( )( )( )VUTDVU ii ΘΘΘ= ∗∗  

( ) ( )VUdiagVU iminiinimiii tdtdtdtd ΘΘ= ∗
)( ,,,,,, 1111 LLL

  
So, by using Corollary 1, we have: 
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Corollary 5 
 

Let
+∈ ni HA  and +∈ mi HB  be partitioned matrices 

( ki ≤≤1 ). If ∞<< p0 and 10 << q  satisfy 

1)/1()/1( =− pq . Then: 
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Proof: Follows immediately by Lemma 1 and Theorem 2. 
ϒ 
 
Remark: The results obtained in this section are quite 
general. Now, as a special case, consider if the matrices 
in the main result are non-partitioned, we then have 
Holder type inequalities involving Kronecker and 
Hadamard products by replacing Θ by ⊗  and ∗  by o .  
 
 
Conclusion 
 
The problem may occur that we can’t find Holder-type 
inequalities for usual product of positive (semi) definite 
matrices, but we established some Holder-type 
inequalities for the Tracy-Singh, Khatri-Rao, Kronecker 
and Hadamard products of positive semi-definite matrices 
which are very important for applications. How to extend 
the use of Holder-type inequalities in the main result for 
estimating, for example, ranks, determinants, eigen 
values, norms of sums of the mentioned four matrix 
products of finite  number  of  large  positive semi-definite  
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matrices, requires further research. 
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