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Recently, authors established a number of inequalities involving Khatri-Rao product of two positive
matrices. Here, in this paper, the results are established in three ways. First, we find new Holder-type
inequalities for Tracy-Singh and Khatri-Rao products of positive semi-definite matrices. Secondly, the
results are extended to provide estimates of sums of the Khatri-Rao and Tracy-Singh products of any
finite number of positive semi-definite matrices. Finally, the results lead to inequalities involving the

Hadamard and Kronecker products, as a special case.
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INTRODUCTION

Consider matrices A =[a;],C =[c;]U0M , ,and
B=[by]UM,,.Let Aand B be partitioned as A =[A;]
andB=[By] (1<i<t,1<j<c), where Ajis an m Xn;

matrix and B is a P X g, matrix

t c

t c
(m—zlmi’n Eln"p_zlp" q = jzzlqj )-
LetAODB,A-C,A®B and ALB be the Kronecker,
Hadamard, Tracy-Singh and Khatri-Rao products,
respectively. The definitions of the mentioned four matrix
products are given by Al-Zhour and Kilicman (2007); Al-
Zhour and Kilicman (2006a); Al-Zhour and Kilicman
(2006b); Cao et al. (2002); Liu (2002); Mond and Pecaric
(2000) and Visick (2000).

Al B:(a'ijB)ij ; AOC:(aiiCiJ )ij ; (1)

AlB= (Aij O Bij )ij » AOB = (Aij eB)ij = ((Aij O BkI )kl )ij ' (2)

*Corresponding author. E-mail: zeyad1968@yahoo.com. Tel:
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Additionally, the Khatri-Rao product can be viewed as a
generalized Hadamard product and the Tracy-Singh
product as a generalized Kronecker product, that is, for a

non-partitioned matrix A andB, theirAGB is
AOBand ALB is Ao B. For any compatibly partitioned
matrices A,B,C,D, we shall make frequent use the

following properties of the Tracy-Singh product (Al-Zhour
and Kilicman, 2007; Al-Zhour and Kilicman, 2006a and b;
Cao et al., 2002; Liu, 2002):

(AGB)(COD) = (AC)O(BD): 3)

(AeB)" = AeB” @)

The Hermitian matrix A is called positive semi-definite
(Written A= 0) if <Ax,x>20 for any vector X and

positive definite (Written A > 0) if <Ax x> >0 for any non-
zero vector X. For Hermitian matrices A and B, the

relations A> B mean that A— B = 0 is a positive semi-
definite. Given a positive semi-definite matrix Aand k =1
be a given integer, then there exists a unique positive

semi-definite matrix B such that A = Bk , written

1/k o -
asB = A" " .Denote H, be the set of all positive definite



nxn AOH,, then the spectral

decomposition of A assures that there exists a unitary
matrix U such that (Zhang, 1999):

matrices. If

A=U"DU =U"diagd)u ,UU =1

m

Here, D = diag(A,) = diag(4,,---,4,,) is the diagonal

matrix with diagonal entries A, (A, are the positive eigen

values of A). For any real number r , A" is defined by:

A"=U"D'U =U"diag(A/)U . (5)

Now we present the following basic results (Al-Zhour and
Kilicman, 2007; Al-Zhour and Kilicman, 2006b; Cao et al.,
2002; Rao and Rao 1998).

Lemma 1

Let Ai O] Mm(i),n(i)(ls i < k k=2 2)

be compatibly partitioned matrices

k kK t k
(m=] m(i),n=i|:|1n(l),r =2XNm; (),

i=1 j=li=1
c k t c

s=2[1n; (), m(i) = m; @, n(i)= Xn;@)). Then
j=li=1 j=1 =1

there exists two real matrices Z, of order mxr and Z,of

_ T, _—
order nxs such that ZlTZ1 =1, Z, 22 =1, and:
K (K
_HIDA =4 (_I'IlG)A )Zz- (6)
i= i=

Here, 1, and | ,are identity matrices of order rxr and
sx s, respectively.

Lemma 2

Let & and

1< p,g<oo satisfy (1/p)+(@1/q)=1. Then the scalar
Holder inequality is given by:

b (1<i<k) be positive scalars. If

K K 1/p K 1/q

2ab < (Z aip) (Z b ) : )
i=1 i=1 i=1
Corollary 1

Let & and bI (1<i < k) be positive scalars. If 0< p<
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and 0< q<1 satisfy (1/q) —(1/ p) =1. Then:

K K -1/p K 1/q
>ab = (_z ai‘pj (_zbiqj
i=1 i=1 i=1 (8)

Proof: The condition (1/g)-(1/p)=1 can be
rewritten as + 1. 1
(p/a) (/q)

Since 1< P < and 1s1 <o, then by Lemma 2 we
q q

have:
qlp

1/q
"
=
K arp sy q
=(_ (a,)_p) (_Z(a,b,)) :
i=1 | i=1 11

hence

K K -1/ p K 1/q
> ab, z(za{p) [zbﬁj :
i=1 i=1 i=1

This completes the proof of Corollary 1. Y

p/q
é(bi ) = éafq(ai b)Y < (_é((aifq) j

The problem may occur that we cannot find Holder-type
inequalities for usual product of positive semi definite
matrices, but here, we can find new Holder-type
inequalities for the Tracy-Singh, Khatri-Rao, Kronecker
and Hadamard products of positive matrices which are
very important for applications to establish new
inequalities involving these products. Since it is
sometimes difficult to compute, for example, ranks,
determinants, eigen values, norms of large matrices, it is
of great importance to provide estimates of sums of these
products of any finite nhumber of matrices by applying
Holder-type inequalities of positive matrices.

MAIN RESULTS

Based on the aforementioned basic results, and the
general connection between the Khatri-Rao and Tracy-
Singh products in Lemma 1, we derive some inequalities
with respect to the Tracy-Singh and Khatri-Rao products
and extend these results to any finite number of matrices.
These results lead to inequalities involving Kronecker and
Hadamard products, as a special case.
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Theorem 1

LetA OH, and B OH, be partitioned matrices
(1<i<k).If 1< p,g<o satisfy (1/ p) +(1/qg) =1. Then:

K K 1/p K 1/q
> A OB S(ZA") e(zsﬂ) : ©)
i=1 i=1 i=1

Proof: By assumption there exist a unitary matrix U OM |
and a unitary matrix V OM _such that A =U DDiU with
d,)andB, =V TV

), where d
real numbers for all i and j

D, =diag(d,;, -,

with T, = diag(t;,,--- are nonnegative

’|m ij?

. It follows that:
Ao =(UDu)e [vorv)= (U ev D)(DiG)T- Juev)

= (Uev)udiag(diltil’ : d|1t d|nt|1’ |n |m)(UeV)

|m’

So, by using Lemma 2, we have:

> AGB =
i1 [

0. (k K K
(Uev) dlag('zldiltil,...,.Zldiltim,...
i= i=

2ty IZldmtlm)(UOV)

1/ p 1/q 1/ p 1/q
< (uev)Ddiag[[fdi'{) [ftﬁl) ,...,(fdilj [Zt,?n)
i=1 i=1 i=1 =1

Mr

1" () o
b))
(1) (30 o
=QJq3vD){(I or) o[ £ )”f}uev)
{eta et

M=

IIMT

Corollary 2

LetA OH, and B, JH, be partitioned matrices
(1<i<k).If 1< p,g< o satisfy (1/ p) +(1/q) =1. Then:

K K 1/p K 1/q
Y A OB, s[z/\p) u(zsﬁ) : (10)
i=1 i=1 i=1

Proof: Follows immediately by applying Lemma 1 and
Theorem 1.. Y

Corollary 3

Let AV OHY;, (@<i<k) be partitioned n“ xn®

, _ M’ .
matrices, (1< j<r). Let 1S{|O }j=1<°° satisfy

r .
J_Z_:l(ll p(J)) =1 Then:

k r . r k . N p(j)
£ nea” < ne( 2" ) o
i=1\ j=1 i j=1 \i=l '

Proof: Using Theorem 1,
inductionon K.Y

the corollary follows by

Corollary 4

Let A(j) U H:(j) (A<i<k) be commutative partitioned
n® xn matrices, (1<j<r). Let 1s{p“)}321 <o

r .
satisfy > 1/ p"”) =1. Then:
=

W/ T _ ]_/p(J)
i=1\_j=1 | 1-1 i=1

Proof: Using Corollary 3 and Lemma 1, the corollary
follows by induction on K.Y

We give an example using products of three matrices
(r=3). Let A“) (I<i<k) be nxn positive definite

NE
partitioned matrices, (1< j<3). Let 1s{p“)}j:l < oo
satisfy (1/ p®)+.(@/ p?)+ 1/ p®) =1. Then:



0]
1/ p(l) 1/ p(2)
Eaton®en® (14" | o247 o
K@\
)
(if)
1/ p® 1/ p®
éA(l) IA? oA < (épﬁpm) D(éAp(z) J o
('glAp j ' (14)
Theorem 2
LetA OH, and B OH, be partitioned matrices
(1<i<k). If O<p<wo and 0<qg<1l satisfy
(/) =@/ p) =1 Then:
1q
K K -1/p Kk
> AGB, = (z A{pj o (_Zla“) (15)
i=1 i=1 i=

Proof: By assumption there exist a unitary matrix U O M
and a unitary matrix V OM _such that A =U DDiU with
D, =diag(d,,,--+,d, ) and

T, =diag(tyy, ", t,), where d;,

numbers for all i and j . It follows that:

B =V'TV with

t; are nonnegative real

Ao = (UDu)e (vru) = U ev)p,er uev)
ed e

= (UGV)Ddiag(diltil”"’dilt i dintim)(UeV)

im?

So, by using Corollary 1, we have:

Kk k
2 dintilv"' ' E:Ldintim)(uev)

i=1 i

-1/p 1/q -1/p 1/q
> (UOV)Ddiag[[ﬁdi_lp) ( 5 tiqlJ [idl-lp) (itﬁnJ
i=1 i=1 i=1 i=1

k -1/p k 1/q
()" (8)
i=1 i=1

0. K K
(U@V) d'ag(zldiltir"'*_Zldiltimf”v
i= i=
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() () oo
- (U@V)D{diag[(izldi'l"]_ll i . ’(éldi_”p )_ll p}
S (CORSEAN

=(u"ev!) {( 5 Di‘p)_ll p é‘l’iq )yq }(uev)

i=1
K —Lp Ko \Yd
U ZDi_pj ug@av _ZTiqj %
i=1 =1

) (éA_p)_l/ p@ (éaq )ﬂq' v

Corollary 5

Let A OH, and B OH, be partitioned matrices

(1<i<k). If o<p<wand
(1/q)-(/p)=1. Then:

0<qg<1l satisfy

K K -ip k g Va
ZADBiZ[ZA{pj D(ZlBij (16)
i=1 i=1 i=

Proof: Follows immediately by Lemma 1 and Theorem 2.
v

Remark: The results obtained in this section are quite
general. Now, as a special case, consider if the matrices
in the main result are non-partitioned, we then have
Holder type inequalities involving Kronecker and
Hadamard products by replacing ©by O and C by o.

Conclusion

The problem may occur that we can’t find Holder-type
inequalities for usual product of positive (semi) definite
matrices, but we established some Holder-type
inequalities for the Tracy-Singh, Khatri-Rao, Kronecker
and Hadamard products of positive semi-definite matrices
which are very important for applications. How to extend
the use of Holder-type inequalities in the main result for
estimating, for example, ranks, determinants, eigen
values, norms of sums of the mentioned four matrix
products of finite number of large positive semi-definite
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matrices, requires further research.
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