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a
Xn+1 = maX{T,yn}

We show that all solutions of the max-type cyclic system of difference equations n ,

o
Yoammaxt L2,y Zoa =MaxE =X}
Yo

, n where

Ng = N U {0}

@ s real positive number, and initial values

z,€(0,00 o . . .
X0 Yo and ~° ( ) , are periodic with period three. Finally we generalized the results for more

general system which is finite dimensional system.
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INTRODUCTION

Since the discrete structure underlying quantum gravity
leads to ‘difference equations’ as the basic dynamical
laws, new problems to determine properties of their
solutions arise. The type of these equations is different
from standard ones, and questions asked sometimes
differ from what traditional investigations were interested
in, which requires new tools to be developed. One issue
is how to derive semi-classical properties of solutions in
regimes where difference equations are close to
continuum behavior. More generally, an important
guestion is how such semi classical behavior can emerge
dynamically in a quantum system.

Recently, there has been a great interest in studying
nonlinear difference equations since many models
describing real life situations in population biology,
economics, probability theory, genetics, psychology,
sociology etc. are represented by these equations. As we
know the investigation of max-type difference equations

attracted some attention recently. Some of the max-type
difference equations arises naturally in certain models in
automatic control theory (Stevic, 2010), and other fields.
There has been some recent interest in studying max-
type difference equations, see, for instance, (Berenhaut
et al., 2006; Cinar et al., 2005; Grove and Ladas, 2005;
Iricanin and Stevic, 2009; Mishev et al., 2003) and
references cited therein. These papers study mostly
some particular cases of the following max-type
difference equations

T ap! Tk
i 1 gy n ply
0 pll)“n=-pt [l n-m (k) “n—ph
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where No=NU{0} kel p;q,i=1,..., k' are
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natural numbers such that
P, <P, <o <Py 4 0y <0, <..... <Oy

ri 1Si G(O,OO),i :1a21k an Blgj)yj :0;1,2,-..-,k

are real sequences .

X o0
It is said that solution (. )”:‘sk of Equation (1), where

S, =max{pkvqk} is eventually periodic with period

=X

. . > — X
P € Mitthereisan ™ = Sk such that < n+p N for

n>n,

(*2),

"==% is periodic with period m. Period mis called a

f Ny =Sk then we say that the sequence

minimal one if there is no Pr<P that is a period for the

sequence (X” )”:*Sk (Berg and Stevic, 2006; Grove and
Ladas, 2005). If == 1 then such solutions are called
eventually constant, or trivial ones (Iricanin and Stevic,
2009). The next particular case of Equation (1):

Iﬂ=ma.}c{ ,In_,}.. nn = Flg

Fn_fk

)

where %.s € M and (“4n)nen, is a sequence of real
numbers, attracted some attention recently (for example,
(Elsayed and Iricanin, 2009; Elsayed et al., 2010;
Elsayed and Stevic, 2009; Iricanin and Stevic, 2009).
Positive solutions of Equation (2) are usually related with
periodicity. If solutions are not of constant sign then it is
known that Equation (2) can have non-periodic solutions
which could be even unbounded (Elsayed et al., 2010).
Simsek et al. (2006) studied the solutions of the
difference equation

Xn+1 = max{iixn—l}
Xn—l
Elsayed and Stevic (2009) obtained the behavior of the

max-type equation

A
X n+l max{71X n—z}

n

Xiao and Shi (2013) satisfied the periodic solutions of the
max-type equation

—max{ﬂ 3

Iricanin and Touafek (2012) gave the complete solution of
the max-type system:

A
Xn+1:max{_n’xn—1} ’ yn+1_ . iyn—l} m e TI\

n n

Motivated by above mentioned papers, we investigated
the global periodicity of the three-dimensional max-type
cyclic difference system of the form

a _ a a
Xp =MXE =Y} yn+1—max{7,2n} 2y, =max{ X, }

@)

) ’

where Mo = N U {0} , & s real positive number, and

initial values X0 Yo and Zo E(O'OO)_

THE CLOSED FORM SOLUTION

Now we study the behavior of the solutions of system (3).
For the sake of easier presentation, we formulate and
prove eight theorems.

Case 1: XoYo z2a,Ylo2a,Xly2

Theorem (1)

Suppose that (X”’y”’z")

XoYo2a ,YoZo2a,and Xz, 2

is a solution of system (3) such

that . Then the solution
is given by:
Xow =Yar1=2. ,=X, ,N2>1

n 3n-1 3n-2 0 (4)
Yan =Zgna =Xz, =Y, »N21 (5)
Z3n =Xgn1 = Yan2 = ,n=1 (6)
Proof

First, note that the conditions XoYo2@+YeZoZa.ad Xz, 2a

X —max{xf yo} Yo V1= max{ o} Zy z —max{ 0} Xy

imply 0 )

By the same way we can see that

x2=max{yi,zo}:z yz—max{— Xo}=X,Z —max{ :yo} Yo

0 0
1

a
Xy =max{ o x}=x, Ya=m—Ya}=Yo 2z, =max{y3,zo}=zo
0

0 0
]



X4 =Yo ,y4=Zo Z,=Xy

X5=12, , Y5 =X 7 Z5=Y,
By continuing we will get Equations (4), (5) and (6).

Case 2: XoYo z2a,Ylo2a, X<

Theorem (2)

Suppose that (X” ' yn’z")is a solution of system (3) such
XoYo=@ ,YoZo2a,and X Z, <«

that . Then the solution
is given by:
n:ySn—1:Z3n_2:Z_ ,n>1
0 (7)
y3n:Z3n—1 3n 2 yo 1n21 (8)
a
Xy =max{—,y}=VY,
XO
ZBn 3n -1 ygn 2 O y n 21 (9)
Proof
. > > <
From conditions XoYoZ@ YoZo2a,and XZo<a
y, =max{ %z }=1, 2, =max{Z x }=2
have that, Yo , Zy Z,
0 ZZO,

Also from the given conditions we can see that y
then we have

(04
Xzzzo!yzzz_’zzzyo

0

In this case we find
o
X3=Z_’ Ys=Yo 123512

o
0 1 Z4a=—

0

X4=Yo:¥s=2

a —
—L5=Yy
0

Xsg =25, Y5=
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By continuing we will get Equations (7), (8) and (9).

Case 3: XYo@ ,YoZo<a,XZo2x

Theorem (3)

Suppose that (X” ' y”’z")is a solution of system (3) such
XoYoSa,YoZo<a,and Xz, >2a

that . Then the solution
is given by:
=Y. =2, ,=X, ,N2=1
n 3n-1 3n-2 0 (10)
a
Yan =230 =X = ’nZ]-
’ (11)
ZSn 3n—1 y3n 2 ' n 21
yo (12)
Proof

. . < < >
By using conditions XoYoSar,YoZoSa,and Xz, 2o

we have that

01 Y3 = ’23:i

Xo Yo

X4=£, Yio="",2,=X%,
Xo Yo

25211 Xg=—, Y5 =Xy
Xo Yo

yeziv 262i » X =Xy
Xo Yo
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By continuing we will get Equations (10), (11) and (12).

Case 4: XoYo Sa,Ylofa,XZ,fa

Theorem (4)

Suppose that ( ntYniZ ")is a solution of system (3) such

< < .
that XoYoSa,YoZosa,and Xz, <a . Then the solution
is given by:
Xgn =Yan1 =2, =7 N >1

0

a
Yan =231 =Xz ,=—_— N 21

X

a
L3y =Xgna=Yano="— ,n=1

y
Proof

The proof is given as in theorem (1)

Case 5 XoYoS@,YoZo2a XZo<a

Theorem (5)

Suppose that (X” ' yn’z")is a solution of system (3) such
XoYoSa,YoZo2a,and Xz, <a

that . Then the solution
is given by:
o
3n :ySnfl :Z3n72 =— ,N >1
ZO
o
Yan =23 =Xz = ,N21
XO
Zyy =Xz 1=Ya =2, ,N21
Proof

The proof is given as in theorem (2).

Case 6: XoYo fa,YlZoz2a, Xz

Theorem (6)

Suppose that (Xn¥n+Zn)is a solution of system (3) such

that XoYo <@ YoZo2a,and XoZ, 2a

is given by:

. Then the solution

Xgn =Yan1 =23, =Xy 4N =1

o
Yan =231 =X5,=—_— N >1
X
L3y =Xgn0=Y32=Zy » N 21
Proof

The proof is given as in theorem (2).

Case 7: XoYo z2a,Ylofa,XZyza

Theorem (7)

Suppose that (X” ' yn’z")is a solution of system (3) such
XoYoZ & ,YoZo<a,and X z,>2a

that . Then the solution
is given by:
Xgn =Yan1 =23 =Xy 4 N 21
Yan =230 =X52= Yo ,n21
o
Ly =Xgn 1= Yo =" N >1
Yo

Proof
The proof is given as in theorem (2).

Case g XoYo z2a,YZoSa, Xy fa

Theorem (8)

Suppose that (X” ' yn’z")is a solution of system (3) such
XoYoZa ,YoZo<a,and X Z,<a

that . Then the solution
is given by:
o
Xan = Yana =Zgn- 2_2_ ,n=1
Yan =Zgna =Xz = Yo ,n=1
Z X3n -1 y3n 2 ' n 21



Proof

The proof is given as in theorem (2).

GENERAL M-DIMENSIONAL SYSTEM

The previous results can be generalized to the following
more general system which is m-dimensional system :

x @

n+l

a
= max{—gx\“}
XV'I

a
£+)1 = max{ XS)}
X n

X% =max )

n+1
(13)
X (m)

n+l

o
= maX{X (m) i X r(\l)}

n

Theorem 9

MU)
Suppose that { " } < is a solution of system (13) such that
(i)y (k) 1)y (m)
Xo Xo 12X Xo " 2@ \where j = 2; 3, m, and x=1,2;:;;
m-1. Then the solution is given by:

1 2 1

X =x =x = =x i) =X
(2)_Xr§'13r?—1_xr(nn) 2 = _Xr(nn)m+2_xr(nr)1 m+1_XSZ)
Xt =x 0 =x@ , =..=xn) =x{"
Theorem 10

Suppose that L. is a solution of system (13) such

(i) (K) M)y (m) _
that Xo Xo <@XoXo <@ \where j = 2; 3::;m, and

k=1;2;::;; m-1. Then the solution is given by:
XB =X =X ==X P = iy

XD =x®  =xW, = =xtm=x = Cgl)
X =xW =x3 = =x0 = %
Theorem 11

m

(i)
Suppose that {X” }i:1 is a solution of system (13) such
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that X8x8) zax{xM <a
K=1;2;::;; m-1

where j = 2; 3::;m, and

Then the solution is given by:

X(Z)_X(3)—1_Xr(nn)2 Xr(nn)m+2_xr(nr)1 m+1_XSZ)
X(m)_x(l)—l_xr(nn)Z_ _Xr(nn n)1+1_x(()m)
Theorem 12

mn"
Suppose that {X” }H is a solution of system (13) such

(J)y (k) 1)y, (m) .
that Xo Xo <@ XoXo 2 where j = 2; 3u;m, and

k=1;2;::;; m-1. Then the solution is given by:

1 2 1

K =X =X == =)
Xr(nzn) =Xr(n3r?—1 =Xr(n4n)—2 = _Xr(nn)m+2 = r(nlr)1—m+1 =i(1)

XO
Xgﬁ) =Xr(nlr)1-1 =X (2n)_2 = ---=Xr(nmn:111)1+1 = (ﬁfl)
XO

Theorem 13

m

(i)
X
Suppose that { " }i=1 is a solution of system (13) such
xIxEYV > a,xIx I <a x XM <a

that where
st 6{2’3"""m}. Then the solution is given by:
1 3 a
K =X =X ==X =
XO
(S) _Xr(nsntli Xr(nsn+—22) - _Xr(T1T1)m+2 Xr(m)1 -m+l X(()S)
Xr(;g leg}lr:ri)l =Xr{r:r:r_2; = _Xr(nn)m+2 Xr(nlr)1 m+l — = (61{1)
0
K =X =X = e =
x @
0
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