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In this paper, we consider the
Xpi = (@+PBX, + X)) [(A+BXx,) , n=01..

conditions X~k

higher-order

, Where the parameters

nonlinear rational difference

o, By, ABe B,

equation

-and the initial

Xo € O’Oo—, k=1 We investigate the periodic character, the invariant intervals and the

global asymptotic stability of all positive solutions of the equation.
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INTRODUCTION

The study of properties of rational difference equations
has been an area of intense interest in recent years.
Related to this subject, are researches done by Devault
(2001), Dourbaki (2008), Gibbons (2002), Jia (2010),
Kulenovic (2003), Li (2005a, b), Saleh (2006), Sebdani
(2006) and Tang (2010a, b). Our aim in this paper is to
investigate the dynamical behavior of the following
nonlinear rational difference equation:

_OEBXy Y g

Xn+1
A+Bx, (1)

o Ny X oy Xg € 0,00
Where initial conditions = K 0 and the

parameters B v» AB<s 0,0 4 k=1

Definition 1

Let Equation 1 be some interval of real numbers and let:
filxl—>| 2)

be a continuously differentiable function. Then for every
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set of initial conditions:

Y ireaYo €l

, the difference equation:

You :f(yn'yn—k) , Ne NO (3

[=S)

has a unique solution: Yn nek,

A point Y is called an equilibrium point of Equation 3 if:

y=1(vy.y) (4)
That is,
y,=y , for n>0, )

is a solution of Equation 3, or equivalently ¥ is a fixed
point of f.

Definition 2

Let ¥ be an equilibrium point of Equation 3 and assume
that | is some interval of real numbers.



(i) The equilibrium Y is called “locally stable” (or stable)
if, for every® > O, there exists 6>0 such that, if

Yo Yo €1y Vo =Y+t -V <8

,we have
|y” _V|<8 foral N=-K.

(i) The equilibrium Y of Equation 3 is called “locally
asymptotically” stable (asymptotically stable) if it is locally
stable and if there exists?” 0 such that, if |
y—k"-'lyOEI and|y—k_y|+"'+|y0_y|<’y,
limy, =y

n—oo

(iii) The equilibrium Y of Equation 3 is called a “global
limy, =y

attractor” if, for every Yoo Yo € I , we have "=

(iv) The equilibium Y of Equation 3 is called “global
asymptotically stable” if it is locally stable and is a global
attractor.

(V) The equilibrium Y of Equation 3 is called “unstable” if
it is not stable.

(v) The equilibrium Y of Equation 3 is called a “source”,
or a “repeller”, if there exists r>0 such that, for all

Y oen Y €l and|y,k —Y 4.y -V < r
YN —)7|2r.

there

exists N=>1 such that|

An interval Jcl is called an “invariant interval” for
Equation 3 if:

YirnYo€d=>Y, €l Vn>0 ©)

That is, every solution of Equation 3 with the initial
conditions in J remains in J.

Let:
o Cof
P—a(y,y) Q—av(y,y)

and

Where, f(uv) is the function in Equation 3 and Yisan
equilibrium of Equation 3. Then the equation:

Yo - Pyn +Qyn—k » N :0’]“"' @)

is called the ‘linearized equation” associated with

Equation 3 about the equilibrium point y.
Its characteristic equation is:
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K+L k _
MNPk —Q=0 ®)

Theorem 1

(i) If all the roots of Equation 8 lie in the open diskp”| <l,
then the equilibrium Y of Equation 3 is asymptotically
stable.

(i) If at least one root of Equation 8 has absolute value

greater than one, then the equilibrium Y of Equation 3 is
unstable (Kocic, 1993) (linearized stability).

Theorem 2
ke 12,..
Assume that PQ€R and" S 7"  Then (Kocic,
1993):
P|+|Ql<1
Pl+/al o

is a sufficient condition for the asymptotic stability of the
difference equation:

yn+1 = Pyn +Qyn—k ’ n= 0,1,... (10)

Lemmal

Consider the difference Equation 3 (Li, 2005).

Let: I= [a’ b] be an interval of real numbers and assume
that f :[a’ b]x[a,b] _)[a’b] is a continuous function
satisfying the following properties:

® f(x,y) is non decreasing in each of its arguments.
(ii) The equation:

f(Xx,X) (11)

has a unique positive solution in the interval [a, b] . Then
Equation 3 has a unique equilibrium point y <la,b] and

every solution of Equation 3 converges to Y,

Lemma 2

Consider the difference Equation 3 (DeVault et al., 2001).

Let I= [a' b] be an interval of real numbers and assume
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that T -[&DbIx[a,b]=>[a,b] is 5 continuous function
satisfying the following properties.

€) f(x.y) is a non increasing function in x and a non
decreasing function in y.

(b) If (m, M) e[a, b]x[a, b] is a solution of the following
system:

m=f Mm , M=f m/M

(12)
then M=M

Then Equation 3 has a unique equilibrium point

y [a,b] and every solution of Equation 3 converges to

y

LOCAL STABILITY AND PERIOD-TWO SOLUTIONS

Here, we will investigate the local stability and the
periodic character of Equation 1. By the change of
p

. _yn = Xn
variables B
difference equation:

reduces Equation 1 to the following

_ p+yn +qyn—k

Yoy =—-——"""% , n=01,..
p= oB q= Y r= é
Where, B* B and B with
p.0.re(0,) YurYo€ 00
Equation 13 has a unique positive equilibrium 37:
y= (q +1—r)+\/(q +1-r)*+4p
2 (14)

The linearized equation associated with Equation 13

about the unique positive equilibrium Yis:

1—
Zn1— —
r+ r+y (15)

and its characteristic equation is:

XkJrl_l_y}\’k_ q =0

r+y r+y (16)

Theorem 3

(a) Assume that k is odd. Then Equation 13 has a prime
period-two solution:

R ORTI 17)
if and only if:
r+1=q (18)

Furthermore when Equation 18 holds (17) is a prime
period-two solution of Equation 13 if and only if:

(P:
v>1gpg vl (19)

(b) Assume that k is even. Then Equation 13 has no
period-two solution.

Proof

Assume for the sake of contradiction that there exist two
distinct non negative real humbers ® and ¥ such that

o WO g g prime period-two solution of
Equation 13.

(a) Let k be odd. Then X

following system:

ni1 = Xnk and? .V satisfy the

_PHVHGe  Po+qy

’

Subtracting both sides of the aforementioned two
eguations, we obtain:

o-y r+l-q =0 21)

Since?* V¥ , r+l=q . The reverse part is clear by
simple computation. So it is omitted.

Now, when Equation 18 holds, SRR SR SR T
prime period-two solution of Equation 13 if and only if

P+Y=0Y =P i PVE OO G0FY 1o
equivalent to Equation 19.

X =X
(b) Let k be even. Then " " "1k and® ¥ satisfy the

following system:



_pfy+ay _ p+o+qe
r+wvy 7 r+~o (22)

¢

Subtracting both sides of the aforementioned two
equations, we obtain:

-y r+l+q =
P—y q =0 23)
Since ? ad , r+l+q= 0; this contradicts the
hypothesis that rg>0 .

BOUNDEDNESS AND INVARIANT INTERVALS

Here, we will investigate the boundedness and invariant
intervals of Equation 13.

Let Yo i be a nonnegative solution of Equation 13.

Then we have the following identities: Forn € NO,
[ Yo~ 1-p /d]q
Ynn -1=
r+y,
q{ynk—w’}(wyn)[l—r_}
r-p_ q q
You———=
q r+Y,
) q{m—%}y{lf%}
You———= (r_q)
r-q r+y,
_q) P _
(r q)|: ynk:|+yn 1 ynfk
r-g
yn+1_yn—k =
r+yn (24)
If r= p+q, then the unique positive equilibrium y=1
and in Equation (24:
yn—k -1 q
—1=2n%k = 1
yn+l r+ yn
(p+yn) 1_yn—
yn+1 - yn—k = r :
+Y, (25)
i A= r, then the unique positive equilibrium

1+ 1+4p

y=
2 and in Equation 24,
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_ p+ 1_yn—k yn

yn+l - yn~k -
r+y, (26)

Let,
+ X+
flxy) =2
r+X (27)
Then,

of _r-p —ay of _ q
and 9 Tr+X (28)

2
OX r+x

Lemma3

Let fxy) be defined in Equation 27. Then the following
statements are true:

(i) Assume that" P, Then fx.y) is increasing in each
=P
9 and it is increasing in y and

y>—P
decreasing in x for a .

of its arguments for

(i) Assume that" =P . Then fx.y) is decreasing in x and
increasing in y forX =0 .

CASE 1

r=>q

Lemma4

Assume that "> P79 and Yn n—k s a non negative
solution of Equation 13. Then the following statements
are true:

r-p
YNk < —
Mg , then y'\‘+1<1.

(i) If for some N 20 ,

_r-p
YN-k = q 1

(ii) If for some N 20 | ,then YN =+,

(iif) If for some N 20 | q

(iv) If for some N 20 | =0 then r-q
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YNk =
(v) If for some N 20 M T r—a ,then YN#1 > YN-k
(vi) If for some N 20 YNk =1 then YN <Yn-k

(vii) Equation 13 possesses an invariant interval

P ﬂ]
[rq g and YEPR/=0).("=P)/A_ The interval
p

11]
[r—q is also an invariant interval of Equation 13 and

ye p/r-g)1

Proof

When P/(=®)<1<("=P)/aQ po4s, (i) to (vi) can be
easily seen from the identities in Equation 24.

(vii) From Lemma 3. (i) the function f(x.y) is increasing

in each of its arguments for 9 For

B )
LL)
r—q r—q
__p(r+1 P
r’—qgqr+p r—q

Y, =F(yo, Y ) =f(

r-p r- r—
Y1 =F(Yo,Y-k) Sf(—p,—p) 1. 1=P
q q q (29)

y e plr-a)t o[, =P
implies that =a q

=P
By the induction, a for
everyN € N . On the other hand, r>p+qg implies that:

(@*1-nN+y(@+1-n?+4p
2

@170 +@+1-0° *4(-q) _
2 (30)

Yo e p/—a)l c[——,
r—q

y:

Furthermore, Y is the positive root of the quadratic
equation:

y?+(r-q-1)y—p=0 (31)

Since,

2 p—
[%] +(r-q-)—L-p=PP29 D
4 G

then we have that Y>P/(=0)  Tpa is,
yelp/t—a)l<=[p/F—a),(r—p)/dl

Lemmab

Assume that "“P*9 and Yn n—k s a nonnegative
solution of Equation 13. Then the following statements
are true:

1

(ii) If for some N 20 Yn—« =1 then Y =1

(i) If for some N 20 YN >1, then Ynu >

(i) If for some N 20 Yn—« <1 then Y-k <1
(iv) If for some N 20 Yn-k =1 than YN <Yn-k |
(v) If for some N20 , YNk <1, then YN# > YN-k

Lemma6

[a]
Assume that 9<7<P+a gng Y1 n=—k s 4 nonnegative
solution of Equation 13. Then the following statements
are true:

p p
< < F
yN—k r—q yN+1 r—q |

(. If for some N 20 , , then
YN-k >L

(ii). If for some N 20 | =0 then YNt <YN-k

(iii). If for some N 20 Yn-k =1 then YN > YNk

g
1, —
(iv). Equation 13 possesses an invariant interval [ ra

. >
Furthermore, if " =P thenYn =1 for al N> N " 7P,
then the following statements are also true:

(a) If for some N 20 g , then Yu >1.



r-p
YN-k =

(b) If for some N 20 9 then Ynu=1

r_
Y N-k <_p

(c) If for some N 20 4 then Ynu <l

Proof

When (F=P)/a<1<p/{=0) 5145 (i) to (jii) can easily be
seen from identities in Equation 24.

(iv) From Lemma 2 (i) the function f(x.y) is decreasing

in x and increasing in y in Lp/(r—q)_
yk,...,yoe[l,i}
For r-
yi =f(yo.y ) <F@-Py<e P P
r-q qg r—q
pr ,r—p
_ra a _.p
r+ P r-q
q
p
=f(y,, >f(—,1
Y1 =1 (Yo, ¥i) (r_q )
>f(P_ =Py, 7P
r-q 49 q (32)

Which implies that Yie ],p/(r—q). By the induction,

On the other hand, r<p+q implies that:

@+1-1)+y(q+1-r*+4p
2

L@ 0@ raeg)
: (33)

y:

Then like the proof of the Lemma 4 (vii), it can be proved
thatye kp/(r-q) -

CASE 2

r<q

Lemma7

Assume that" =9 Then the interval 1’Oo—is an invariant

Das and Bayram 2955

. . Vv >
interval of Equation 13 and y>1_ It p, then the
following statements are also true:

Yok >
N-k -
(i) If for some N 20 | a4 | then yN+1>1.
r—p
YNk = — _
(i) IfforsomeNZO, N 9 | then yN*lfl.
Y N-k <ﬂ

(iii) If for some N 20 | d  then YN <1

Proof

When (r-p)/a<1 holds, (i) to (iii) can be easily seen

from the identities in Equation 24. Further, r=q implies
that:

o-@*1-nN+y(g+r1-r?+4p
y
21+— vi+4p >1
2 (34)

GLOBAL ASYMPTOTIC STABILITY FOR THE CASE

r=q

Here, we will discuss the global attractivity of the unique
positive equilibrium of Equation 13.

Theorem 4

Assume that' 9. Then the positive equilibrium Y of
Equation 13 is a global attractor. The proof is finished by
considering the following four cases (Theorem 6, 8, 10
and 12).

Theorem 5

Assume that '"“P*9 holds and Yk is a
nonnegative solution of Equation 13.

Yo €I/E-0,-P)/Al  ypen Yo <[P/E-0).(—p)/d]

forNSN  Furthermore, every nonnegative solution of
Equation 13 lies eventually in the interval

[p/(r—q),(r—p)/q]

Proof

Assume that P/ =@ <1<(r=p)/d g 4s.
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ifYo €[P/C=A).(r=p)/al | from Lemma 4 (i) and (iv), we
have P/=0) <y, <1<(r-=p)/q son =1

Theorem 6

Assume that ' “P "9 holds. Then the unique positive

equilibrium y of Equation 13 is a global attractor of all
nonnegative solutions of Equation 13.

Proof

From Theorem 5 and Lemma 4 (vii) imply that every non
negative solution of Equation 13 eventually enters the
interval [p/(r—q),(r—p)/q]_ Furthermore, from Lemma 3
(i) the function f(x.y) is increasing in each of its
arguments in [p/(r—a),(r—p)/d] and the equation:

_p+y-+ay
r+y (35)

y

has a unique positive solution on the interval

[p/(r—q),(r—p)/q]. From Lemma 1, Equation 13 is a
global attractor of all non negative solutions of Equation
13.

Theorem 7

Assume that r=p+q and Y n—k is a nontrivial
nonnegative solution of Equation 13. Then the sequence

o0 -
. . lim =1
Yo neo is monotonic and nsn Yn .

Proof

When r=p+q holds, we know thaty :1. From Lemma

5, ifyo >1, then Yo o is decreasing and bounded
below 1. If Y0 :1, then Yo =L forneN Yo <1, then

Yo o is increasing and bounded above by 1. For each

o

cases the sequence Y n-0 converges to 1.

Theorem 8

Assume that " =PTY. Then the unique positive

equilibrium Y of Equation 13 is a global attractor of all
non negative solutions of Equation 13.

Theorem 9

Assume that 4<T<P*0 phoi4s and Y n-k js a
nonnegative solution of Equation 13.

Yo ELP/(r=a)] o Yo€LP/(r=0a)] () nen
Furthermore, every non negative solution of Equation 13
lies eventually in the interval [1,p/(r—a)] :

Proof

Assume  that (r—p)/q<1<p/(r—q)

Ifyo e[l,p/(r—q)]1 from Lemma 6 (i) and (iv), we
1<y, <p/(r-q) y,elLp/(r=a)l (;n-1

holds.

have

Theorem 10

Assume that q<r<p+q holds. Then the unique

positive equilibrium Y of Equation 13 is a global attractor
of all nonnegative solutions of Equation 13.

Proof

From Theorem 9 imply that every non negative solution
of Equation 13 eventually enters the
interval [Lp/(r _q)]. Furthermore, from Lemma 3 (i) the
function f(x.y) is non increasing in x and non decreasing
solution of the system.

m=PtM+am
r+MmM

M — p+m+gM
, r+-m (36)

(M-M)(r+1-q)=0

Then we find that Since

r+1=g , we get that M= M . From Lemma 2, Equation
13 is a global attractor of all nonnegative solutions of
Equation 13.

Theorem 11

Assume that " =9 holdsand Yn n—« is a nonnegative



solution of Equation 13. Then every nonnegative solution

of Equation 13 lies eventually in the interval Lo .
Proof
When r=p
r+y,+
yn+12M21 Ne N0
r+y, (37)

So, it is true for this case.

Assume that" ~ P So, (r-p)/g<1 holds.

Ifyo Z(I’—p)/q’ then from Lemma 7 (i) and (ii), we
have Y121 Yo < (r-p)/q , then from Lemma 7 (iii),

> (r—
we have Yi <1. Y1 = (r-p)/q , the proof is
aforementioned.

Assume for the sake of contradiction Yn < (r N p)/q for

alN€N_ From identities in Equation 24, we get

Yo <Yaa<(r=p)/q forN =1, from which it follows the
Yn

sequence is

) <(r_
finiteIImrHoo y"_(r p)/q; this contradicts the fact

thaty:[ 1+ 1+ 4p /2]>1

increasing and there is a

Theorem 12

Assume that " =Y holds. Then the unique positive

equilibrium y of Equation 13 is a global attractor of all
non negative solutions of Equation 13.

Proof

From Lemma 3 (ii), the function f()_(' y) is non increasing

in X and non decreasing iny in Lo “

mMe 1o .
Let be a solution of the system:

m=PEMEam -, _p+m+qM
r+M r+m (38)
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Then we find that(m_M)(r+1_q) :O.

Sincer+1iq, we getm=|\/|. From Lemma 2,
Equation 13 is a global attractor of all nonnegative
solutions of Equation 13.

REFERENCES

DeVault R, Koslama W, Ladas G, Schultz SW (2001). Global Behavior
of Ynu =P +Ynid/(AYn +Ynid | Nonli. Analy.: Theo.,

Meth. Appl., 47(7): 4743-4751.
Dourbaki MJ, Dehghan M, Mashreghi J (2008). Dynamics of the

Difference Equation Xon = X +an*k —/(Xn +Q). Comp.
Math. Appl., 56(1): 186-198.
Gibbons GH, Kulenovic MRS, Ladas G (2002). On the Dynamics of

Xpn = €8x, +¥x,, [(A+BX,) New Trend. Diff.

Equ., 14-158.

Jia XM, Hu LX, Li WT (2010). Dynamics of a Rational Difference
Equation. Adv. Diff. Equ., ID. 970720.

Kocic VL, Ladas G (1993). Global Behavior of Nonlinear Difference
Equations of Higher Order with Applications. Vol 256 of Mathematics
and its Applications, Kluwer Academic Publishers, Dordrecht, The
Netherlands.

Kulenovic MRS, Ladas GIl, Martins LF, Rodrigues IW (2003). The
Dynamics of Xn+1 a+Bx, /(A+Bx, +Cx
and Conjectures. Comp. Math. Appl., 45(6-9): 1087-1099.

Kulenovic MRS, Ladas G (2002). Dynamics of Second Order Rational
Difference Equations with Open Problem and Conjectures. Chapman
Hall/CRC, USA.

Li WT, Sun HR (2005). Dynamics of a Rational Difference Equation.
Appl. Math. Comp., 163(2): 577-591.

Li WT, Sun HR (2005). Dynamics of a Rational Difference Equation.
Appl. Math. Comp., 163: 577-591.

Saleh M, Abu-Baha S (2006). Dynamics of a Higher Order Rational
Difference Equation. Appl. Math. Comp., 181:84-102.

Sebdani RM, Dehghan M (2006). Dynamics of a Nonlinear Difference
Equation. Appl. Math. Comp., 178: 250-261.

Tang HM, Hu LX, Jia XM (2010). Dynamics of a Higher Order Nonlinear
Difference Equation. Disc. Dyn. Nat. Soc., ID. 534947.

Tang GM, Hu LX, Gang M (2010). Global Stability of a Rational
Difference Equation. Disc. Dyn. Nat. Soc., ID. 432379.

nfl) Facts



