International Journal of the Physical Sciences Vol. 7(6), pp. 913 - 921, 2 February, 2012

Auvailable online at http://www.academicjournals.org/IJPS
DOI: 10.5897/1JPS11.1080
ISSN 1992 - 1950 © 2012 Academic Journals

Full Length Research Paper

Application of He’s energy balance method for
pendulum attached to rolling wheels that are restrained
by a spring

Mahmoud Bayat*, Iman Pakar and Mahdi Bayat

Department of Civil Engineering, Torbateheydarieh Branch, Islamic Azad University, Torbateheydarieh, Iran.

Accepted 9 August, 2011

We consider periodic solution for nonlinear free vibration of conservative, single degree of freedom
systems. A new analytical technique called Energy Balance Method (EBM) is applied to calculate
approximations in order to achieve the nonlinear frequency of the system. Comparing with numerical
solution using Runge-Kutta method, just one iteration leads us to high accuracy of solutions which are
valid for a wide range of vibration amplitudes as indicated in this study. The EBM is a novel method
which alleviates drawbacks of the traditional numerical techniques.
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INTRODUCTION

Most of the engineering problems especially vibrating
systems, are often described by their governing
equations in the form of differential equations, either
linear or nonlinear. Many researchers have worked on
linear and nonlinear systems having single or multi
degrees of freedom, but hardly any of those problems
have analytical solution. Surveys of the literature with
numerous references have been given by many authors
utilizing various analytical methods for solving nonlinear
oscillation systems. Some of these well-known analytical
methods such as perturbation techniques (He, 1999)
(traditional  perturbation methods) contain  many
shortcomings. They are not useful for strongly nonlinear
equations, so for overcoming the shortcomings, many
new techniques have been appeared in open literature,
for instance: Homotopy perturbation (Bayat et al., 2010;
Bayat et al., 2011a), parameter—expansion (Kimiaeifar et
al., 2010), parameterized perturbation (He,1999), energy
balance (Bayat et al., 2011b,c; Bayat and Pakar, 2011a;
He, 2002), variational approach (Bayat et al., 2011d;
Pakar et al., 2011b; He, 2007) and other analytical and
numerical methods (Bayat et al., 2011e, f, g; Bayat and
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Abdollahzadeh, 2011i, j; Bayat and Pakar, 2011k; Ghasemi
et al., 2011; Shahidi et al., 2011; Soleimani et al., 2011,
Ehidiamhen, 2009; Yang, 2010).

Among this method, EBM has been considered to solve
the nonlinear systems in this paper. In this paper, we use
EBM for pendulum attached in rolling wheels that are
restrained by a spring. This method can be seen as a
Ritz-like method and leads to a very high convergence of
the solution and can be easily extended to other
nonlinear oscillations. In short, this method yields
extended scope of applicability, simplicity, flexibility in
application and avoidance of complicated numerical and
analytical integration as compared to others among the
previous approaches such as the perturbation methods
and so could prove widely applicable in engineering and
science. To illustrate the accuracy and application of this
method some comparisons are presented. The EBM
seems very easy to study the behavior of dynamical
systems and also calculate the natural frequency.

A SINGLE-DEGREE-OF-FREEDOM CONSERVATIVE
SYSTEM

An example of a single-degree-of-freedom conservative
system has been considered that is described by an
equation as follows. A rigid rod is rigidly attached to the
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Figure 1. Pendulum attached to rolling wheels that are
restrained by a spring (Nayfeh, 1979).

axle as shown in Figure 1. The wheels roll without slip as
the pendulum swings back and forth. The wheel is
restrained by a spring which is fixed to a wall on the other
side .Only the ball on the end of the pendulum has
appreciable mass and it may be considered a particle.
The governing equation of the motion is:

G, m (17 +r? —2rl cos(6) ) +mrl sin(0)§,” + mgl sin(0) +kr?6 =0
(1)

With initial conditions

0(0)=A,  6(0)=0. )

BASIC IDEA OF EBM

In the present paper, we consider a general nonlinear
oscillator in the Form (He, 2002):

u+f Uu(t)) =0 ©)

In which U and t are generalized dimensionless dis-
placement and time variables, respectively. Its variational
principle can be easily obtained:

J(u)=I;(—%UZ+F(u)) dt (4)

2z . . . .
Where T =%% is period of the nonlinear oscillator,
9

F(u):jf (u)du.

Its Hamiltonian, therefore, can be written in these forms:

H :%UZ+F(U)+F(A) (5
Or
R(t):—%u'2+F(u)—F(A):O (6)

Oscillatory systems contain two important physical
parameters, that is, the frequency @ and the amplitude

of oscillation. A . So let us consider such initial
conditions:

u(@=A, u()=0 ()

We use the following trial function to determine the
angular frequency @

ut)=Acoswt (8)

Substituting (8) into U term of Equation (6), yield:

R(t):%a)zAzsinza)t +F(Acoswt)—-F(A)=0
9)

If, by chance, the exact solution had been chosen as the
trial function, then it would be possible to make R zero
for all values of t by appropriate choice of @. Since
Equation (8) is only an approximation to the exact
solution, R cannot be made zero everywhere.

Collocation at ot = % gives:

2(F(A))-F(Acoswt
w:J(U)H( ot) 10
A“sin“wt
Its period can be written in the form:
T = 27 (11)
2(F(A))-F(Acosot)
A%sin’ ot

RUNGE-KUTTA METHOD

For the numerical approach to verify the analytic solution,
the fourth Runge-Kutta method has been used. This
iterative algorithm is written in the form of the following
formulae for the second-order differential equation:



U, =U, +%(hl+2h2+2h3+k4)

At (12)
U, =U, +At [u’i +?(h1+h2 +k3)j

Where, At is the increment of the time andh,,h,,h,

and h, are determined from the following formulae:

hl:f (u,ui ,ui )k,

At At . At

At At 1 .5 At
hg =f |[t; + =, u; +—U;, —At’nhy, U; +—nh, |,
3 [I 2 i 2 i 4 1 i 2 2)

hy =f (ti + AL, U; +AtU;, %Atzhz, U; + At h3j.
(13)
The numerical solution starts from the boundary at the

initial time, where the first value of the displacement
function and its first-order derivative are determined from

initial condition. Then, with a small time increment At , the
displacement function and its first-order derivative at the
new position can be obtained using Equation (12). This
process continues to the end of the time limit.
APPLICATIONS

Its variational formulation can be readily obtained from
Equation (1) and is as follows:

(Y 2201 22 po _ 1 o0
‘](9)*_'.0[2”1' 0 +2mr 0% —6?cos(&)mrl mglcos(0)+2kr 17 )dt.
(14)
Its Hamiltonian, therefore, can be written in these forms:
1 2n2 1 22 2 1 2092
H :[Eml 6 +§mr 6°—6° cos(@)mrl —mgl cos(9)+5kr % j
(15)

And
1 2p 2
H,_, =—mgl cos(A)+Ekr AL, (16)

H, —H. =(%ml 26{2+%mr26{2—9fcos(9)mrl -mgl cos(<9)+%kr2<92 ]

- (—mgl cos(A) +%kr2A2j

7
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We use the trial function to determine the angular
frequency @, that is,

Ot)=Acoswt (18)

If we substitute (18) into (17), it will results to the
following residual equation:

1 2 2 _2q; l 2 2_2a:

Eml (A’w S|n(a1t))+5mr (A’w®sin(at))
H, —H,_, =| —(A2w?sin(at) ) cos(@)mrl

—mgl cos((A cos(at))) + % kr?((A?cos(at)))

—(—mgl cos(A)+%kr2A2] =0

19)

T
If we collocate at ot = Zwe obtain:

Jz

1 1 2w? —%Aza)z cos(7A)mrI

—ml3A2w?® + =mr3A
4 4

V2

—mgl cos(72A)—%kr2A2 +mgl cos(A) =0
(20)

This leads to the following result:

\/m (I Z4r? —ZCOS(gA)rI ][—4mgl cos(A) +4mgl cos(gA)Jrk rzAzj

=

m [I2+r2—2cos(§A)rl JA
(21)

According to Equations (21) and (18), we can obtain the
following approximate solution:

\/m [I Zyr? —Zcos(gA)rl ][—4mgl cos(A) +4mgl cos(gA)Jrk r’A?

6(t) = A cos
m [Iz +r? —Zcos(gA)rl ]A

(22)

RESULTS AND DISCUSSION

To show the efficiency and the accuracy of the EBM, the
procedures explained in previous sections are applied to
obtain natural frequency and corresponding displacement
of a conservative single degree of freedom system.
Comparisons of results for different parameters via
numerical and EBM is presented in Figures 2 to 5.From
Figures 2 and 3, it is obvious that the motion of the
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Figure 2. Comparison of analytical  solution  of Obased on time with the numerical solution  for
m=5 1=1 r=02 ¢g=98], k=5 A=2.
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Figure 3. Comparison of analytical solution of ¢ based on time with the numerical solution
m=10, 1=06, r=03 ¢g=98, k=10, A=8.
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Figure 4. Comparison of analytical solution of 0tbased on time with the numerical solution for

m=5 1=1 r=02 ¢g=981, k=5 A=2.
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Figure 5. Comparison of analytical solution of @based on time with numerical solution for

m=10, 1=06, r=03 g=98L k=10, A=8.
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Figure 7. Variation of frequency respect to various parameters of amplitude (A) for m =10, 1=0.5, r=1 =981 k =10.

system is periodic. Figures 4 and 5 represents
comparison of analytical solution of §, based on time with

the numerical solution for different parameters of the
system. As shown in Figures 2 to 5, it is apparent that the
EBM has an excellent agreement with the numerical

solution using Rung-Kutta and these expressions are
valid for a wide range. Figure 6 shows the phase plan of
the problem and Figure 7 to 9 represent the variation of
frequency respect to various parameters of amplitude (A),
() and (I) and Figure 10 is the sensitivity analysis of
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Figure 9. Variation of frequency respect to various parameters of (I) for

frequency. To further illustrate and verify the accuracy for with the EBM and the Runge-Kutta are tabulated in Table
this approximate analytical approach, the results obtained 1 and the maximum relative error is less than 2.9376%.
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Figure 10. Sensitivity analysis of frequency for

k=10, A=2

m =5, r=59g=938]1,

Table 1. Comparison of frequency corresponding to various parameters of system.

A m I r g k Do D\ Error (%)
0.1 5 2 0.5 9.81 2 2.9554 2.8685 2.9376
0.5 5 2 0.5 9.81 2 2.8376 2.7566 2.8542
2 5 1 0.2 9.81 5 2.4045 2.3406 2.6587
3 8 0.5 0.3 9.81 10 1.5081 1.4867 1.4222
8 8 0.5 0.3 9.81 10 2.0451 2.0059 1.9172
10 10 3 2 9.81 20 1.4712 1.4518 1.3190
15 10 3 2 9.81 20 0.6835 0.6782 0.7790
20 10 3 2 9.81 20 0.7767 0.7698 0.8870

Conclusion

In this study we have considered the nonlinear vibration
of a single degree of freedom system. It has been proved
that EBM is clearly effective, convenient and does not
require any linearization or small perturbation and
adequately accurate to both linear and nonlinear
problems in physics and engineering. These cases study
demonstrates that the results of EBM are exactly equal
and in excellent agreement with numerical solution
obtained by the Runge-Kutta method. EBM is a novel
method for the analysis of nonlinear systems. The results
indicated that EBM is extremely speedy, light, with high
accuracy. EBM provides an easy and direct procedure for
determining approximations of periodic solutions.

Nomenclature: € Rotation angle of the pendulum; M mass

of pendulum; I radius of rolling wheel; [ , distance between

l

center of rolling wheel and center of mass of pendulum; K ,
spring stiffness; { gravity of earth; A , amplitude; @ system
frequency; EBM, energy balance method.

REFERENCES

Bayat M, Shahidi M, Barari A, Domairry G (2010). The approximate
analysis of nonlinear behavior of structure under harmonic loading.
Int. J. Phy. Sci., 5(7): 1074-1080.

Bayat M, Shahidi M, Barari A, Domairry G (2011a). Analytical
Evaluation of the Nonlinear Vibration of Coupled Oscillator Systems.
Zeitschrift fur Naturforschung Section A-A J. Phy. Sci., 66(1-2): 67-
74.

Bayat M, Barari A, Shahidi M (2011b). Dynamic Response of Axially
Loaded Euler-Bernoulli Beams, Mechanika, 17(2): 172-177.

Bayat M, Pakar | (2011c). Application of He’s Energy Balance Method
for Nonlinear vibration of thin circular sector cylinder. Int. J. Phy. Sci.,
6(23): 5564-5570.

Bayat M, Bayat M, Bayat M (2011d). An Analytical Approach on a Mass
Grounded by Linear and Nonlinear Springs in Series, Int. J. Phy. Sci.,
6(2): 229-236.



Bayat M, Shahidi M, Bayat M (2011le). Application of Iteration
Perturbation Method for Nonlinear Oscillators with Discontinuities. Int.
J. Phy. Sci., 6(15): 3608-3612

Bayat M, Abdollahzadeh GR, Shahidi M (2011f). Analytical Solutions for
Free Vibrations of a Mass Grounded by Linear and Nonlinear Springs
in Series Using Energy Balance Method and Homotopy Perturbation
Method. J. Appl. Funct. Anal., 6(2): 182-194.

Bayat M, Iman P, Bayat M (2011g). Analytical Study on the Vibration
Frequencies of Tapered Beams. Lat. Am. J. Solids Struct., 8(2): 149 -
162.

Bayat M, Pakar I, Shahidi M (2011h). Analysis of Nonlinear Vibration of
Coupled Systems with Cubic Nonlinearity. Mechanika, 17(6): 620-
629.

Bayat M, Abdollahzadeh GR (2011i). Analysis of the steel braced
frames equipped with ADAS devices under the far field records. Lat.
Am. J. Solids Struct., 8(2): 163 — 181.

Bayat M, Abdollahzadeh GR (2011j). On the effect of the near field
records on the steel braced frames equipped with energy dissipating
devices. Lat. Am. J. Solids Struct., 8(4): 429 — 443, 2011.

Bayat M, Pakar | (2011k). Nonlinear Free Vibration Analysis of Tapered
Beams by Hamiltonian Approach. J. Vibroengineering, 13(4): 654-
661.

Ehidiamhen US (2009). Verified bounds for nonlinear systems via
Hansen Sengupta method. Int. J. Phy. Sci., 4(10): 571-575.

Ghasemi E, Bayat M, Bayat M (2011). Visco-Elastic MHD Flow of
Walters Liquid B Fluid and Heat Transfer over a Non-isothermal
Stretching Sheet. Int. J. Phy. Sci., 6(21): 5022 - 5039.

He JH (1999). “Some New Approaches to Duffing Equation with
Strongly and High Order Nonlinearity (II) Parameterized Perturbation
Technique,” Communications in Nonlinear Science and Numerical
Simulation, 4: 81.

Bayat et al. 921

He JH (2002). Preliminary report on the energy balance for nonlinear
oscillators. Mech. Res. Commun., 29: 107-111.

He JH (2007). Variational Approach for Nonlinear Oscillators. Chaos.
Soliton. Fractals, 34(5): 1430-1439.

Kimiaeifar A, Saidia AR, Sohouli AR, Ganji DD (2010). Analysis of
modified Van der Pol’'s oscillator using He’s parameter-expanding
methods. Curr. Appl. Phy., 10(1): 279-283.

Pakar I, Bayat M (2011a), Analytical solution for strongly nonlinear
oscillation systems using energy balance method. Int. J. Phy. Sci.,
6(22): 5166 — 5170.

Pakar |, Shahidi M, Ganji DD, Bayat M (2011b). Approximate Analytical
Solutions for Nonnatural and Nonlinear Vibration Systems Using He’s
Variational Approach Method. J. Appl. Funct. Anal., 6(2): 225-232.

Shahidi M, Bayat M, Pakar I, Abdollahzadeh GR (2011). On the solution
of free non-linear vibration of beams. Int. J. Phy. Sci., 6(7): 1628
1634.

Soleimani KS, Ghasemi E, Bayat M (2011). Mesh-free Modeling of Two-
Dimensional Heat Conduction Between Eccentric Circular Cylinders,
Int. J. Phy. Sci., 6(16):4044-4052.

Nayfeh AH, Mook TD (1979). Nonlinear oscillations. John Wiley, New
York, p. 83.

Yang M (2010). Modification of gravitational field equation and rational
solution to cosmological puzzles. Int. J. Phy. Sci, 5(2): 145-153.


http://www.sciencedirect.com.ezaccess.library.uitm.edu.my/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DSaidi,%2520A.R.%26authorID%3D7005299113%26md5%3D4e1d7d91d98a0c18f14efbc14f00b69d&_acct=C000027478&_version=1&_userid=6533825&md5=9962c809405c7ef85fa4b6e6ab3f08fc
http://www.sciencedirect.com.ezaccess.library.uitm.edu.my/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DSaidi,%2520A.R.%26authorID%3D7005299113%26md5%3D4e1d7d91d98a0c18f14efbc14f00b69d&_acct=C000027478&_version=1&_userid=6533825&md5=9962c809405c7ef85fa4b6e6ab3f08fc
http://www.sciencedirect.com.ezaccess.library.uitm.edu.my/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DSohouli,%2520A.R.%26authorID%3D26658717600%26md5%3Dda6c38466bd0595f8ff23ee5b5457a3c&_acct=C000027478&_version=1&_userid=6533825&md5=57224285124b59c97a0310085a53a5b2
http://www.sciencedirect.com.ezaccess.library.uitm.edu.my/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DGanji,%2520D.D.%26authorID%3D12544664500%26md5%3D20926380af09213a537134341eb950e4&_acct=C000027478&_version=1&_userid=6533825&md5=38bf52ec408fe3943d46151c4120c07a
http://www.sciencedirect.com.ezaccess.library.uitm.edu.my/science/journal/15671739

