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The Mobius transformation is known as a part of analysis and mostly studied by the researchers and
scientist who made their investigations on analysis. But in this paper it is worked together with

differential geometry. It is well known that harmonic curvature H of the curve

is found by

Hacisalihoglu and also harmonic curvatures H and H of the curve-surface pair that we call the strip
as shown as (a,M) is studied by Hacisalihoglu and Ertem Kaya. We observe the image of the

harmonic curvatures H and H of the curve-surface pair (a,M) in differential geometry under

Mobius transformation in analysis. We find the images of harmonic curvatures H and H of the strip
(a,M) by the help of the Mobius transformation. Consequently, in this paper the curvatures and the

- *® - s - - - - *® -
harmonic curvature H of the curve-surface pair under Mébius transformation is studied and H is

not invariant for Mobius transformation is obtained.
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INTRODUCTION

In 3-dimensional Euclidean space, a regular curve is
described by its curvatures k,and k, and also a curve -

surface pair is described by its curvatures &, , k, and ¢, .

The relations between the curvatures of a curve-surface
pair and the curvatures of the curve can be seen in many
diferential books and papers. Mdbius transformations are
the automorphisms of the extended complex plane
C...Cu{=~} that is the metamorphic bijections (Ozgir et
al., 2005). M: C.—C.. a mdbius transformation M has the
form

a b
c d

M (z)=%*0 :q.b,c,de Cand
cz +d

#0-

The set of all Mébius transformations is a group under
composition. The Mobius transformation with ¢ =0 form

the subgroup of similarities such transformations have
the form S(z)= Az+B;A,Be C, A= 0. The transformation

S =L is called an inversion. Every M®obius
’ z

transformation M of the form S(z)=Az+B is a

composition of finitely many similarities and inversions
(Ozgiir, 2010). In this paper we investigate the harmonic
curvatures of the curve-surface pair under Mobius
transformations. x *and m **be the image of the

harmonic curvatures of the curve-surface pair and a ,b

and ¢ be the curvatures of the curve-surface pair under
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Mobius transformation. We obtain the harmonic curvature

of the strip H' is invariant for S transformation and H "
is not invariant for J transformation.

THE CURVE-SURFACE PAIR (STRIP)

Definition 1

Let M and abe a surface in E> and a curve in MCE.

We define a surface element of M is the part of a
tangent plane at the neighbour of the point. The locus of
these surface element along the curve «is called a

curve-surface pair and is shown as (a,M).

Definition 2

Let {t’n’b} and {f 7 C} be the curve and curve-

surface pair's vector fields. The curve-surface pair's
tangent vector field, normal vector field and binormal
vector field is given by ; = Cf £ - N ]Q -, )and

- -

n-=<C AE (Hacisalihoglu, 1982).

Curvatures of the curve-surface pair and curvatures of
the curve

Let k,=-b,k,=c,t,=a and {gné’} be the

normal curvature, the geodesic curvature, the geodesic
torsion of the strip and the curve-surface pair's vector
fields on @ (Hacisalihoglu, 1982). Then we have

We know that a curve @ has two curvatures x and 7.
A curve has a strip and a strip has three curvatures
k,.k, and 1,. Let k,,k, and 7, bethe —b,c and a.

’

From last equations we have é-’ =c¢7_bé’. If we

- -

substitude d_:: = ¢ inlast equation, we obtain

’

§ =xn
And
b=-Kksing
c=KCos@Q

(Hacisalihoglu, 1982). From the last two equations we
obtain,

K =b? e,

This equation is a relation between the curvature x of a
curve @ and normal curvature and geodesic curvature of
a curve-surface pair. By using similar operations, we
obtain a new equation as follows:

T_a_l_b'c—bc'
b* +c?

(Ertem Kaya et al., 2010; Hacisalihoglu, 1982).

This equation is a relation between 7 (torsion or second
curvature of @ and curvatures of a curve-surface pair
that belongs to the curve & ). And also we can write

a=¢ +7.

The special case: If @ is constant, then @ =0. So the
equation is a =7 . That is, if the angle is constant, then
torsion of the curve-surface pair is equal to torsion of the
curve.

Definition 3

Let @ be a curve in M c E’. If the geodesic curvature
(torsion) of the curve & is equal to zero, then the curve-
surface pair (a,M) is called a curvature curve-surface
pair (strip) (Keles, 1982).

Definition 4

Let H and H be the harmonic curvature of a strip in

E’. Then the harmonic curvature of the strip is the ratio
of the torsion to the normal curvature of the strip and also
the ratio of the torsion of the strip to the geodesic
curvature of the strip, respectively (Ertem Kaya et al.,
2010).



HARMONIC CURVATURES OF THE CURVE-
SURFACE PAIR

In first case

If we take first curvature of a strip k, =—b, then we
obtain harmonic curvature of a strip is as follows;

H=lr-4
k, —b

n

In second case

If we take first curvature of a strip kg = ¢, then we obtain
harmonic curvature of a strip is as follows;

RELATIONS BETWEEN HARMONIC CURVATURE OF
A STRIP AND HARMONIC CURVATURE OF A CURVE
Lets take first curvature of the strip is k, =—b and
torsion of the strip is ¢, = a . If we write the equations of
k, .t and H into the harmonic curvature of the strip,

then we obtain the equation

t, _a _ ¢+t

ﬁ:—r: = -
k, —b Ksing

H=—2 4
Ksing Ksing

He ¥ T
kKsing Ksing

H=—2 u!
Ksin@ sin@

E:L+HCSC¢.
Ksin@

The last equation is the relation between harmonic
curvature of the strip and harmonic curvature of a curve
in first case (Ertem Kaya, 2010; Ertem Kaya et al., 2010).

Now let take first curvature of the strip is kg =c¢ and

torsion of the strip is ¢, = a . If we write the equations of

k,.t, and H ' into the harmonic curvature of the strip,
then we obtain the equation:
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Hool_a_9¢+7
k, ¢ Kcosg

H = ¢ 4
Kcos@ Kcos@

Ho_? 7 1

Kcos@ K cosQ

H-—9¢ g1
KCOoS @ cos @

7

H = L+ H sec ¢.
Kcos @

The last equation is the relation between harmonic
curvature of the strip and harmonic curvature of a curve
in second case (Ertem Kaya, 2010; Ertem Kaya et al.,
2010).

SPECIAL CASE

Theorem 1

Let H be the harmonic curvature of the strip. If the angle
@ between normal vector field of the surface and

binormal vector field of the curve is constant, kn =D
and f, =a is the first curvature of the strip and the

torsion of the strip in E’, we give the relation between
harmonic curvatures of the strip and the curve in first

case EZHCSC¢.

Proof 1

’

In first case we know 7 - %
Ksin ¢

angle @ is constant, then @ =0. So we take

+ H csc ¢ and if the

’

H= ¢ + Hecsco
Ksin @

— 0

H=— + Hcscp
Ksin @

H = H csc Q-

Theorem 2

Let H be the harmonic curvature of the strip. If the
angle @ between normal vector field of the surface and

binormal vector field of the curve is constant, kg =¢ and
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. =a is the first curvature of the strip and the torsion of

the strip in E°, we give the relaton H =H sec

between harmonic curvatures of the strip and the curve in
second case.

Proof 2
We know H = ¢ +Hsecg and @ =0. So
Kcos@
we obtain;
H = L4 + Hsece
Kcos@
H = + Hseco
Kcos@
H = Hsec Q.
Theorem 3

Let the angle @ between normal vector field of the
surface and binormal vector field of the curve be constant
and (a,M) be strip in E’. When the strip (a,M)’s
curvatures a,b,c are not constant but harmonic

curvature of strip is constant, the strip is called inclined
2

-2
strip & H + H =cst. (Ertem Kaya, 2010).

Proof 3

= Let ﬁ and ﬁv be the harmonic curvatures of

—2 *2
(a,M). We should show that H +H must be
constant. We know that harmonic curvatures of the strip
— t a t

H=-"1=— agd H=2=2
k - b k, ¢

n 8
these equations, we take

L, 2 a 2 a 2
—-b c

L, e 'y 2 , 2

H +H :((p Tj +(¢—+Tj .
K'sin @ KcosQ

In here, @ is constant. So,

If we use

¢ =0.

Since ¢ is equal to zero, we obtain

— 2 [rjz 1
H+H =—| —.
k) (sin pcos)

— 2

T —2
We know — and @ is constant. So H +H must be
K

2

—2
constant &<Let H + H be constant. In this case is
we must prove (&, M) a helix strip. If we observe

—2

ﬁz + H | then we take
5 2 2
—2 JR—
H+H =1 |+ °
Ksin @ Kcos@

—2 2 [sz 1
H + H = - ‘—2.
k) (sin @cos)

— 2

— 1
Since H +H

2
. T
IS constant, [_j - must
k) (sin pcos )

. T
be constant. We know ¢ is constant. So — must be
K

constant. This means that the curve & is a helix and the
strip (a,M) is a helix strip (Ertem Kaya, 2010; Ertem
Kaya et al., 2010).

Theorem 4

—_— —

Let (a,M) and H,H be a curve-surface pair (strip)

and harmonic curvatures of (&, M) in E’ . Let the angle
@ between normal vector field of the surface and
binormal vector field of the curve is constant. The strip
(a,M) is inclined curve-surface

JR—

pair < H= = tan @ = constant (Ertem Kaya, 2010; Ertem
H

Kaya et al., 2010).

Proof 4

H
sin @
theorems 1 and 2. Thus

H
cos @

(:>) We know H = and g = by the




H
i_ cos @
H H
sin @
E = tan @
= .
Since @ is constant, H_is constant.
H

(<:)Let H_ pe constant. Thus tan @ must be constant.
H

So ¢ is constant. Since ¢ is constant, (@,M) is
inclined (Ertem Kaya et al., 2010). Thus we take the strip

—

(a,M) is inclined curve-surface pair (:)%=tanq0=

constant (Ertem Kaya, 2010; Ertem Kaya et al., 2010).

Example 1
Let take the curve & = (coss,sin s,s) and be the angle

V.4
¢:E between normal vector field of the surface and

binormal vector field of the curve be constant. Thus we
find the curvatures, harmonic curvatures of (a,M) and

the image of the Mdbius transformations of these. Firstly,
let find the curvatures of the Mdbius transformations. We

1
can compute the curvatures KZE and the torsion

1
T :EOf the curve & . Thus we take the curvatures of
the strip (o, M)
) 1.«
b=—ksin@p=——sin—=——,
2 2 2

1 T
c=kcos@p=—cos— =0,
2 2
a—¢’+z'—0+l
5

Now we can find the harmonic curvature of curve as in
the following

H=1/x
H =1=const

We can say that the curve is an helix. Thus we have the
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harmonic curvatures of the strip.

In first case: If we take first curvature of a strip k, =—b,
then we obtain harmonic curvature of a strip is as follows;

ﬁzt_rzﬁzizl
k —-b —(-1/2)

n

In second case: If we take first curvature of a strip
kg = ¢, then we obtain harmonic curvature of a strip is

as follows;
E* = tr = g = 1/—2 = o0
k c 0

We can not calculate harmonic curvature in second case.

THE IMAGE OF THE CURVE-SURFACE PAIRS
UNDER THE MOBIUS TRANSFORMATION

Theorem 5

Let a,,b,,c, be the curvatures of the strip (¢,M) and
(a,M) transfoom (M («a),M ) under Mobius
transformation. So a,,b,,c, are the curvatures of (M
(a),M ). We know that If (&,M) is a curvature curve-
surface pair, then a, =0 (Keles, 1982). So we can say
that If (a,M) is a curvature curve-surface pair, then we
find (M (), M ) is a curvature curve-surface pair.

Proof 5

Let the image of the curve & and the angle @ under

Mébius transformation be the curve f and the angle 6.
We know that the curvatures of & belong to:

K =b] +c]
bc, —b,c
r=a +29 2%
b~ +c

T=a,—¢(a, =0).

Before the Mobius transformation we  have
o,9,k,7,a,,b, and c,, after Mdbius transformation let

take 5,0,k ,7",a,,b, and c,. And the curvatures of #
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belong to:

2 2 2
=b, +c;

. bic,—b,c,
* 2%2 2%V2
T :a2+ﬁ’

b, +c,

T =a,-6.

We should proof a, is equal to zero. Every Mdobius

transformation M of the Form (2) is a composition of
finitely many similarities and inversions (Ozgir, 2010).
Such as we can write,

M) = S(a)oJ (@) &
IB = ﬁ]”ﬁZ'

Let A=(x,,x,)and (¢,,a,,a;)be a point and the
coordinates of & on the curve & . So from the equation
S(z)= Az + B;A.Be C,a = 0, wWe have

S(a)=S(a®)
S(Z+1,)=(AZ +B+|A])) =

= (0,0, — X,0, + b, x,0, + x,0, + b,,|A|ery)
And
J(Z +1t)= EH/’
Tz e
J(CZ([))Z al(t) _az(t) CZ3([)
o e ol

For the transformation S , we have

K 11( andz'*— T’
|A] [A]
=7 +0
1 ,
a,=—7+6
4]
1 4 ’
a, =—(@)+6
. :L(bl/cl_blcl/)+g’
’ |A| b12+C12
1 bjc, —bc, ,
a, =—(————)+6
Tt e

We know that @, =0 from the Theorem 5. We have

b, = LK‘sin 0

4]
) L sin 8
‘A‘ sin (o
and
c, = L cos 6
‘A‘ cos (p
¢ = 1 < cos @
‘A‘ cos 6
sin
b =ab sm(g

If we apply b, to a,, after some computaions, we find the
equation

1 bc2 bcz) o’
IAI

azzm

a, =
+c,

(-0H+¢.

Now we have two cases:

Case 1. If |A| =1,then we find a, =0. That means (M

(a),M ) is a curvature curve-surface pair (strip). This

proves the theorem.

Case 2. If [A|#1, then we find , — !
A

(M (a),M ) is not a curvature curve-surface pair.

A‘ -1 - Thus

Corollary 1

If |A|:1,then the characterization of curvature strip is
invariant under Mébius transformation.

Corollary 2

If |A| #1,then the characterization of curvature strip is
not invariant under Mébius transformation.



Example 2

Let us consider the curve & = (coss,sin s,s) is an helix

and find the image of the & and its curvatures under
M@obius transformation. We know

J(Z +1;) =

Thus we have the image of & under J as

cos s —isin s+ §j

J(cos s+ (sin s)i + s5j) = 2
1+ s ’

Then the image of the & isJ (&) has the form

coss —sins S
§)= , ,
A (1+s2 1+s* 1+5s°

After some computations we find the curvatures x* of

B(s)
(Lts2)° (sins—2coss+2sins —s” sins)’
s
+(coss +2ssins+2coss —s> coss)’ +(3+s%)
(sins(1+5%)+2scoss)’
+cos(l+s)—2ssins)? +(1-s%)*

B 1
. (2s* +4s> +18)2 _ (s*+5>+9)

2 2
22

k" can not be a constant. Similarly, the torsion of S(s)
is obtained as in the following

. (s =5t =552-3)

T
2s* +4s5%* +18

7" can not be a constant. Consequently J (&) is not a
helix. We have

S(z)=Az+B

1 L1
k'=—xand ¢z = _7,

4] 4]

then x=const>0, T=const#0. We see that

K =const>0, T° =const #0. So S(«) is a helix (for
more details (OzgUr et al., 2005).
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Theorem 6
For the transformation J, let take
a=(a,a,a)eS; = |a|=1,a is

curvature strip and J(a) = S S> [Mbius transformations
take circles to circles (Ozgur, 2010)]. We have

a=7+¢,a =0,
a,=7"+¢

And

_det( a',a”,a”)
- .,

" A a”
T* B det( IB’,IB”,IB’”)
- 7 ” 2 :
18"~ B
So we have,

B=(a.,-a,a)
ﬂ, = (a{’_agaa;)
ﬂ” = (al”’_a;’ a;’)

”m ”

”/_ ”
ﬂ - (al’_a2’a3

And

det( /.7 B7) _ dew a’.a”a”)
18"~ B le” ~a”|f

T =-T.

We find a, =—27=2¢" and ¢’ =0=a, =0. Thus S
is a curvature strip. This completes the proof of the
theorem.

HARMONIC CURVATURE OF THE CURVE-SURFACE
PAIR UNDER MOBIUS TRANSFORMATION

Let H* and H" be the image of the harmonic
curvatures of the curve-surface pair and a*,b" and ¢’

be the curvatures of the curve-surface pair under Mobius
transformation. In first case, we obtain the following
theorem.

Theorem 7

We obtain the harmonic curvature of the strip H' is
invariant for § transformation.
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Proof 7
We have
, 1
+—7 ,
g @ _0+T _ Al _|Ajp"+<
C-b KTsing Lo Kksing
Al

If the angle @ is constant, then 8" =0 . Thus we take,

" T

H =—.
K
Remark 1

If the angle @ =kz(k=0,1,2...), we obtain H =co.
So, we can take the harmonic curvature of the curve-

.
surface pair H" is not invariant for S transformation.

Theorem 8

In second case we can calculate

L Kcos @

4]

If the angle @ is constant, then 8" =0 . Thus we take,

1
A
H' = . |
— K cos @
4|
. T
Kcos @
H* = Zsecé’
K
Theorem 9

If the angle @=kxn(k=0,12...) we can take the

*
harmonic curvature of the curve-surface pair H™ s
invariant for S transformation.

Proof 9

If k=0, then we have cos@=cosO=1. So we
observe

%% T
H =—
K
If k=1, then

cos@d=cost=-1.So

H' =-%,
If k=2,then
cos@d=cos2wr=1.So
%% T
H __!
K

We can do same operations for every k. Thus we have

cos@ is constant. So H* is invarant for S
transformation. This completes the proof of the theorem.

Theorem 10

If the curvatures a,b,c of the strip (&,M) are not

constant but harmonic curvatures a“,b* and ¢ of the

strip under Mobius transformation and the angle & are
constant, then the strip is called inclined strip

2 w2
S H +H =cst.

Proof 10

(=)Let H" and H" be the harmonic curvatures of
(a,M) under Mobius transformation. We should show

2 #2
that H +H  must be constant. We know that
harmonic curvatures of the strip

, 1
. ¢ +X|T . T+
H*—a*— | andH**—a*—|1A| .
—b Ksin@ ¢ __kcosf
A 4]

If we use these equations, we take



B 4 2 2 2
H" +H" = +
%) ()
, 1 2 , 2
0+—r1 T+60
H +H" = AL || A
|i|1(sin0 |j‘Kcos0

Since @’ is equal to zero, we obtain

2 w2 [sz 1
H +H =|—| —.
k) (sin 0cos0)

T . 2 2

We know — and & isconstant. So H~ + H  must be
'y

constant.
2 2

<let H +H be constant. So we must prove

<2
(a,M) a helix strip. If we observe H” +H ,
then we take

> 2 T 2 T 2
H +H = - +
Ksin @ Kcosd

2

2 T’ T
2 2 + 2 2
K°sin“@ K- cos @
2 T2cos’@+1’sin’ o

Kk’ sin?Ocos’ O
2 77(cos’ @ +sin’ 6)
x’sin*@cos’ @

)
L
K (sin @cos @)
Since
2 w2
H +H
is constant,
AT S
kK~ (sin@cos8)’

must be constant. We know @ is constant. So

T
K
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must be constant. This means that the curve is helix and
the strip is a helix strip.

Theorem 11

The harmonic curvatures of curve-surface pair is invariant
under mobius transformation.

Proof 11

It is seen obviosly from the proof of the theorem 2 and
proof of the theorem 3.

Theorem 12

Let (@¢,M), and H* and H" be a curve-surface pair
(strip) and harmonic curvatures of (&, M) under Mobius

transformation in E°. Let the angle @ between normal
vector field of the surface and binormal vector field of the
curve is constant. Let @ be the image of the under
Mobius transformation. The curve-surface pair (&, M) is
inclined curve-surface pair under Mobius

*

*

transformation <= H - =tan@ = constant.

Proof 12
* T .
Weknow H =———= , Thus we obtain
xsin@ cos@
H

H _ coso
- H

sin@
—— =tané

H*
Since tan@ is constant, H—* is constant.

*

H
(<) Let =
H

be constant. So tan@must be

constant. So @ is constant. Since & is constant,
(e, M) isinclined under Mobius transformation.
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Theorem 13

We obtain the harmonic curvature of the strip H " is not
invariant for J transformation.

Proof 13

If (o¢,M) is a helix curve-surface pair (but not curvature

curve-surface pair) under mdbius transformation and
1

J(z) =— then the image J(a,M) is not a a helix
z

curve-surface pair. So H°
transformation.

is not invariant for J

Corollary 3

Harmonic curvature of the strip H " is not invariant for
Mobius transformation.
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