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The Möbius transformation is known as a part of analysis and mostly studied by the researchers and 
scientist who made their investigations on analysis. But in this paper it is worked together with 

differential geometry. It is well known that harmonic curvature H  of the curve  is found by 

Hacısalihoglu and also harmonic curvatures H  and 
*

H  of the curve-surface pair that we call the strip 

as shown as ),( Mα  is studied by Hacısalihoglu and Ertem Kaya. We observe the image of the 

harmonic curvatures H  and 
*

H  of the curve-surface pair ),( Mα  in differential geometry under 

Möbius transformation in analysis. We find the images of  harmonic curvatures H  and 
*

H  of the strip 

),( Mα  by the help of the Möbius transformation. Consequently, in this paper the curvatures and the 

harmonic curvature 
*

H  of the curve-surface pair under Möbius transformation is studied and 
*

H  is 
not invariant for Möbius transformation is obtained. 
 
Key words: Curve-surface pair, Möbius transformation, curvature. 

 
 
INTRODUCTION 
 
In 3-dimensional Euclidean space, a regular curve is 

described by its curvatures 
1

k and 
2

k  and also a curve -

surface pair is described by its curvatures 
n

k , gk  and rt . 

The relations between the curvatures of a curve-surface 
pair and the curvatures of the curve can be seen in many 
diferential books and papers. Möbius transformations are 
the automorphisms of the extended complex plane 

C∞:C∪{∞} that is the metamorphic bijections (Ozgür et 

al., 2005). M: C∞→C∞ a möbius transformation M has the 
form 
 

M )(z =
dcz

baz

+

+ ; ∈dcba ,,, C and 0≠
dc

ba . 

The set of all Möbius transformations is a group under 

composition. The Möbius transformation with 0=c  form  

the subgroup of similarities such transformations have 
the form  ∈+= BABAzzS ,;)( C, 0≠A . The transformation 

z
zJ

1
)( =

 is called an inversion. Every Möbius 

transformation M of the form BAzzS +=)(  is a 

composition of finitely many similarities and inversions 
(Ozgür, 2010). In this paper we investigate the harmonic 
curvatures of the curve-surface pair under Möbius 
transformations. *

H and **
H be the image of the 

harmonic curvatures of the curve-surface pair and 
**

,ba  

and 
*c  be the curvatures of the curve-surface pair  under
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Möbius transformation. We obtain the harmonic curvature 

of the strip 
*

H  is invariant for S transformation and 
*

H  
is not invariant for J transformation. 

 
 
THE CURVE-SURFACE PAİR (STRIP) 

 
Definition 1 
 

Let M and α be a surface in 
3

E  and a curve in 
3

EM⊂ . 

We define a surface element of  M  is the part of a 
tangent plane at the neighbour of the point. The locus of 
these surface element along the curve α is called a 

curve-surface pair and is shown as ),( Mα .  

 
 
Definition 2 
 

Let 







 →→→

bnt ,,  and 







 →→→

ζηξ ,,
 be the curve and curve-

surface pair’s vector fields. The curve-surface pair’s 
tangent vector field, normal vector field and binormal 

vector field is given by t
→

= ξ
→

, N
→→

=ζ ( nN
→→

= ) and 

ξζη
→→→

∧=  (Hacısalihoglu, 1982). 

 
 
Curvatures of the curve-surface pair and curvatures of 
the curve 
 

Let atckbk rgn ==−= ,,  and 







 →→→

ζηξ ,,  be the 

normal curvature, the geodesic curvature, the geodesic 
torsion of the strip and the curve-surface pair’s vector 
fields on α  (Hacısalihoglu, 1982). Then we have 

 

.ηξζ

ζξη

ζηξ

→→→

→→→

→→→

−=

′

+−=

′

−=

′

ab

ac

bc

 

 
We know that a curve α  has two curvatures κ  and τ . 

A curve has a strip and a strip has three curvatures 

gn kk ,  and rt . Let gn kk ,  and rt  be the  cb,−   and a . 

From last equations we have ζηξ
→→→

−=

′

bc . If we 

substitude t
→→

=ξ  in last equation, we obtain 

 
 
 
 

n
→→

=

′

κξ  

 
And 
 

ϕκ

ϕκ

cos

sin

=

−=

c

b
 

 
(Hacısalihoglu, 1982). From the last two equations we 
obtain, 
 

222 cb +=κ . 

 
This equation is a relation between the curvature κ  of a 
curve α  and normal curvature and geodesic curvature of 

a curve-surface pair. By using similar operations, we 
obtain a new equation as follows:  
 

22 cb

cbcb
a

+

′−′
+=τ  

 
(Ertem Kaya et al., 2010; Hacısalihoglu, 1982). 
 
This equation is a relation between τ  (torsion or second 

curvature of α  and curvatures of a curve-surface pair 

that belongs to the curve α ). And also we can write 

 

τϕ +′=a . 

 

The special case: If ϕ  is constant, then 0=′ϕ . So the 

equation is τ=a . That is, if the angle is constant, then 

torsion of the curve-surface pair is equal to torsion of the 
curve. 
 
 
Definition 3 
 

Let α  be a curve in 
3

EM ⊂ . If the geodesic curvature 

(torsion) of the curve α  is equal to zero, then the curve-

surface pair ),( Mα  is called a curvature curve-surface 

pair (strip) (Keleş, 1982). 

 
 
Definition 4 
 

Let H  and 
*

H  be the harmonic curvature of a strip in 
3

E . Then the harmonic curvature of the strip is the ratio 
of the torsion to the normal curvature of the strip and also 
the ratio of the torsion of the strip to the geodesic 
curvature of the strip, respectively (Ertem Kaya et al., 
2010). 



 
 
 
 
HARMONIC CURVATURES OF THE CURVE-
SURFACE PAIR  
 
In first case 
 

If we take first curvature of a strip bkn −= , then we 

obtain harmonic curvature of a strip is as follows; 
 

b

a

k

t
H

n

r

−
== . 

 
 
In second case  
 

If we take first curvature of a strip ckg = , then we obtain 

harmonic curvature of a strip is as follows; 
 

c

a

k

t
H

g

r ==
∗

. 

 
 
RELATIONS BETWEEN HARMONIC CURVATURE OF 
A STRIP AND HARMONIC CURVATURE OF A CURVE  
 

Lets take first curvature of the strip is bk
n

−=  and 

torsion of the strip is at
r

= . If we write the equations of 

rn
tk ,  and H  into the harmonic curvature of the strip, 

then we obtain the equation 
 

.csc
sin

sin

1

sin

sin

1

sin

sinsin

sin

ϕ
ϕκ

ϕ

ϕϕκ

ϕ

ϕκ

τ

ϕκ

ϕ

ϕκ

τ

ϕκ

ϕ

ϕκ

τϕ

HH

HH

H

H

b

a

k

t
H

n

r

+
′

=

+
′

=

+
′

=

+
′

=

+′
=

−
==

 

 
The last equation is the relation between harmonic 
curvature of the strip and harmonic curvature of a curve 
in first case (Ertem Kaya, 2010; Ertem Kaya et al., 2010). 

Now let take first curvature of the strip is ckg =  and 

torsion of the strip is at
r

= . If we write the equations of 

rg tk ,  and 
∗

H  into the harmonic curvature of the strip, 

then we obtain the equation: 
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.sec
cos

cos

1

cos

cos

1

cos

coscos

cos

ϕ
ϕκ

ϕ

ϕϕκ

ϕ

ϕκ

τ

ϕκ

ϕ

ϕκ

τ

ϕκ

ϕ

ϕκ

τϕ

HH

HH

H

H

c

a

k

t
H

g

r

+
′

=

+
′

=

+
′

=

+
′

=

+′
===

∗

∗

∗

∗

∗

 

 
The last equation is the relation between harmonic 
curvature of the strip and harmonic curvature of a curve 
in second case (Ertem Kaya, 2010; Ertem Kaya et al., 
2010). 
 
 
SPECİAL CASE 
 
Theorem 1  
 

Let H  be the harmonic curvature of the strip. If the angle 
ϕ  between normal vector field of the surface and 

binormal vector field of the curve is constant, bkn −=  

and at
r

=  is the first curvature of the strip and the 

torsion of the strip in 
3

E , we give the relation between 
harmonic curvatures of the strip and the curve in first 

case ϕcscHH = . 

 
 
Proof  1 
 

In first case we know ϕ
ϕκ

ϕ
csc

sin
HH +

′
=  and ıf the 

angleϕ  is constant, then 0=′ϕ . So we take 

 

ϕ
ϕκ

ϕ
ϕκ

ϕ

csc
sin

0

csc
sin

HH

HH

+=

+
′

=
 

ϕcscHH = . 

 
 
Theorem 2 
 

Let 
∗

H  be the harmonic curvature of the strip. If the 
angle ϕ  between normal vector field of the surface and 

binormal vector field of the curve is constant, ckg =  and  
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at
r
=  is the first curvature of the strip and the torsion of 

the strip in 
3

E , we give the relation ϕsecHH =
∗

 

between harmonic curvatures of the strip and the curve in 
second case. 
 
 
Proof 2 
 

We know ϕ
ϕκ

ϕ
sec

cos
HH +

′
=

∗

 and 0=′ϕ . So 

we obtain; 
 

.sec

sec
cos

0

sec
cos

ϕ

ϕ
ϕκ

ϕ
ϕκ

ϕ

HH

HH

HH

=

+=

+
′

=

∗

∗

∗

 

 
 
Theorem 3 
 
Let the angle ϕ  between normal vector field of the 

surface and binormal vector field of the curve be constant 

and ),( Mα  be strip in 
3

E . When the strip ),( Mα ’s 

curvatures cba ,,  are not constant but harmonic 

curvature of strip is constant, the strip is called inclined 

strip .
22

cstHH =+⇔
∗

 (Ertem Kaya, 2010). 

 
 
Proof 3 
 

⇒ Let H  and 
*

H  be the harmonic curvatures of 

),( Mα . We should show that 
22 ∗

+ HH  must be 

constant. We know that harmonic curvatures of the strip 

b

a

k

t
H

n

r

−
==  and 

c

a

k

t
H

g

r ==
∗

. If we use 

these equations, we take 

 
22

22









+









−
=+

∗

c

a

b

a
HH  

22
22

cossin







 +′
+







 +′
=+

∗

ϕκ

τϕ

ϕκ

τϕ
HH . 

 
In here, ϕ  is constant. So, 

 
 
 
 

0=′ϕ . 

 

Since ϕ′  is equal to zero, we obtain 

 

( )
.

cossin

1
2

2
22

ϕϕκ

τ








=+

∗
HH  

 

We know 
κ

τ
 and ϕ  is constant. So 

22 ∗
+ HH  must be 

constant ⇐ Let 
22 ∗

+ HH  be constant.  In  this  case  is 

we must prove ),( Mα  a helix strip. If we observe  

22 ∗
+ HH , then we take 

 

( )
.

cossin

1

cossin

2

2
22

22
22

ϕϕκ

τ

ϕκ

τ

ϕκ

τ









=+









+








=+

∗

∗

HH

HH

 

 

Since 
22 ∗

+ HH  is constant, 
( )2

2

cossin

1

ϕϕκ

τ








  must 

be constant. We know ϕ  is constant. So 
κ

τ
 must be 

constant. This means that the curve α  is a helix and the 

strip ),( Mα  is a helix strip (Ertem Kaya, 2010; Ertem 

Kaya et al., 2010). 
 
 
Theorem 4  
 

Let ),( Mα  and H ,
*

H  be a curve-surface pair (strip) 

and harmonic curvatures of ),( Mα  in 
3

E . Let the angle 

ϕ  between normal vector field of the surface and 

binormal vector field of the curve is constant. The strip 

),( Mα  is inclined curve-surface 

pair ==⇔

∗

ϕtan
H

H constant (Ertem Kaya, 2010; Ertem 

Kaya et al., 2010). 
 
 
Proof 4 
 

( )⇒  We know 
ϕsin

H
H =  and 

ϕcos

H
H =

∗
 by the 

theorems 1 and 2. Thus 



 
 
 
 

.tan

sin

cos

ϕ

ϕ

ϕ

=

=

∗

∗

H

H

H

H

H

H

 

 

Since ϕ  is constant, 
H

H
∗

 is constant.  

( )⇐ Let 
H

H
∗

 be constant. Thus tanϕ  must be constant. 

So ϕ  is constant. Since ϕ  is constant, ),( Mα  is 

inclined (Ertem Kaya et al., 2010). Thus we take the strip 

),( Mα  is inclined curve-surface pair ==⇔

∗

ϕtan
H

H
 

constant (Ertem Kaya, 2010; Ertem Kaya et al., 2010). 
 
 
Example 1 
 

Let take the curve ),sin,(cos sss=α  and be the angle 

2

π
ϕ =  between normal vector field of the surface and 

binormal vector field of the curve be constant. Thus we 

find the curvatures, harmonic curvatures of ),( Mα  and 

the image of the Möbius transformations of these. Firstly, 
let find the curvatures of the Möbius transformations. We 

can compute the curvatures 
2

1
=κ  and the torsion 

2

1
=τ of the curve α . Thus we take the curvatures of 

the strip ),( Mα  

 

,0
2

cos
2

1
cos

,
2

1

2
sin

2

1
sin

===

−=−=−=

π
ϕκ

π
ϕκ

c

b

 

2

1
0 +=+′= τϕa . 

 
Now we can find the harmonic curvature of curve as in 
the following 
 

constH

H

==

=

1

/κτ
 

 
We can say that the curve is an helix. Thus we have the 
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harmonic curvatures of the strip. 
 

In first case: If we take first curvature of a strip bk
n

−= , 

then we obtain harmonic curvature of a strip is as follows; 
 

1
)2/1(

2/1
=

−−
=

−
==

b

a

k

t
H

n

r
. 

 
In second case: If we take first curvature of a strip 

ckg = , then we obtain harmonic curvature of a strip is 

as follows; 
 

.
0

2/1
∞====

∗

c

a

k

t
H

g

r . 

 
We can not calculate harmonic curvature in second case. 
 
 
THE IMAGE OF THE CURVE-SURFACE PAIRS 
UNDER THE MOBIUS TRANSFORMATION 
 
Theorem 5 
 

 Let 
111

,, cba  be the curvatures of the strip ),( Mα  and 

),( Mα  transform (M (α ), M ) under Möbius 

transformation. So 
222

,, cba  are the curvatures of (M 

(α ), M ). We know that ıf ),( Mα  is a curvature curve-

surface pair, then 0
1

=a  (Keleş, 1982). So we can say 

that ıf ),( Mα  is a curvature curve-surface pair, then we 

find (M (α ), M ) is a curvature curve-surface pair. 

 
 
Proof 5 
 
Let the image of the curve α  and the angle ϕ  under 

Möbius transformation be the curve β  and the angle θ . 

We know that the curvatures of α  belong to: 

 

).0(

,

11

2

1

2

1

1111

1

2

1

2

1

2

=′−=

+

′−′
+=

+=

aa

cb

cbcb
a

cb

ϕτ

τ

κ

 

 
Before the Möbius transformation we have 

11
,,,,, baτκϕα  and 

1
c , after Möbius transformation let 

take 
22

,,,,, ba∗∗ τκθβ  and 
2

c . And the curvatures of β  
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belong  to: 
 

2

2

2

2

2

cb +=∗κ  

.

,

2

2

2

2

2

2222

2

θτ

τ

′−=

+

′−′
+=

∗

∗

a

cb

cbcb
a

 

 

We should proof 
2

a  is equal to zero. Every Möbius 

transformation M of the Form (2) is a composition of 
finitely many similarities and inversions (Ozgür, 2010). 
Such as we can write, 
 
M )()()( ααα oJS= α  

.
21

βββ o=  

 

Let A= ),(
21

xx and ),,(
321

ααα be a point and the 

coordinates of α  on the curve α . So from the equation 

∈+= BABAzzS ,;)( C, 0≠A , we have  

 

),,(

)()(

))(()(

32222112211 ααααα

αα

Abxxbxx

tABAZtZS

tSS

jj

+++−=

=++=+

=

 

 
And 
 

.
)(

)(
,

)(

)(
,

)(

)(
))((

)(

2

3

3

2

2

2

2

1

1

22













 −
=

+

+
=+

t

t

t

t

t

t
tJ

tZ

tZ
tZJ

j

j

j

α

α

α

α

α

α
α

 

 

For the transformation S , we have 

 

κκ
A

1
=∗  and 

ττ
A

1
=∗ , 

 

θ
κ

θ

θϕ

θτ

θτ

′+
′−′

=

′+
+

′−′
=

′+′−=

′+=

′+= ∗

)(
1

)(
1

)(
1

1

2

1111

2

2

1

2

1

1111

2

2

2

2

cbcb

A
a

cb

cbcb

A
a

A
a

A
a

a

 

 
 
 
 

.)(
1

)
)(

(
1

2

2

2

2

1111

32

2

1111

2

θ

θ
κ

′+
+

′−′
=

′+
′−′

=
∗

cb

cbcb

A
a

A

cbcb

A
a

 

 

We know that 0
1

=a  from the Theorem 5. We have 

 

θ
ϕ

θκ

sin
sin

1

sin
1

1

2

2

b

A
b

A
b

=

=
 

 
and 

.
sin

sin

cos
cos

1

cos
cos

1

21

2
1

1
2

θ

ϕ

ϕ
θ

θ
ϕ

bAb

c

A
c

c

A
c

=

=

=

 

 

If we apply 
1

b  to 
2

a , after some computaions, we find the 

equation 
 

.)(
1

)(
1

2

2

2

2

2

2222
2

θθ

θ

′+′−=

′+
+

′−′
=

A
a

cb

cbcb

A
a

 

 
 
Now we have two cases: 
 

Case 1. If ,1=A then we find 0
2

=a . That means (M 

(α ), M ) is a curvature curve-surface pair (strip). This 

proves the theorem. 

Case 2. If ,1≠A then we find )1(
1

2
−′= A

A
a θ . Thus 

(M (α ), M ) is not a curvature curve-surface pair.  

 
 
Corollary 1 
 

If ,1=A then the characterization of curvature strip is 

invariant under Möbius transformation. 
 
 
Corollary 2 
 

If ,1≠A then the characterization of curvature strip is 

not invariant under Möbius transformation. 



 
 
 
 
Example 2  
 

Let us consider the curve ),sin,(cos sss=α  is an helix 

and find the image of the α  and its curvatures under 

Möbius transformation. We know 
 
 

22
)(

j

j

j

tZ

tZ
tZJ

+

+
=+

 
 

Thus we have the image of α  under J  as 

 

2
1

sincos
))(sin(cos

s

sjsis
sjissJ

+

+−
=++ , 

 

Then the image of the α  is )(αJ  has the form 

 

)
1

,
1

sin
,

1

cos
()(

222 s

s

s

s

s

s
s

++

−

+
=β  

 

After some computations we find the curvatures 
∗κ  of  

)(sβ  

 

2

)9(

2

)1842(

)1()sin2)1cos(

)cos2)1((sin

)3()coscos2sin2(cos

)sinsin2cos2(sin
)1(

24

2

3

2

1

24

2222

22

222

22

32

++
=
















++

=






























−+−++

++










++−+++

−+−
+

=

∗

∗

ssss

ssss

ssss

sssssss

sssss
s

κ

κ

 

 
∗κ  can not be a constant. Similarly, the torsion of )(sβ  

is obtained as in the following 
 

1842

)35(
24

246

++

−−−
=∗

ss

sss
τ  

 
∗τ  can not be a constant. Consequently )(αJ  is not a 

helix. We have 
 

BAzzS +=)(  

κκ
A

1
=∗  and ττ

A

1
=∗ ,  

 

then const=κ >0, 0≠= constτ . We see that 

const=∗κ >0, 0≠=∗ constτ . So )(αS  is a helix (for 

more details (Ozgür et al., 2005). 
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Theorem 6  
 
For the transformation J, let take 

,1),,(
2

321 =⇒∈= ααααα oS α  is 

curvature strip and 2
)( oSJ ∈= βα  [Möbius transformations 

take circles to circles (Ozgür, 2010)].  We have 
 

ϕτ

ϕτ

′+=

=′+=
∗

2

11 ,0,

a

aa
 

 
And 
 

.
),,det(

,
),,det(

2

2

ββ

βββ
τ

αα

ααα
τ

′′∧′

′′′′′′
=

′′∧′

′′′′′′
=

∗

 

 
So we have, 
 

),,(

),,(

),,(

),,(

321

321

321

321

αααβ

αααβ

αααβ

αααβ

′′′′′′−′′′=′′′

′′′′−′′=′′

′′−′=′

−=

 

 
And 
 

,
),,det(),,det(

22
αα

ααα

ββ

βββ

′′∧′

′′′′′′
−=

′′∧′

′′′′′′  

ττ −=∗
. 

 

We find ϕτ ′=−= 22
2

a  and .00
2

=⇒=′ aϕ  Thus β  

is a curvature strip. This completes the proof of the 
theorem. 
 
 
HARMONIC CURVATURE OF THE CURVE-SURFACE 
PAIR UNDER MOBIUS TRANSFORMATION 
 

Let 
∗

H  and 
∗∗

H  be the image of the harmonic 

curvatures of the curve-surface pair and 
∗∗ ba ,  and 

∗c  

be the curvatures of the curve-surface pair under Mobius 
transformation. In first case, we obtain the following 
theorem. 
 
 
Theorem 7  
 

We obtain the harmonic curvature of the strip 
∗

H  is 

invariant for S  transformation. 
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Proof  7 
 
We have 
 

.
sin

sin
1

1

sin θκ

τθ

θκ

τθ

θκ

τθ +′
=

+′

=
+′

=
−

=
∗

∗

∗

∗
∗ A

A

A

b

a
H  

 

If the angle θ  is constant, then 0=′θ . Thus we take, 

 

κ

τ
=∗H . 

 
 
Remark 1 
 

If the angle ...)2,1,0( == kkπθ , we obtain ∞=
∗∗

H . 

So, we can take the harmonic curvature of the curve-

surface pair 
∗∗

H  is not invariant for S  transformation. 

 
 
Theorem 8 
 
In second case we can calculate  
 

θκ

θτ

cos
1

1

A

A

c

a
H

′+

==
∗

∗
∗∗ . 

 

If the angle θ  is constant, then 0=′θ . Thus we take, 

 

.sec

cos

cos
1

1

θ
κ

τ
θκ

τ

θκ

τ

=

=

=

∗∗

∗∗

∗∗

H

H

A

A
H

 

 
 
Theorem 9 
 

If the angle ...)2,1,0( == kkπθ  we can take the 

harmonic curvature of the curve-surface pair 
∗∗

H  is 

invariant for S  transformation. 

 
 
 
 
Proof 9 
 

If 0=k , then we have 10coscos ==θ . So we 

observe 
 

κ

τ
=

∗∗
H , 

 

If 1=k , then  

1coscos −== πθ . So 

  

κ

τ
−=

∗∗
H , 

 

If 2=k , then 

12coscos == πθ . So  

κ

τ
=

∗∗
H , 

 
We can do same operations for every k. Thus we have 

θcos  is constant. So 
∗∗

H  is invariant for S  

transformation. This completes the proof of the theorem. 
 
 
Theorem 10 
 

If the curvatures cba ,,  of the strip ),( Mα  are not 

constant but harmonic curvatures 
∗∗ ba ,  and 

∗c  of the 

strip under Möbius transformation and the angle θ  are 

constant, then the strip is called inclined strip 

.
22

cstHH =+⇔
∗∗∗

 

 
 
Proof 10 
 

)(⇒ Let  
∗

H  and 
∗∗

H  be the harmonic curvatures of 

),( Mα  under Mobius  transformation. We should show 

that 

22 ∗∗∗ +HH  must be constant. We know that 
harmonic curvatures of the strip  

 

θκ

τθ

sin
1

1

A

A

b

a
H

+′

=
−

=
∗

∗
∗

 and 

θκ

θτ

cos
1

1

A

A

c

a
H

′+

==
∗

∗
∗∗

.  

 
If we use these equations, we take 



 
 
 
 

22

22

22
22

cos
1

1

sin
1

1


















′+

+


















+′

=+









+









−
=+

∗∗∗

∗

∗

∗

∗
∗∗∗

θκ

θτ

θκ

τθ

A

A

A

A
HH

c

a

b

a
HH

 

 

Since  θ ′  is equal to zero, we obtain 

 

( )
.

cossin

1
2

2
22

θθκ

τ








=+

∗∗∗
HH  

 

We know 
κ

τ
 and θ  is constant. So 

22 ∗∗∗ + HH  must be 

constant. 

⇐ Let 
22 ∗∗∗ + HH  be constant. So we must prove 

),( Mα  a helix strip. If we observe 
22 ∗∗∗ + HH , 

then we take 
 

2

2
22

222

22222

222

222222

22

2

22

222

22
22

)cos(sin

1
)(

cossin

)sin(cos

cossin

sincos

cossin

cossin

θθκ

τ
θθκ

θθτ

θθκ

θτθτ

θκ

τ

θκ

τ

θκ

τ

θκ

τ

=+

+
=+

+
=+

+=+









+








=+

∗∗∗

∗∗∗

∗∗∗

∗∗∗

∗∗∗

HH

HH

HH

HH

HH

 

 
Since 
  

22 ∗∗∗ + HH  
 
is constant,   
 

2

2

)cos(sin

1
)(

θθκ

τ
  

 

must be constant. We know θ  is constant. So  

 

κ

τ
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must be constant. This means that the curve is helix and 
the strip is a helix strip. 
 
 
Theorem 11  
 
The harmonic curvatures of curve-surface pair is invariant 
under mobius transformation. 
 
 
Proof 11  
 
It is seen obviosly from the proof of the theorem 2 and 
proof of the theorem 3. 
 
 
Theorem 12  
 

Let ),( Mα , and 
∗

H  and 
∗∗

H be a curve-surface pair 

(strip) and harmonic curvatures of ),( Mα  under Mobius 

transformation in 
3

E . Let the angle ϕ  between normal 

vector field of the surface and binormal vector field of the 

curve is constant. Let θ  be the image of the under 

Mobius transformation. The curve-surface pair ),( Mα  is 

inclined curve-surface pair under Mobius 

transformation ==⇔ ∗∗

∗

θtan
H

H
constant. 

 
 
Proof 12 
 

We know 
θθκ

τ

cossin

H
H ==∗

, Thus we obtain 

 

.tan

sin

cos

θ

θ

θ

=

=

∗

∗

∗

∗

∗

∗

H

H

H

H

H

H

 

 

Since θtan  is constant, ∗∗

∗

H

H
 is constant. 

)(⇐ Let ∗∗

∗

H

H
 be constant. So θtan must be 

constant. So θ  is constant. Since θ  is constant, 

),( Mα  is inclined under Mobius transformation.  
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Theorem 13  
 

We obtain the harmonic curvature of the strip 
∗

H  is not 

invariant for J  transformation. 

 
 
Proof 13   
 

If ),( Mα  is a helix curve-surface pair (but not curvature 

curve-surface pair) under möbius transformation and 

z
zJ

1
)( =  then the image ),( MJ α   is not a a helix 

curve-surface pair. So 
∗

H  is not invariant for J 
transformation.  
 
 
Corollary 3  
 

Harmonic curvature of the strip 
∗

H  is not invariant for 
Mobius transformation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
REFERENCES 
 
Ertem Kaya F, Yaylı Y, Hacısalihoglu HH (2010). Harmonic Curvatures 

of a Strip in
3

E , Commun. Fac. Sci. Univ. Ank. Series A1, 59(2):1-14 
ISSN 1303-5991. 

Ertem Kaya F (2010). Terquem and Joachimsthal Type Theorems in   
[PhD] Ankara University, pp. 72-78. 

Hacısalihoglu HH (1982). On The Relations Between The Higher 
Curvatures Of A Curve and A Strip., Communications de la faculté 
des Sciences De Université d.Ankara Serie A1, Tome 31. 

Keleş S (1982). Joachimsthal Theorems for Manifolds [PhD] Fırat 
University. pp. 15-17. 

Ozgür NY (2010). Ellipses and Harmonic Möbius Transformations., An. 
¸St. Univ. Ovidius Constanta, 18(2):201-208. 

Ozgür NY, Ozgür C, Bulut S (2005). On the Images of the Helix under 
the Möbius Transformations, Non Linear Funct. Anal. Appl. 
10(5):743-749. 


