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functions, the existence and uniqueness of weighted pseudo almost periodic solutions are obtained for
differential equations involving reflection of the argument.
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INTRODUCTION

The almost periodic functions are closely connected with
harmonic analysis, differential equations, dynamical
systems, etc. (Diagana, 2008; Fink, 1974). Almost
periodic functions are the generalization of continuous
periodic and quasi-periodic functions. And they are
generalized by many mathematicians in various ways
(Sharkovskii, 1978). What we are interested in here is the
pseudo almost periodic functions. This almost periodic
type functions was introduced by Zhang in 1994. In
Zhang, 1994, 1995), he also investigated their
applications to differential equations. In 2006, Diagana
(Diagana, 2006) generalized the notion of pseudo almost
periodic function, and introduced some new classes of
functions called weighted pseudo almost periodic
functions and their applications to differential equations.
Some new references focus on the weighted pseudo
almost periodic solutions of differential equations;
(Diagana, 2006, 2008, 2009a; Zhang, 2003).

Motivated by the aforementioned works, we are going to
investigate the weighted pseudo almost periodic solutions
of differential equations involving reflection of argument.
These kind of differential equations have applications in
the study of stability of differential-difference equations,
see Sarkovskii (1978), and such equations show very
interesting properties by themselves. So many authors
have worked on them.
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Aftabizadeh et al. (1985) initiated to study boundary value
problems involving reflection of the argument. Gupta
(1987a, 1987h) investigated two point boundary value
problems for this kind of equations. Afidabizadeh et al.
(1988) studied the existence of unique bounded solution
of

X(t) = f (t,x(t), x(-1)). @)

They proved that x(t) is almost periodic by assuming the
existence of bounded solution X(t) of Equation 1. The

existence and uniqueness of periodic, almost periodic
and pseudo almost periodic solutions of the equations

X(0) +ax(®) +bx(-) =g() b#0 teRr @
and
KO +ax() +bx(-) = FEXOXD) b20 teR. (g

were investigated in Piao (2004 a; 2004 b). Here

f(txy) is almost periodic or pseudo almost periodic

on t uniformly with respect to X and ¥ in any compact

subset of R*.
Now we are concerned with weighted pseudo almost

periodic solutions of Equation 2 and 3, where F(txy)



weighted pseudo almost periodic on t uniformly with

. 2
respect to X and Y in any compact subset of R*. And
we obtain the existence and uniqueness of weighted
pseudo almost periodic solution.

Remark 1

Let y(t)=x(-t), then Equation 2 is changed into
system

X=-ax—by+g(t) y=bx+ay-g(-t) 4)

which is formally a Hamilton system with Hamiltonian

H(x y.t)= =

_bez +%by2 +axy—g(-t)x—-g(t)y

So one may say that some first order scalar differential
equations can also generate Hamilton systems.

PRELIMINARIES

BC(R,R),|

Throughout the paper, let (BC(R, )’” ”) denote the
collection of all R -valued bounded continuous functions
equipped with the sup norm ”¢”°° = SUPer ¢(t)|

¢ € BC(R’R). Let u denote the collection of functions
p:R —(0,0)

for each
( weights ) which are locally integrable
over R such that p>0 almost everywhere. Let UB

denote the set of all © eU such that # is bounded with
infteRp(t) > O

we then set:

. From now on, if peU and for 1 >0

u(T,p)= [ plt)dt

As in the particular case when p) =1 for each 1€R ,

we are exclusively interested in those weights, P for

which mT—>°°'u(T’p) =% Thus the space of weights

U, defined by
Uoo::{p EU IImT—)oo/’l(T’p) = OO}

plays a key role. Of course, one can always consider

those weights ¥ € U tor which lim, , u(T, p) # o
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Obviously, UgcU, U , With strict inclusions.
Definition 1
Let P11 P2 €U . One says “1 is equivalent to P, or p

~ p, if whenever Pl P2 €V (piagana, 2006, 2008).

Definition 2

(Corduneanu, 1989; Fink, 1974) A function ' :R—=R s
almost periodic, if the € ~ translation of
fT(f,e)={re R:| f(t+7)- f(t)| <& VteR} is relatively
dense in R. We denote the set of all such functions by
AP(R)

Definition 3

. 2
A functon F:RXR"—>R s amost periodic for t

2
uniformly on RZ, if for any compact W <R the
€~ translation of F (Corduneanu, 1989; Fink, 1974)

T(F,eW)={reR|F(t+7,xY)-F(txY)<& ¥t X y) eRxW}

is relatively dense in R . We denote the set of all such

functions by AP(RxR?).

pel PAR,(R.0)

Let * . We denote by the set that

{f e BC(R):lim 1 )fT|f(a)|p(a)dg:0}

T u(,p

PAPR, (R xR?,p)

and by the set that

{F € BC(RxR?):lim ! ) fT‘F(O', X, y)‘p(o)do-zo,V(x, y) eW}

T u(Tp

Clearly, when p(t)=1 for each L€R , one retrieves the
PAR,(R)

so-called ergodic space of Zhang, that is,
defined by

1
ron 55 || T (@) do=0}

PAR, (R.p)

{f e BC(R):lim

Clearly, the spaces are richer than
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PAR (R) and give rise to an enlarged space of pseudo-
almost periodic functions.

Definition 4

Let P €U°°. A function f eBC(R) is called weighted
pseudo almost periodic (or p_pseudo almost periodic )

if it can be decomposed as f= g+ ¢ , Where
g € AP(R) and ¢ < PAR (R.p) . The collection of such
functions will be denoted by PAP(R,p) .

The decomposition of a p_pseudo almost periodic
function is also unique (Diagana, 2006, 2008).

Lemmal

Let peU_.

Q) If g(t)ePAP(R,p), |g()| is even, then
g(-t) e PAP(R,p)
(2 Let g(t)ePAP(R,p).
g(-t) e PAP(R,p).

Particularly if Pt =p(-1) _then g(-t) e PAP(R,p)

If p(t) ~ p(-t), then

Proof (1) If |g()| is even, the proof is direct.

() If |g()| is not even, write g=h+(o, where
heAPRR)  and pePAP(Rp). h(-t)c AP(R)
(Diagana, 2006). If p(t) ~ p(-t), we have

1
T (T, p)

lim [ lo(-o)| p(e)do

1

:IimT—>oo = N
u(T, p)

[" 0@ () 25D dor=0
T p(o) ,

p(-1) € PAR(R.0) o, 9(-t) e PAP(R,p)

hence

Lemma 2

Let pE L,loo
W =W, xW, — R? (Diagana,
f € PAP(R xW,p) satisfy

and W, W,cR be closed, set
2008). Let

|f(t,2)-f(t,Z2"|<L|Z'-Z"| (teRZ',Z"eW)

where L>0 | FePAP(Rp)? ang PO EW < 4
teR then fo(xF)ePAPR.p) ere F=(f, fz)’ and
X F() = (4 1,0, F,(0).

MAIN RESULTS

Our main results can be stated as follows.

Theorem 1

peU_ . For any g(t)ePAP(R,p), A*=a’-b?,
A>0_ setting P(4,p):= supm{fT e * 1) p(t)dt},
we suppose that P(4, p) <o, and p(t) ~ p(-t). Then

Equation 2 has a unique p_weighted pseudo almost
periodic solution X(t).

Proof existence

From Lemma 2 and 3 of Afidabizadeh et al. (1985), we
can derive

() = (" [ e (2~ )g(s) + by (-5))]ds

bl [ e (L a)g(e)-by(-s)Ids

is a particular solution of Equation 2 for any
g(t) e PAP(R, p). Now we show X(t) € PAP(R, o).

Suppose g(t) =h(t) +¢(t), h(t) e AP(R),
o(t) € PAR(R, p) . Let

H(t)= —% [e* fo e ((A—a)h(s) +bh(-s))]ds
1o st s

+ 21 [e LO e (A +a)h(s)—bh(-s))]ds

and

D) = -{e" [ e (2~ a)(s) +bo(-5)lds



+i e[ & ((2+a)p(s) - bp(-))]ds

then Xx(t) = H(t) + d(t) . Similar to the proof of Theorem
2.1 in Piao (2004a), we have H(t) € AP(R).
Next, we show that ®(t) € PAR,(R,p).

ﬁﬂ |D(1)| p(t)dt

< s o | PO, € (2 =allots) + pllpt-as

+ﬁ [ pdt[" ¢ (a+ale()| +bllo(-s)hds
= (r ik j (t)dtj #0912~ ao(s)| + bl | (~5)])dls

ot e PO & i allp(o) bl
ﬁj p(0)dt] &2+ alp(s) + bl|p(-s)ds
oty e O8] &0 o) bl os

For convenience, we denote the last four terms by |,

I,, I, and I, respectively.

1
l,(p)= uw 5 " oty e

j e (|4 +al|p(s)| + bl jo(~ s)|)dsj e " p(t)dt

~ 2+ 2lo(s) + bllot-s)ds

21#(T p)

. _PA,.p)

< g (aral+ oo

—>O,aST—>oo,

l.(p) =

2/1y(1'l' p jTT p)ct[ e (2+allp(s)|+ pllo(-s))ds

WJ‘ (|l+a||§0(t)| |b||g0( t)|),0(t)dtj e At-9)gg

= s 3 e A a0 el oot

1

< qu (4 + al|e®)|+ |b||e(—t)]) o(t)dt

_ |a+4]

T 227 u(T, ) " le-)] ptyat

T |l)|
(0] O dt+——-—
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—)O,asT—>oo_

Similarly, we can show that |,(p),l,(p) >0 as

T —>o0. So, X(t) is weighted pseudo almost periodic
solution of Equation 2.

Uniqueness

If there is another p—weighted pseudo almost periodic
solution X (t) for Equation 2, then the difference

X(t) —x,(t) should be a solution of the homogeneous
equation

X(t)+ax(®) +bx(-)=0 b20 teR -

According to the Lemma 2 of Fink (1974), we can derive
A-a
x(t)—xl(t):C(TeM+e”j, teR, (6)

for some constant C. If C =0, then X(t) —x,(t) will be

unbounded. This is a contradiction to the boundedness of
weighted pseudo almost periodic function. So

X(t)—x (t) =0, thatis, x(t) =x,(t).

Theorem 2

Let peU,_ . Suppose f(t,X,y)ePAP(RxR?, p) and
satisfies Lipschitz condition

£t %, ¥0) = F (X, o) S L% =% |+]Y: = Ya))

for any (x,v,),(x,,Y,) eR?, where | _ 22 ’
|2—a|+|A+a|+2[o|

A2 =a*-b*, 1>0.

i
P(4,p) =supr.f[ e Tp(t)d}, we

suppose that P(A,p) <o, and p(t) ~ p(-t). Then
Equation 3 has a unique p—weighted pseudo almost

Setting

periodic solution X(t) .

Proof

From Remark 2.5 in Diagana (2008), we know the space
PAP(R,p) is a Banach with the supremum norm. And
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from Lemma 2, we see f(t,¢(t), p(-t)) € PAP(R,p).
According to Theorem 1, we see the equation

%(t) + ax(t) +bx(-t) = f (t, o(t), p(~1)) b =0, t e R ,(7)

has a uniqgue p—weighted pseudo almost periodic
solution, denote it by (Te)(t). Then we define a
mapping T : PAP(R,p) —> PAP(R,p). Now we show

T is contracted.
For ¢(t),w(t) € PAP(R,p) , the equation

X(t) +ax(t) + bx(-t) = f (t, o(t), (1)) - f (t,y (1), w (1))
,b#0,teR, (8)

has a unique p—weighted pseudo almost periodic
solution (Tep—Tw)(t), and

|A—a|+|1+a|+2|0]
22

ITo-Tyl < Lllp -y
|A—a|+|1+a|+2|b|
247
mapping, and so T has a unique fixed point in
PAP(R,p) . That is to say the Equation 3 has a unique

Since L<1, T is a contraction

© —weighted pseudo almost periodic solution X(t). The
proof is completed.
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