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In this paper, we use the modified variational iteration method (MVIM) for solving the system of
nonlinear boundary value problems associated with obstacle problems. This modified variational
method is an elegant coupling of variational iteration method and homotopy perturbation method. We
give the examples of second-order, third-order and fourth-order system of nonlinear boundary value
problems to illustrate the implementation and efficiency of the proposed MVIM. Results obtained in this

paper may stimulate further research in this area.
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INTRODUCTION

It is well known a wide class of problems which arise in
several branches of pure and applied sciences can be
formulated as a system of boundary value problems. This
system of boundary value problems can be obtained by
using the penalty methods for solving the variational
inequalities associated with the obstacle, unilateral,
moving, free boundary value problems. To be more
precise, we consider the following system of nonlinear
boundary value problems:

f(xu(x)). a<x<c, (1)
Tu=1f(xu(x))+u(x)g(x)+r c<x<d,

£ (xu(x)) d<x<b,
with boundary conditions

u(a)=u(b)=q,, u'(a)=u'(b)=«a,...
and continuity conditions of u(x),u’(x),...,u"? (x)

u"™ (a)= u™™ ()=«
and
u("_l)(x) at internal points ¢ and d of the interval[a,b].

Here Tis differential operator of any
order, ¢, i=0...n—1, are constants and ¢(x) is a linear
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n-1°

continuous functions on [ab], whereas f(x,u(x))=f(u)

is nonlinear function. For the formulation, applications
and numerical methods, see Al-Said et al. (2003, 1996,
1998), Gao et al. (2006), Geng et al. (2010), Kikuchi et
al. (1988), Noor (1988, 2000, 2004, 2009) and Noor et
al. (1993, 1994, 2003, 2010, 2010a, 2011, 20114, 2011b,
2011c).

Several techniques have been developed for solving
system of linear boundary value problems associated
with obstacle problems. He (1999, 1999a, 2006, 20063,
2007, 2008) developed the variational iteration and the
homotopy perturbation methods for solving linear,
nonlinear initial and boundary value problems. The origin
of the variational iteration method can be traced back to
Inokuti et al. (1978), but the real potential of the variation-
al iteration method was explored by He (1999, 2007). The
variational iteration method provides the solution in a
rapid convergent series which may lead the solution in a
closed form. Noor et al. (2010, 2011, 2011a, 2011b) have
considered system of nonlinear higher order boundary
value problems and applied the modified variation of
parameters method for finding the approximate solution
of the problems. Mohyud-Din et al. (2009) have dev-
eloped the modified variational iteration method (MVIM)
for solving system of nonlinear boundary value problems.
The proposed technique is an elegant coupling of the
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variational iteration method and the homotopy per-
turbation method. The basic motivation of this paper is to
apply the MVIM for solving the system of higher-order
nonlinear boundary value problems associated with
obstacle, unilateral and contact problems. In the present
study we implement this technique for solving systems of
nonlinear second, third and fourth-orders boundary value
problems associated with obstacle, unilateral and contact
problems.

MVIM

To convey the basic idea of the MVIM for differential
equations, we consider the general differential equation
of the form.

Lu(x)+ Nu(x)=g(x), (2

Where L is linear operator, N is a nonlinear operator
and g is a forcing term.

Following the technique of the variational iteration, we
can construct a correction functional as follows

= O+ AB LGNGO —4B)dE k=012, (3)

where A is a Lagrange multiplier, which can be
identified via the optimally condition method. Here i, is
considered as a restricted variation, that is, o, =0,

and is called as a correct functional.

We recall the homotopy perturbation method for solving
the nonlinear Equation (2). Using the technique and idea
of He (2008), one can construct a homotopy

Hw(x),p): Q x [0,1] > R, which satisfies:
HW(x), p)= (1= p)LLOx) = Lty ()] + pPLL(x) + N (%) — g(0)] =0,

Where pe [0, 1] is an embedding parameter, u,, is an
initial approximation of the solution of the Equation (2).

Clearly, we have
H(v(x),0) = L(v(x))— L(u,(x)) =0,
H(v(x),1)= L(v(x))+N(¥(x))—g(x)=0.

Changing the process of p from zero to unity is just that
change of H(v(x), p) from L(v(x))—L(u,(x))=0 to
L(v(x))+ N(v(x))—g(x). This is called homotopy and

L(v(x)) —L(uy(x)) and L(v(x))+N(v(x))—g(x)
are called homotopic.

Now, we apply the homotopy perturbation method in
the following form

>4 u=1+| ;@[“Zﬁ'“ L)+ Y " NG }df—f A 9
=0 0 =0 =0 0 (4)

which is the coupling of variational iteration method and
the homotopy perturbation method and is called the
MVIM. The comparison of like powers of p provides

solutions of various orders. According to the homotopy
perturbation method, the solution of equation (4) can be
written in the form of a power series in p:

v(x) =v,(x) + pv,(x) + pzvz(x) +...

Setting p=1,
Equation (2).

results in the approximate solution of

u(x) =H)Llnv(x) =1 () +v, () +1,(x) +...

For the convergence of the homotopy perturbation
technique (Biazar et al., 2009).

NUMERICAL APPLICATIONS

In this section, we consider some examples of the system
of boundary value problems associated with obstacle and
unilateral problems to illustrate the implementation and
efficiency of the MVIM. These examples are mainly due
to Noor et al. (2010, 2011, 2011b).

Example 1

Consider following system of second-order nonlinear
boundary value problems relevant to system by Noor et
al. (2010). (1):

W 1

4= —1< —

3!+2!+u+1, 1<x< > (5)
3 2

W=y —le<l,

31 2! 2 2
3 2

u—+u—+u+1 leSl

312! 2

With boundary conditions , (~1)=u(1)=0.

We will use MVIM for solving a system of second-order
nonlinear boundary value problems (5) and obtain

X , ~3 ~2 B 1
e +Mé{% {?%MH}S i<

)

U %2 1 1

1, =14 ) +Mé{ { A +21Das -9
A 1

Mx)ﬁ[ﬂ(éﬁ{ 3‘+E+uk+lDa§, 5 r<l.



the correction functional
multipliers can  be

x). Consequently,

Making
Lagrange

A(g)=(5-

stationary, the
identified  as

e +I(§—)d[uK ,Fﬂfkﬂ]}& —ls«-;,

1 1
Uy ()=, +J-§ )d[ ‘[ 1o 2'4(]}13, -23x<—2,

&) +](§—)d[% 3 +uk Da& —;_xﬂ.

Applying MVIM, we consider three cases in the given
domain.

Case 1:

1
-1<x< —E. In this case, we implement MVIM

as follows,

U+ pu+ P+ -=cx+q
+le ((u(l +pu +pu, +- ))d
_pJ. u”+pu +[7LL,+

3
)dv

—pf %+pu1+pm+ 5 &

—pJ. (u(,+pul+pu,+ )+l)dv.

Comparing the coefficients of like powers of p, we have;

P u®=g+ox

P ul(x)=q+x+c,x3-iﬁc,x-iﬁ oY,

P :ba(x)=*(q—1))8 43(%%%.))3 @( g’ ) 4{9&6}

W, 1,1 1
AMoap Loz Lo, L oso
2 35 T T

Case 112—%Sx<%- In this case, we have following

approximations;

u, + pu, +p:u2 =X tcg

+ I’j‘(f_x)((uo” + Pul/’ + PZM; +-- ~))ds,

* (u + pu +p:u2 +~-~)3
_p‘([(f_x)o#ds

* (u + pu +pzu2 +~-~)2
B e e

_ZPI(Q‘:—X)((MO + pu, + i, +- '))ds.
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Comparing the coefficients of like powers of p, we have

) .
Py (x) = ¢ teyx,

1 1
“):u X)=c,+—cC x3+—c
P = 377 24

2 2 1 1 12 1 1
PP iy (x)=cx +g(czc4—264)x3+a(c3c4 -c, )x4+%(64—2643jx5

3.7 1 4.8 1 5.9

X0+ ¢,
17280

— —c +——-oc
72 560 * 1920 *

1
Case I E < x <1. In this case, we implement MVIM as

follows;

2
Uy + pU + p Uy +-- =CeX +C

oo )as

; (o + prt, + pPuy +---)°
-pJ(£-x) 3 ds

+ p_[(cf x)((u()” +pu + pu,

0

3 (o + puy + puy +---)
—pl(ﬁf—X) 5 ds
—p_[(g’,‘ x)((uo + pu, + p’u, +---)+1)ds.

0

Comparing the coefficients of like powers of p, we have

P uy(x)=c +c,x,

1 1 1 1
p" u(x) c+—= 4= cx+—cx+—cx
2 6 24 ° 120

3

p® :ug(x)=%(cl—1)x2+é(clcz—cz)x +i(l+clcgz—

+ 1,6, 1 55 1 45 1 5.9
— A r—c’x ¢'x X
720 ° 315 ° 1920 -~

By using the MVIM, we have the following formula for
getting series solution in the whole domain from the
above cases;

ibgc(x), for —ISxS—l,

=0 2

< 1 1
u(x)= Z%(x), for _ESXSE’

k=0

i%(x), for L<x<1,

= 2

Consequently, we have the following series solution
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Figure 1. Graphical representation of series solution of system of second-
order nonlinear boundary value problem (5) by modified variational iteration

method.

1 1 1 1 11 1
o +ex+=c X +-co X +—(l+ce ) ¥ +— e +—cx +—c ¥
176 25 T 16 24( i 2) 3002 72002 31502

—1Sx<—1,
2

1 1 1 1 3
otex+e X e o’ i celx 2 X - e % Y

+Lc“x8+—1 X ! !
1920 ¢ 17280 ¢ 2772

1 1 1 1 11 1
G+ e -y Y (1+ce?)+ 2 X o e +—cq

By using boundary conditions and continuity conditions at

1

1
xz—z and x=5 , we have a system of nonlinear

equations. By using Newton’s method for solving system
of nonlinear equations, we have the following values of
unknown constants:

¢, =—0045417349, c, =.0337710150, c, =-.0155380140,
¢, =—0000000001, c5=-.0045417350, c, =—.0337710150.
7)
By using values of unknowns from (7) into (6), we have

following series solution of system of second-order
nonlinear boundary value problems (5) (Figure 1)

—0045417349+0337710150 x—. 002270867450 > —2.556316623x10° »°
+04166645085 x°*+0011257005x° +1.742402210° x° +1.2227052x107x’

+6.774468474x10"° x*+2.542007517x10 %, —1<x <—; ,

—.0155380140—1.0x10™" x—.01553801.¢+2.58966X10"*x* —6.474172x10** x*
—3.3333333%10x’ +1.3888888x107x° —5.3571428x10™ X" +5.2083333%10* *

—1 Sx<l,
2

—0045417350—.0077211134 x— 03377101 X +2.556316X10° X’ +:041666450 x*
—00112570050x°+1.7424022x10°x° —1.2227052x107 %" +6.77446847x10™° »*

—5.787037037x107x°,

—2.5000751X107%,

1S)csl.
2

Example 2

Consider the following system of third-order nonlinear
boundary value problems by Noor et al. (2011b):

u il
—4—Hu,
32

2
L o
32!

Wi
—+—Hu,

32!




with boundary conditions u(—1)=u(1)=u’(-1)=0.

By using MVIM, we have the following correction
functional of (8):

X ~3 ~2
e et
e +£74§ y 3!+5+%+j}$ I<v

~3 ~2

= 4JAd L 3@% —5

Lﬂ©+£%ﬁl{ Lﬁﬁg

—_xSL

Making the correction functional stationary, the Lagrange

1
multipliers can be identified as ﬂ(f)=§(f—x)2. In

this case, we have;

32

1. o - %3 11
+|=(S5— +2||ds, —=<x<-,
14,1 !2(4‘ 2 LHS, o 3, D SSv<

3 2
» i %
u, { 3 43 +u, +1de,

Hence, we have following three cases in the given
domain.

X 3 2
U, (%) +J'—; = i-ii+% +1de, —1Sx<~; ,

U, ()=

—1 <x<1
2

w1 2
1, () J{b(é:_x)

1 , :
Case I: —1< x<—5. In this case, we implement MVIM
as follows;
2 — 1 2
U, + pu,+p u2+~~—Ec3x +c,x+¢

+ pj%(é:_x)z((uow"" pu1~+ pzuz,”"""'))d&

3
(o + pu, + puy +-)

_PI 3 ds

(o + pu, + p’u '-)2
_17! o T Py 21!7 )t ds
—p! (u0+pu +plu, + )+1)ds.

Comparing the coefficients of like powers of p, we have
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)
PP Uy (X)=¢, +c2x+§ ox,

1,1, 1 1 1
X =¢+-cx —X — - zxs—— ',3x(’,
Prium=qrer =P e e R e

P2 (%) =l(c3 —cl)f 71(6162 +1 )x —é)(cz —¢ +clc22)xS —%O(czz —1+3c2c3)x(’

6 2%
_( LT SR T ]x L oo, L e
5040 108 840 252077 181440 27 129600 °
4 1 (,',,5 11
1425600
Case Il _lgx<l. In this case, we have following
2 2

approximations;
2 1 2
Uy+ pu + pu,+-- = Echx“ +cesx+cy

+ p-lﬁ%(§—x)z((u0 + pu” + p’u, +~~~))dS,

(o + pu, + plu, +- )3
3!

ds

- p(fjé(f— x)’

(o + pu, + pu, +-- )2
2!

ds

I

3(u0+ pu,+ plu, +-- )+ 2)ds.

- p(fjé(f— x) (-

Comparing the coefficients of like powers of p, we have;

ﬁ”%@%ﬁgﬁlgx{
). 1,
p Lﬁ(x)%ﬂ(f fﬂsx o  — 6 S,
|
2. ()= ngk 4 L o L 5
P (%m) a2 120(% )Y m(cs +6H3g )X
3 I 4y
TR
1 CSS.X!I,
X0

1
Case I E < x <1. In this case, we implement MVIM as

follows

U, + pu,+ pu, +---:%ch2+c8x+c7

X

+pj(§—x)((u0”+pu]”+p2u; +- -))ds,

3
+pu+ P, +
g lwten ;'vuz )

2
+pu+ P, +
g lwten ;uz )

—pj(f—x)((un +pu,+ plity + -)+1)ds.

0



6196 Int. J. Phys. Sci.

Comparing the coefficients of like powers of p, we have;

P %()HW*J cf,

g o5 15
b{()@*ﬁ—@f 6)8_24 mxsmxﬁ

ﬁ%%<)o=-<m)f—1<%+1)f

1 T
% —lgG-cg)x —(% 4]

1;0(

1o, 1
— X4 0
{ g mfg % [ e

"_%
201)]

Hence, we have the following series solution

G +c,x-|~103,f-|~1(q—c -1)x

1 1 2 2
R —ylae e ) E(%—% +¢+66) ¥

1 1
+6 —430) o —— L X
% e ) {smog 10?805 )x 0"
-l*lcff-l*lc,)é -l*lc,)f —1Sx<-1,
181440 - 1296(1) 1425600 2

1 1 1 2 P
GrGrH ¥ 5 ( 3, +¢,—2)x 2 (ces+2-3)+ —E( €& —c+el =) ¥
1/, 1 P 1,
u(x)= ——720( G+ +6+3c, ) X ——5040( & e +6cc” ) X +;20160CS_ o

! X _**1 " -1*1 ¥, ! Sx<f1 s
8640 129600 1425600 2 2

1,1 1 1 .
@+q?x%cgr%(cgﬂ%—1)f~(%+l+cx)X4TZO(%—%+CR'+%'))?

720(6*‘ +6) - 1+36) B P )x L

3040 © 1008 © 840 2520
-Iklcﬁf-i*qu)fo-i;qffl, —Istl
181440 129600 1425600 2

By using boundary conditions and continuity conditions

1 1
at x= —5 and x 25, we have a system of nonlinear

equations. By using Newton’s method for system of
nonlinear equations, we have the following values of
unknown constants:

¢ =2186B%00 ¢, =3PRITAN, ¢, =—17PH5I00 ¢, =213BI7T0
¢, =21R6500 ¢, =300, ¢, =2105692200, ¢, = 2911758100

¢ =—36RIIM
(10)

From (90 and (10), we have following series solution of
system of second-order nonlinear boundary value
problems (8) (Figure 2)

2186789500+309021 7400 x— 081972255 ¥ — 232437243 X — (573582620 5
—(078785 74X +DIUIBIBLE +320716105X10* 2 +3.78M6173x10° 4
+1.789067592X10°° 7. (BEA9RXI08 X+ .976 730582107 x*

RETI067T731X10" 1> +1.58631737x10" X2, —1Sx<-; s

3BIE00-5.1x10° x—4581052550x —1.53333333310°x +07361 132750 5
H.87R1533 X10"%° -+.00103976601 2 +5. 218952102 — (0014830052
U X) =1 0 67010 46 AS0BRRTXI0™ 1+ QE0SRAGS IO

S.BMTAGIXI0™ > —LIHEOTXI0V,

341083500 — 0077211 134x— 4335136550 — (B5 75997167 1 +098 79713209 x°*
+001698H1726x° —0RF297883x° 3474769 X10° X +249676630X10° 2
—1.2801513x107x +3.61426098x10™x° —3.3441216x10™ X' +2.6710699x10" x>

—1.586433330%10™ X5, Js)cﬂ.

Example 3

Consider following system of fourth-order nonlinear
boundary value problems:

2
—+—+u+1, —ISx<—1,
32 2
" = i-ll—3u+2, ! £x<—1,
32 2 2
7 1
—'4—'+u+1, —<x<l,
32 2 (11)
with boundary conditions

u(—l):u(l):u[—%j:u(%jzo.

By using MVIM, we have the following correction
functional of (11):

T v T ~ 1
wordig B aae
LR

2

j’(‘ﬁ (8} Lf 5%2 1 1
U, =4 HAG| " {%—%2} - S
i : 3 2 2 2

X . ~3 ~2 N 1
w448 ‘*&wﬂ}x L
gy

Making the correction functional stationary, the Lagrange
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Figure 2. Graphical representation of series solution of
system of third-order nonlinear boundary value problem
(8) by modified variational iteration method.

multipliers is identified as l(g):(g-x)‘ Consequently, we
3!
have,
e NV 32
(%) +I(§3‘x) u,(("')— —k+i+uk +1de, —1<x<—
o 3!
_ X(f_xf () u,f M,(z 1 1
L§(+1(X)— %(x) +'('; 3) U §+E_3Mk+2 ds, 7SX<§,
S EN( 32
o 3

Applying MVIM, we have following three cases in the
given domain.

Case I: _;.,._1. In this case, we implement MVIM as
follows
3 2
) X X
U, +pu,+p u2+---=c4§+c35+czx+cl
X g_x 3
+p_[( ) (( D pu™ + pru) ))ds,

- (f—x)S (uo+pu1 +p2u2 + ")3
[ 3 s

2
L(E=x) (o + pu,+ pu +)
_p‘[ 3 0 12! 2 ds

+---)+1)ds.

_p"f(§—X) ((uo +py, +p2u2
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Comparing the coefficients of like powers of p, we have

ﬁ“):%(x>=c4£+%£+czx+q,

P M(x)—q%csxz-kx:’q%x -|~)45c2-|¥x‘"c2 43140)562 i

%@{24@‘%} *(m% B Hm o jf

ém(fcmcz cz}‘ *{40320 6720% nmclc“TBzocl ]f

| n oL, »

- X

{36288% 3628&)62 604&)}2’5) 181402 291680 2
" S
1330560062 172972&1)62

Case Il —%s x< % In this case, we have following

approximations

3 2
C8§+C7 E +C6)C+C5

+pI(¢f—x) ((

3!

Uy +pit+ ity +=

uo(w) +pul(iv) " pzuz(iv] T )) ds,

(E=x) (up+pug +p2uz+~--)3dg
[ 3!

T (f—x)S (”0+p”‘1 +P2M2 +- ')2
-7 3! 2! ds

ftessy

3 ) +2)ds.

(—3(u0+pu1 +p2u2+
Comparing the coefficients of like powers of p, we have

2

x
—+C7E+CGX+C5,

P u=c7;

1 1 1 1 1 1
1)) 2 3 4 5 6 2 73
YW= X +=XG+ X —XG+—X¢ +——X¢,
pbq()—cszcyx6q;]2 05Tt 6 T @
P = %Fe F%%-f;; 4{ ca%ke?o)f

2 1 2 )/‘!ﬁ
‘mq_% {smm) 6m® mz)%

{ Q)(;; 21[) $ Q)lel
33’& 4(82(30 IDIED
Q)AXIZ 1 Q)S ]3’
]Z{{BGIO 179280
Case lll: 1_ _,. In this case, we implement MVIM as
SSxS

follows
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X X
U+ P+ =Gy — GG

3

+pf f—x) ((“o“") s

~ I %+P“1+P”z+ 3 &
(st py P+ 3 &

2!

)

((uo—i-pul—i-puz—+~ ) )dv
Comparing the coefficients of like powers of p, we have

oy
I :uo@%?q]gwm

1,1 1, 1 1 1
()= P+ g A X X A
P 2Ty Ty 0Ty 0 T @
11 1 1 1 11
2): V= —c - —c 60—, 7‘2‘_‘*‘7
P ){24“’ 24'“} {m%’ m”-}é{m%“’ m’“ m}f
@( il j%{m Gm'“”'“‘ 100"z ™ }F

L }wf iy 2y
30N ’m o) 0™ 3010
1 1

+——c A ———— W,

o™ o™

Hence, we have the following series solution

X

T e L +(14¢ —c )ix +(ce,—c,+6)—
T2 e b 120"

+(Cf+c1 —1+c, Cl) ! C4+LC1C7 +Lg1— ¢ X7
- 720 5040 1680 ~ ° 5040 © 5040 °
( 11, 1 ] ‘
H———t——ct——cc,————c |x
40320 6720 10080 40320
1 1 2 1 9 11 210 29 301
+H——0c, ¢+ ox + X+ X
36288 362880 60480 1814400 39916800
+ 1 C74){12+ 1 Cfx”
13305600 ~ 172972800 ~

1, 1, . (1 1 1), 1 s
CS+C6X+EC7X +EXCSX - §C5+§C7 —E X "'E(CE‘CS _CS —3C6)X

+(Lc2+ic2c L. ——l]x%L(c +c,6, ¢ +1c1]x7
720 720° 77 2407 360 1680\ ° 7 V3

—le<—l,
2

( 1 1, 1, 1 ] s, Co (19 1 ] 0
- —+ Cﬁ Cﬁ C7 CxCﬁ X ‘Q-CE‘CS X
6720 40320 ° 6720 10080 "36288110 10

| 1 210 59 3011 1 412 1 5,13 _1
+ Ce X Cox + Co X+ Ce X,
403200 39916800 13305600 172972800 2

1
<x<—,
2

1 1 1, 1
&+eprtoay & +6xc ,+H(1+¢,—¢ )ax +(cye0 =6 +Cm)120x

+(C P+, —l+c,’c ) L LC 1—LC X
10 1 10 G 720 5040 1680 GG 50400 504010
1 1 2.8
+ + Cm it Col = oG X
40320 6720 10080 T 40320
1 1 2, 9 04 29 !
+ CioCi Co T CX™ + Cg X m
36288 362880 60480 1814400 399 16800
1 4,12 1 513 l <x<1

+ Co X,
172972800 2

(12)

+ Cy X
13305600

By using boundary conditions and continuity conditions at

«—_1 and ._1, we have a system of nonlinear
2 2

equations. By using Newton’s method for system of

nonlinear equations, we have the following values of

unknown constants:

G =3R41(BRA0, ¢, =C07PI1118 ¢, =—86ARTRN, ¢, = 214559100,
¢, =3R3I7530), ¢, = 0000000081, ¢, =—9IE105100 ¢, =—0000000%2, (13)
¢, =3B410BAN, G, = 00T211134 G, =—86ARTBID, ¢, =—21453830

From (13) and (12), we have following analytic solution of
system of forth-order nonlinear boundary value problem
(11) (Figure 3),

3A1038500+007721 1118 x—A335 1366007 +H0BS 75996833 X + 09379713290 1
—DIGBHUISOX —RII7RRIT X 43 T044RXI0° X -249616X0° A
H 280151057107 3.61425189<10°K°+3.344119612x10™ »*

R6706TBIX0" X2 +1.58681737x10™ 7, —1<x<

1
>

BBI796300-5.1X10° x— 45810550, —1. 333333333:10°x + 07361132790+

H.8715358 10"+ 00108976501 A +5. 21895210 — 00148309524

UX) =)0 6TRI3I0 46 ATRRRST>I0% K+ SEBIUBKI0™ !

1

1
— <x<-,

+50BUTACEI0™ A —1 9USTITI0™AE, 5

3RA1038600 — Q077211 134 x—4335136550:¢ —(BS797167 X +093771320D 1
+ODIEBBHIT6x" —ODIRITRER3 A 3 TBATATE) XI0°X 2495676630107 X
—12801513x107x 3 61426008x10 "X —33441216x10" X' +26710689x10™ ¥

—158/33330x10" ¥, % <x<1.

Conclusion

In this paper, we have used the MVIM for solving system
of second, third and fourth-orders obstacle boundary
value problems. The proposed technique is an elegant
coupling of the variational iteration method and the
homotopy perturbation method. In the MVIM, main
advantages of both the techniques have been united
together to find the approximate solution of nonlinear
obstacle boundary value problems in more efficient way.
The results are also presented graphically which
demonstrate the nature of obstacle. We analyzed that our
proposed method is well suited for use in higher order
obstacle boundary value problems as it provides best
solution in less number of iterations and reduces the
computational work. This is another advantage of this
method. The ideas and techniques of this paper may
stimulate further applications of the MVIM for solving
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Figure 3. Graphical representation of series solution
of system of forth-order nonlinear boundary value
problem (11) by modified variational iteration method.

more complicated problems, which arise in several
braches of pure and applied sciences such as trans-
portation, network analysis, optimization, risk analysis
and financial and equilibrium problems.

Future directions

We would like to mention that the system of nonlinear
boundary value associated with obstacle and unilateral
problems considered in this paper can be studied from
different point of views such sensitivity analysis,
dynamical and stability analysis. Several other analytical
and numerical techniques including finite difference, finite
element, splines and nonpolynomial spline can be used
to solve such type of nonlinear system of boundary value
problems. This is an interesting problem from both
application point of view and numerical analysis to verify
the implementation and efficiency of the proposed
iterative methods. This is another direction of future
research in the dynamic and fast growing field of
mathematical and engineering sciences. The ideas and
technique of the auxiliary principle technique may be
extended for solving the mixed quasi variational-like
inequalities and the equilibrium problems. We hope that
this direction of research will yield some new and novel
applications of these techniques.
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