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In this paper, thermal effects in double-end pumped Nd:YVO4 laser crystal have been investigated. The 
analytical expression for temperature distribution and thermo-optic effects such as temperature-
dependent change of refractive index (dn/dT effect) and end effect have been calculated and the results 
then applied to Nd:YVO4 crystal., Our analytical model compared with exact numerical calculations and 
good consistency has been shown.  
 
Key words: Double end pumped, thermo-optic effects, Nd:YVO4 crystal. 

  
 
INTRODUCTION 
 
Diode pumped solid-state lasers have many advantages 
with respect to other traditional flash lamped lasers. They 
have high beam quality and high beam overlap efficiency 
due to their good pump mode matching with resonator 
modes (Chen et al., 1999). In middle and high power 
regime, thermal effects such as thermal lensing and 
depoarization have most limitation in the laser perfor-
mance and can not be neglected (Nadgaran et al., 2006, 
Schmid et al., 2000, Koechner et al., 1970). The heat 
load due to quantum defects, influence on the beam qua-
lity and the laser resonator stability range. There are 
many ways to reduce thermal effects in the literatures, for 
example, using composite crystal (MacDonald et al., 
2000) and designing the variable configuration resonators 
(Graf et al., 2001). In this way double-end-pumped 
(Ogilvy et al., 2003, Ai-Yun et al., 2005) are more notice-
able because they extend the stability range of the laser 
resonator and also thermal loading due to pump source 
divided between the 2 ends of the laser crystal. 

In this work, we consider a double-end-pumped laser 
configuration. The crystal laser rod is allowed to be 
pumped from both 2 sides. The heat equation has been 
solved analytically and an expression for total focal length 
due to temperature dependent change of refractive index 
and end effect has been derived. The results then applied 
to a Nd:YVO4 laser crystal and have compared with 
numerical calculation results. The figures show good con- 
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sistency between our theoretical model and exact 
numeric solution. 
 
 
THEORETICAL MODELS 
 
Consider a double-end-pumped solid state lasers. The 
steady state heat equation in an axially symmetric rod is 
written as 
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where k is thermal conductivity, Q1(r,z) and Q2(r,z) are 
the heat power density due to left and right pump 
respectively. For high power end-pumped lasers, Q(r,z) 
can be described as a top-hat distribution as 
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In the above equations z is the distance from the left side 
of the crystal, ζ  is heat load fraction, a is the pump 
radius, L is the  crystal length, P1(P2)  are  the  left   (right) 
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absorbed pump power and α 1(α 2) are the absorption 
coefficient of the crystal at the pump wavelength at input 
power P1(P2), and )( ar −Θ  is defined as  
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The absorption coefficient is related to the pump power 
and can be described as 
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Where 0α  is the small signal absorption coefficient and 

satP  is the saturation pump power. We consider the 
surface cooled configuration and the case which the 
crystal is greater than the radius the z derivative in heat 
equation can be neglected. Using the following boundary 
conditions including the continuity of temperature and 
gradient on the boundary of the pump region means 
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and the Newtonian boundary condition of cooling as 
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We find the following relations for temperature distribution 
within and out of pump regions as  
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And 
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The temperature distribution can be rewritten as follow 
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 Where T0 is the temperature at z=0 and given by 
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Where TC is the coolant temperature. The inhomoge-
neous temperature distribution in the laser materials, 
generate some thermo-optic effects called dn/dT and end 
effects.  
 
 
Dn/DT EFFECT 
 
Consider a cylindrical rod in which r is its radial coordi-
nate and z is measured along the length of cylinder. The 
refractive index, n, of rod is usually a function of r, z, and 
T, where T is the temperature. Expanding the refractive 
index about temperature of the center of the rod, T0, we 
have  
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where
dT
dn

, 2

2

dT
nd

 are thermo-optic coefficient of the 

crystal and are constant values depends on the crystal 
properties. By neglecting the higher order terms, we have 
(Koechner, 1999) 
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This effect called dn/dt effects or temperature dependent 
change of refractive index effect. By substituting Eq. (9) 
into Eq. (14), the dn/dT effect in the pumped region will 
be 
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The overall phase shift then can be obtained by 
(Koechner, 1999) 
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By using the equation (15) and (16), the overall phase 
shift can be calculated as 
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Finally the induced focal length due to dn/dT effect,

dT
dnf , 

can be obtained from 
 

( ) [ ]
.

2

21

2
2

PP
dT
dn

ka
r

r
f

TdT
dn

+
=

∆
−=

ζ

π
φ
π

                      (18)                                     

                                               
As see from the above equation the focal length due to 
dn/dT effect is dependent on the total pumped power.  
 
 
END-EFFECT 
 
Elongation of the laser rod due to temperature can be 
obtained as (Koechner, 1999) 
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Where 0l  is the ordinary length of the rod over which the 
elongation takes place and is usually assumed to be 
approximately equal to the radius of crystal, and 

( )zrT ,∆  is the temperature difference. By inserting the 
temperature difference according to Eq. (9), after 
simplifying, the left side elongation can be obtained as: 
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The right side elongation can also be obtained as 
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The radius of curvature then according to   
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Where R1 and R2 are radius of curvature of the left and 
right surfaces of the crystal respectively. By using the 
radius of curvature the left and right focal length due to 
end effect will be 
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So the total focal length can be written as  
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RESULTS AND DISCUSSION 
 
In this part, the analytical formula derived in the previous 
parts will apply for a typical Nd:YVO4 laser crystal and 
compare with exact numerical calculations to obtain 
much accurate results. We consider a double end pump 
laser crystal with radius 5 mm and length of 12 mm. 
Figures 1a and b, shows the temperature distribution in 
one half an axial cross section for a left pump power as 
P1=10W , right pump power as P2 = 5W and a = 0.2 cm. 
As see from these figures, the maximum temperature 
raise to 385 K.  

Now we consider the total pump power as a constant 
value. For this reason we consider P1 + P2 =15 W. By 
substituting P2 = 15-P1 in the obtained relations, the 
temperature distribution on the axis of crystal versus 
input left power and z has been plotted in Figures 2. In 
Figure 2a and 2b the pump radius is 0.2 mm and 0.1 mm 
respectively. We see that the maximum  temperature  will  
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                          (a)                                                                      (b)  
 
Figure 1. (a) The temperature distribution in the Nd:YVO4 laser crystal. (1b) Heat diagram in the Nd:YVO4 laser 
crystal pumped  by10 and 5 Watts from left and right side respectively. Pumped by   10 and 5 Watts from left and 
right side.  

 
 
 

         
                    (a)                                                                        (b)  
 
Figure 2. Temperature on the axis of Nd:YVO4 crystal versus left pump power and 
distance from left surface for a = 0.2 mm. (b)  Temperature on the axis of Nd:YVO4 
crystal versus left pump power and distance from left surface for a = 0.1 mm.   

 
 
 

 
 
Figure 3. Temperature distribution versus z for three kind of 
pumping 

 
 
 
decrease with decreasing pump radius. It is important to 
note that by decreasing the pump radius, a relative  maxi- 

mum will appear in the figure near 2 side of the crystal 
which is due to increasing heat power density. 

As see from Figure 3, the maximum temperature will be 
decreased in double configuration and is minimum for 
equal pumping. The total focal length due to temperature 
dependent change of refractive index and end effect 
versus left input pump power for a = 0.2 mm, a = 0.15 
mm and a = 0.1 mm have been plotted in Figures  4a, 4b 
and 4c respectively. As see from these figures, the total 
focal length decrease by decreasing pump radius. In 
Figures 4a and 4b, the maximum and minimum total focal 
length appear in single and double end pumped with 
equal pumping respectively. Although the double-end-
pumped configuration extend the stability of resonator, 
but will increase the thermal induced focal length. 
Another important result is appearing a relative maximum 
by decreasing pump radius in the total focal length 
curves. So, for small pump radius the best configuration 
is pumping with equal power. The numerical calculation 
has been compared with our analytical solution in these 
figures. We can see that the difference between analy-
tical and numerical result is quite small.  
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Figure 4. (a) Total focal length versus left versus left input  power for 0.2 mm pump radius. (b) Total focal length versus left input power for 
0.150 mm pump radius. (c) Total focal length input power for 0. 1 mm pump radius. 
 
 
 

 
 
Figure 5. Comparison between analytical model 
(solid line) and numeric (doted line) 

 
 
 
In Figure 5 we plotted the total focal length in equal end 
pumping configuration versus total pump power. We see 
the good consistency between analytical and numerical 
calculation ion this figure.  
 
 
Conclusion 
 
In this paper the heat distribution and then heat induced 
total focal length have been investigated by analytical 
model in double-end-pumped solid state laser and 
compared with numerical calculation. Double pumped 
configurations are useful for high power regime because 
of wide stability resonator range. While single end-pump-
ing approach the crystal fracture limit, double-end-pump-
ed configuration reduce risk of future by dividing thermal 

load between the two end surfaces. But it is important 
notice that single-pumped configuration produce greater 
total focal length and the thermo-optic effects will be less. 
By using the proper pump radius such for example for a = 
0.1 mm,  the relative maximum in the total focal length 
versus input power shows that the best configuration for 
reducing thermo-optic effects is equal double pumped. 
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