International Journal of the Physical Sciences Vol. 7(7), pp. 1025 - 1034, 9 February, 2012

Auvailable online at http://www.academicjournals.org/IJPS
DOI: 10.5897/1JPS11.1670
ISSN 1992 - 1950 © 2012 Academic Journals

Full Length Research Paper

Modified homotopy perturbation method for stiff delay
differential equations (DDES)

M. A. Asadi’, F. Salehi!, S. T. Mohyud-Din®* and M. M. Hosseini®

'Department of Mathematics, Darab Branch, Islamic Azad University, Darab, Iran.
’Department of Mathematics, HITEC University, Taxila Cantonment, Pakistan.
3Faculty of Mathematics, Yazd University, P.O. Box 89195-74, Yazd, Iran.

Accepted 4 January, 2012

In this paper, an efficient modification is introduced into the well-known homotopy perturbation method
which proves very effective to control the convergence region of approximate solution. By using this
scheme, explicit exact solution is calculated in the form of a convergent power series with easily
computable components. The proposed algorithm is tested on some neutral stiff functional-differential
equations with proportional delays (DDEs). Numerical results explicitly reveal the complete reliability,
efficiency and accuracy of the suggested technique. It is observed that the approach may be

implemented on other models of physical nature.
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INTRODUCTION

Consider the delay differential equation (DDE) by Zhu
and Xiao (2009):

v'() = F(ty().y(t—1)) =0 .
y(t) = g(t) _r<t<o P
where F:[0,+o)x eV x eV se¥ and

g: [, 0] = €% are any given functions and T = 0 is any

given constant. In recent years, stability and convergence
of numerical methods for DDEs have been frequently
studied (Bartoszewski and Jackiewicz, 2002; Cong et al.,
2004; Zennaro, 2003). Especially, two-step Runge-Kutta
(RK) methods were frequently investigated. For example,
a class of two-step RK methods for ordinary differential
equations (ODEs) was introduced by Jackiewicz and
Tracogna (1995). Moreover, order conditions and errors
for two-step RK methods were investigated and some
methods with good behaviors were constructed by
Tracogna and Welfert (2000). Some numerical tests on a
parallel computer showed the efficiency of special parallel
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explicit two-step RK method for non-stiff problems (Cong
et al., 1998).

System of stiff delay differential equations (SDDE) is
often used in mathematical modeling of immune
response. The use of mathematical models to study
physiological processes has provided significant insight
that was not possible through experimental study. Most
codes available in solving DDEs do not cater for stiff
DDEs. Most of them used explicit Runge-Kutta methods
to solve DDEs, for instance, Hayashi (1996). The
classical efforts on stiff DDEs are the work of Roth
(1980). He solved stiff DDEs using three methods, which
are backward differentiation method (BDF), the Adams
method and the Runge-Kutta Fehlberg method (Suleiman
and Ismail, 2001). Also, Zhu and Xiao (2009) discussed
for stiff DDEs, parallel two-step Rosenbrock-Wanner
(ROW)-methods.

In recent years, the homotopy perturbation method
(HPM) has successfully been applied to solve many
types of linear and nonlinear functional equations. This
method which is the combination of homotopy in topology
and classic perturbations techniques is useful for
obtaining exact and approximate solution of linear and
nonlinear differential equations. In spite of the efficiency
of this method, it cannot solve stiff DDEs. In this paper,
we illustrate the ability of the new form of the homotopy
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perturbation method (NHPM) on stiff DDEs, introduced by
Aminikhah and Hemmatnezhad (2011) to solve stiff
ODEs. Also, we apply the Pade approximation technique
for improving the result obtained. The numerical results
show that NHPM-PADE technique gives the approximate
solution with higher accuracy than using NHPM.

STIFF DELAY DIFFERENTIAL EQUATIONS (DDEs)

Formulation in 1975 of the simplest mathematical model
of an infectious disease marked the beginning of
applications of DDEs for studying the immune system
and dynamics of infections. This motivated our sub-
sequent research in developing efficient computational
algorithms for solving stiff DDEs.

A system of DDEs is considered stiff when it contains
processes of widely different time scales. From a
computational point of view, the stiffness implies that,
while solving numerically, the corresponding initial value
problem by a given method with assigned tolerance, a
step size is restricted by stability requirements rather than
by the accuracy demands. For example, the response of
an immune system cannot be represented correctly
without the hereditary phenomena being taken into
account: cell division, differentiation, etc. The Kkinetic
parameters of the models represent high-rate (molecular)
and slow-rate (cellular) interactions in the immune system
that span a time scale from seconds to days. Therefore,
the systems of DDEs appearing in immune response
modeling are typically stiff (Bocharov et al., 1996).

Another example of a real-life modeling stiff problem is
the dynamics of hepatitis B virus infection over 130 days
interval. The disease dynamics is governed by the
system of ten stiff DDEs (Bocharov et al., 1996).

HOMOTOPY PERTURBATION METHOD

The HPM, proposed first by He (1999) was further developed and
improved by scientists and engineers (Chun, 2007; He, 2006;
Yusufoglu, 2009). The method, which is a coupling of the traditional
perturbation method and homotopy in topology, deforms
continuously to a simple problem which is easily solved. This
method, which does not require a small parameter in an equation,
has a significant advantage in that it provides an analytical
approximate solution to a wide range of nonlinear problems in
applied sciences. The HPM is applied to nonlinear oscillators (He,
2004), to bifurcation of nonlinear problems (He, 2005), to the
differential-difference equations (Yildirm, 2008), to the system of
linear equations (Liu and Xiao, 2007), to boundary value problems
(He, 2006; Noor and Mohyud-Din, 2008; Yildirim, 2008) and to
other fields (Jafari et al., 2010; Kogak and Yildirim, 2009; Mohyud-
Din and Noor, 2009). Since this method is an iterative method, so
the Banach's fixed point theorem can be applied for convergence
study of the series solution (Biazar and Ghazvini, 2000).

To illustrate the basic ideas of this method, we consider the
following nonlinear differential equation:
Au) - f(1) =0,

u(0)=u, ten )

where A is a general differential operator, Wy is an initial
approximation of Equation 2, f(t:] is a known analytical function
on the domain {1. The operator 4 can be divided into two parts,

which are L and N, where L is a linear, but N is nonlinear.
Equation 2 can be, therefore, rewritten as follows:

L{u)+ N(w)— f(t) =0
By the homotopy technique, we construct a homotopy

U(r,p): 01 X [0,1] = R, which satisfies:

H(U,p) = (1 —p)[LU(t) — Luy ()] +plaAU(t) — F(£)] =0, pe[01], t €0 ®)

H(U,p) = LU(t) — Luy(t) + pLuy(t) + p[NU(D) — f()] =0, pE[01], t£Q @)

where p € [0,1] is an embedding parameter, which satisfies the

boundary conditions. Obviously, from Equations 3 or 4, we will
have:

H(U,0) = LU(t) — Lugy(t) = 0

H{U,1)= AU(t) — f(t) =0 (%)
The changing process of p from zero to unity is just that of
U(t,p) from (t) to u(t). In topology, this is called

homotopy. According to the HPM, we can first use the embedding
parameter } as a small parameter, and assume that the solution of

Equations 3 or 4 can be written as a power series in B
U=E5-p"U, =Uy+pUs +p’U, +p*Us+-  (6)

Setting @ = 1, results in the approximate solution of Equation 2:

u(t) =lim, U=U,+U,+U,+U;+ -
(7)
Applying the inverse operator L™ = [*(-)dt to both sides of

Equation 4, we obtain:
U(6) = U(0) + [ Luo(D)dt —p [} Lug (dt — p [ [;(NU(8) — F(2)) ]
(8)

where U[ﬂ] = lLy. Now, suppose that the initial approximations
to the solutions L, (t) have the form:

Lul}(tj = :::D anpn (tj (9)

where o, are unknown

Py(t),Py(t),P,(t), ... are specific functions.

coefficients, and
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Substituting Equations 6 and 9 into 8 and equating the coefficients
of P with the same power leads to:

pUG(0) = uy + E7g e, [ B (£)dt
ph U, () = — I, [ P(t)dt — [T (NU,(D) — F(£)) dt (10
p:U,(8) = — [[(NU,(8)) dt

U8 = — [} (NUL, (9) dt =345, ..

Now, if these equations are solved in such a way that
Ul(t] =0 then Equation 10

Ui(t) =U,(t) =Uy(t) ==0

solution can be obtained by using:

results in,

and therefore, the exact

U(t) = Uy(t) =uy,+ Z::D a, J-rpn (t)dt

It is worth noting that, if I/(£) is analytic at £ = ty, then their
Taylor series:

UD =) a,t—t)"

can be used in Equation 10, where €Ly, €4, 5, ... are known

coefficients and &, are unknown ones, which must be computed.

PADE APPROXIMANT

The results demonstrate that PADE technique gives the
approximate solution with faster convergence rate and
higher accuracy than using the standard HPM or NHPM.

Definition 1

Let F be a function that is analytic in a neighborhood of

zero, with F(0) # 0 (Partington, 2004). Then, an [, 1]
B (=)

Padé approximant to F is a function & = 2.2 where
nt
E_ and @, are polynomials of degree at most 1, such
that g.(0)=1 and
P (5)
F(s) =———+0(s™""1) ass > 0
Q. (s)

The basic idea is to match the series coefficients as far
as possible. Evan though the series has finite region of
convergence, we can obtain the limit of the function as
x —+ 00 jf m =n (Dehghan et al.,, 2007). This is an

alternative to truncating the Taylor expansion of F (taking

a polynomial approximation) and in many cases it is a
better behaved method of approximation. Note that

having chosen @, (0)= 1 we must determine the
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remaining m + 1 + 1 coefficients of B, and ,,, in order
to solve the m + n + 1 simultaneous equations implied
by the identity:

F(5)Q,(s) — B,(s) = o(s™"* ) ass — 0.

A collection of Pade approximants formed by using a
suitable set of values of 11 and 1 often provides a means
of obtaining information about the function outside its

circle of convergence, and of more rapidly, evaluating the
function within its circle of convergence. Every power

series has a circle of convergence |z| = R. If the given
power series converges to the same function for lz]| < R
with 0 < R < 1, then a sequence of Pade approximants

may converge for z ¢ p, where D) is a domain larger than
|z| = R. Employing higher order Pade approximations

produces more efficient results. In this work, we used well
known software Maple to calculate the series and the
rational functions obtained from the proposed techniques.
We explain this method by considering several examples.

ILLUSTRATIVE EXAMPLES

Here, we demonstrate the effectiveness of the proposed
NHPM-Pade technique with three illustrative examples. It
will be shown that the NHPM-Pade method is very
efficient for solving the systems of stiff delay differential
equations. The algorithms are performed by Maple 12.

Example 1

Consider the systems of stiff delay differential equations
taken from (Suleiman and Ismail, 2001):

¥1 (1) = —2e%y, (1) + 43,(t)

, : =1 11
L’: (tj = }’1&) _}’1(t - 1) (1)
Where
yi(t) =e t<0

3 (8) =3(e200 — g2y £<0

-2t

The exact solution is }rl(t =g and

y, () = %[E—E(t—l} _ e—zr)_

Results are given for t £ [0,10]. For solving system

(Equation 11) by NPHM, we construct the following
homotopy:

{(1 — p)[LUy () — Luyo ()] + p[LU, (£) + 267U, (2) — 4U,(£)] = 0,
(1 —-p)[LU,(1) — Lugy (0] + p[LU, (1) — Uy (1) + Uy (e — D] = 0,

or
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{Lﬂl{t) — Luyo(t) + pLuyo(t) + p[2e*U, () — 4U,(£)] = 0, w2

LU,(t) — Lu,o(t) +pLlu,y(t) +p[-Uy(t) + Uy (t—1)] =0,

where L = i and p €[0,1] is an embedding U,(0)=1, u,(0)= %(Ez — 1). Applying the inverse

parameter.
Assume that

ul,u(t] ﬂuﬁp(] uzu{] uﬁn '[:]; (]_t!

and from the initial conditions,

operator L™ = f;{-]dr to Equation 12, we have:

U () = U (0) + X2, =" —p X uﬂﬂr”*i p [7(2e*U,(£) — 4U,(D))dt,

U,(£) = U,(0) + X= N 7~ p Ty Fa et — p [Y(—U(8) + Uy (¢ — 1)),

ﬂl}_'_l

(13)

Suppose the solutions of the system (Equation 13) to be where in U, ; i=1,2 and j = 0,1,2, ... are functions

in the following form: which should be determined.

U, =Uqo+pU,+ pEU:',E +p5U,-J3 + e Li=1,2 (14) Substituting Equation 14 into Equation 13, and equ-
ating the coefficients of g with the same powers leads to:

L= L=

& o
Uy ot) = Uy (0) + E —”tﬂ+1=1+§ —m_inil
0 10(8) = 1 (0) n=on +1 n=of + 1

Now0=00+Y Ll YT L
' n=0N + 1 a=on+ 1
[ 14
Ul,l(t} = — Z u% tn-'-l — J‘ (ZEEU:L u(t} —_ 4‘”2 u(t}) dt
pl: - B
Uy 1 () = _Z Lttt [ (—Upo(® + Uy ot — 1)) at
() = —j (2.920'”_1(:} — 4uz,j_1(t}} dt
pi: e F=23,..

U, ;(8) = — J; (—Ul,j—1(!'-'} + U ;1 — 1)) dt

Now, if we set the Taylor series of ULi{t] att = 0equal
to zero, we have:

1 1 1
Uy 4(t) = (—ﬁu—z}t+(—iﬁ1—€2ﬁu+zﬁu ( 3% 13 .31__‘5' ﬁi)t
1 1, 1 s
+(_Eﬁr3_gﬂ' ﬁr2+§ﬁ2)t =0

In a similar manner, setting the Taylor series of U, ; ()
at t = 0 equal to zero, leads to:

1 1 1 1 1
Uﬂ,l(t}:( 2|5!1+3 5 Eﬁr3+ﬁru_ﬁu+§ﬁ4+"')t
1 1 1 1 1 1
+(_E 2ﬂ4+2ﬁ!3+2ﬁ1+2ﬁr5__191+ )t

1 1 2 5 2
+(§“2_Eﬁ'3+§ﬁ4—gﬂfg—§ﬁg+---)t +- =10
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Table 1. Absolute error for example 1.

¢ NHPM NHPM-Pade [15,15]
[y1e-Ua| |y2e-Uz| |yae-ua |y2e-us]
0 0 0 0 0
1 1.09e-18 4.50e-18 1.02e-18 4.40e-18
2 3.49e-16 2.82e-17 1.13e-19 4.75e-18
3 1.22e-10 1.13e-11 4.25e-16 4.82e-15
4 1.02e-06 1.26e-07 1.94e-13 2.98e-12
5 0.00112 0.000173 1.40e-11 2.62e-10
6 0.338 0.0626 3.32e-10 7.00e-09
7 42.1 9.06 3.81e-09 8.56e-08
8 2.74e+03 671 2.65e-08 6.10e-07
9 1.09e+05 2.97e+04 1.29e-07 2.96e-06
10 2.94e+06 8.80e+05 4.76e-07 1.08e-05
It can easily be shown that:
ty = —2, oy = 4.00000, o, = —4.00002, oy = 2.66666, ay, = —1.33335,

az = 0.533333, a, = —0.177779,

B =—6.38906, B, = 127782, f, = —12.7781, f3 = 851873, [, = —4.25933,
B = 170375, B, = —0.567921,

Therefore, the approximate solutions of the system of
differential Equation 11, can be expressed as:

uy(t) = Uy o(t) = 1.—2.t + 2.00000t% — 1.33333¢3 + .666667t* —.266667t° + 0.888889 x 1071t

—0.253968 x 1071 t7 + 0.634921 x 1072 t% — 0.141093 x 107 %t° + 0.282187 x 107 #¢10
+

u,(t) = Uy () = 3.19453 — 6.38906t + 6.38906t% — 4.25937t% + 2.12969t* — 851874t + .283958t°

—0.811309 x 10717 + 0.202827 = 107 1¢% — 0450727 x 107 2t% + 0.901454 x 10310
.

This results achieved for N = 30.

Now, we apply NHPM-Pade technique to approximate
u4(t) and u,(t) using the rational approximation [15,15]
(Table 1).

y'(t)= Ly(t)+ My(t —0.1) 4N, 0< t< 10, =01, (15)
y(t)= (1 +e 1 +e72)7 —01<t<0

where
Example 2

Consider the stiff linear delay differential equation (Zhu
and Xiao, 2009):

_ [-1001 -—125 — [1000e™ %t 1257 %2 — [1126 — 1000e % — 125.9-“-2]
L= [ 8 o ]’ M [ —8e ™1 —2e7 22 ]’ N —8+ Be %1 4 2702

— r_ -t -2t T
The exact solution is: y(®) = [Z}rlﬁt],}rz (tj) = (1 +e™h1 +e™)
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For solving the system (Equation 15) by NPHM, we
construct the following homotopy:

10010, (£) + 125U, (£) — 10008 %10, (¢ — 0.1) —
L (e — L t) +plL t)+ [ 1 2 1 ]={JJ
{ \(8) — Ly o8) + pLuugo(8) + 1 e s

LU, (8) — Lugg(t) + pLluao(t) + p[—8U4 () + 82 210 (t — 0.1) + 22 2201, (t — 0.1) — N1 =0, (16)

Ui{lJ] =2, UE{D] = 2.
where L = i andp € [0,1]is an embedding parameter.
Assume that Applying the inverse operator L™t= f;{-]dt to Equation
Uy o(t) = Eroga,t™, uq,(t) = X752, 6,t" and from 16, we have:
the initial conditions,

Uy(6) = Uy (0) + Bg 22 g4l — p 3o 28 gt

—p [, (10010, (£) + 125U,(¢) — 1000e~1U; (¢ — 0.1) — 125020, (¢ — 0.1) — Ny)dt,

U,(t) = U,(0) + E;f:u% gt — PE::U% gt

—p [J(—8U, (£) + 8e701U; (t — 0.1) + 202U, (¢ — 0.1) — N)dt,

17)

Suppose the solutions of the system (Equation 17) to be where in U, ; i=1,2 and j = 0,1,2, ... are functions

in the following form: which should be determined.

Substituting Equation 18 into Equation 17, and equa-

U =Ug,+pU,+p2U,+pU .+ ,i=12, 18 ) 7 )
0 T PYa TP T2 TP s (18) ting the coefficients of p with the same powers leads to:

Ul,.D(ﬂ = Uj_([]} +Z r tﬂ"l'l =2 -|-Z _ﬂ't‘n'l'l

0 n=of+1 n=on+1
. Uso(t) = Ux(0) +Zm Fr sy +Zmu P
20 2 -n:l]ﬂ. + 1 -n:l]ﬂ. + 1
t
U, ;(6) = _j (‘l{]{]‘lULj-_l(t} +125U, ;4 (£) — 1000e~010; ;_, (t — 0.1) — 1257020, ;_, (¢ — n.:L)) dt
i o
pl: ¢
Uy ;(8) = — j (—Bul,j_l(t} +8e701y, (£~ 0.1) +2e702U,,_, (¢ - ﬂ.1}) dt i=23, ..
o

Now, if we set the Taylor series of U, 1 (t) at t = 0 equal
to zero, we have:

U, (6) =(—91.4837a, — 10,2341 8, + 4.52418 &, + 0.511708 8, — 0.204682 x 10734, — 0.341138 X 10715,
— 0.301612&, + 0.255854 %X 10728, — 0.180967 x 10 %a, + 0.150806 x 10 & — 118.827
+0.226209 x 107 Yey + 0.170569 x 10748, + )t
+(—0.511705 % 107%f; + 0.511705 x 10728, + 4.52418a, — 0.511710 x 1075, — 11.32954,
— 45.7418e, — 48.0815 ¢, + 0.452418 x 10 *a, + 0.5117058, — 452418a, — 5.1171083, — 0.452418
%10 2ag + )l
4 (0.852846 x 1072f; — 16.0273&, — 3.77640 8, — 0.603223 &, + .511706 8, — 3.41136 3,
— 0682273 x 1078, — 30.4045a, + 4.52416 @5 + 0.754029 x 10~ ag + - )7
4+ (—22.8709a, — 8.01368a, — 1888224, — 0.852845 x 107§, — 2.55855 6, + 5117053,
— 0.754030e; + 4.52418e, + - )t
+(—18.2067 @, + 51170808, — 4.80820a, — 1.132028, + 4.52418a; — 2.046828, + )&% + -
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at t = 0 equal to zero, leads to:
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U,,(&) =(—0.00818732 8, + 0.723870 a, — 0.836254 B, — 0.0361934 a, — 0.000180967 a, — 0.0000409366 3,
+ 0.0000144774 &, — 0.876159 + 0.000545820 B, + 0.00241290 &, — 2.72910 10~75,
+ 0.00000327402 8, — 0.00000120645 e, + ) ¢
+ (—0.0000818730 B, + 0.00000818730 §; + 0.000818730 3, — 0.000361935 a, — 0.00818730 £,
— 0.0361935 a, + 0.00361934 a, — 0.418127 3, + 0.361934 «, + 0.0000361935 a5 + 0.380650 a,

— 0.818730 B, + - )£2

+ (—0.00818733 B, — 0.000136455 g, + 0.241200 &, + 0.126887 «, — 0.272010 g, — 0.278751 £,

+ 0.00109164 £, + 0.00482580 o, — 0.000603226 a5 — 0.0361933 ay + - )&2
+ (—0.209064 §; + 0.0634425 a, — 0.136455 3, + 0.00136455 B; + 0.180967 ay + 0.00603225 a-

— 0.0361935 o, — 0.00818730 B, + - )t*

+ (—0.00818730 B + 0.0380660 a; — 0.0818732 B, — 0.0361936 oy + 0.144774 a, — 0.167251 3,

+ o) e
It can easily be shown that:

a, = —1.000054835,
as = —0.4166961591 x 1071,  as
a, = —0.1389285832 x 1072, ...

oy = 1.000064451, o, = —5000376805,

0.8335184623 x 1072,

oz = 1666815663,

B, = —2.000048867, 4, = 4.000100960, B, = —4.000093592, f; = 2.666719277, B, = —1.333358386, f;
= 0.5333436597, §, = —0.1777807251 , ...

Therefore, the approximate solutions of the system of
differential Equation 1 can be expressed as:

u, (£) = U, () = —1.08105 x 107 % %t — 246174 = 107 % = t? — 39932 % 10 %= t? + 7.5 % 1071® x ¢* + 8.x 107°
* E% 4 4.00000 > 1072 3 £5 + 1.00000 x 107% x £7 + 5.00559 x 10722 x £% — 1.16222 x 107 x ¢

— 110375 x 107 = 10 4 ..

uy(t) = U, p(e) =8.55182 x 1070 x ¢ + 644545 x 1071 x t? — 4.0908 x 1070 x £¥ + 3.38 x 10~ x ¢t* + 3.1
X107 % £5 £ 138622 x 10727 x £5— 277511 x 1072 x ¢7 + 2.79268 x 1072 x ¢® — 1.01722

w107 w ¥ — 222247 w 1078 w0 £

This results achieved for N = 30,

Now, we apply NHPM-Pade technique to approximate
u4(t) and u,(t) using the rational approximation [15,15]
(Table 2).

Example 3

Now, consider the stiff delay equation (El-Hawary and
Mahmoud, 2003):

3

y'(©=ay@®+y(t-= (19)

where

y(t) =" +sint, te[-,0] A=p-¢™

The exact solution is given by y{t) = eP* +sint

For large negative values of p, the solution consists of
a short transient of exponential decay, followed by a
periodic sinusoidal oscillation. The parameter p also

enters the delay equation exponentially; therefore, its
effect on the stiffness of the equation is dramatic.

For solving Equation 19 by NPHM, we construct the
following homotopy:

LU(E) — Lug(£) + pLug() + p [—AU(r} ~U(t- %)+ 4sin r] =0, (20)

where L = i and p € [0,1] is an embedding parameter.

Assume that u,(t) = L7 , a, t* and from the initial

conditions, U(0) = 1. Applying the inverse operator
-1 _ [
L™= _]"D (-)dt to

Equation 20, we  have:
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Table 2. Absolute error for example 2.

¢ NHPM NHPM-Pade [15,15]
[Vie-us [y2e-Uo| [Y1e-Ua |y2e-Ua]

0 0 0 0 0

1 2.0e-19 3.5e-19 2.0e-19 2.1e-19
2 8.29e-18 5.90e-17 1.1e-19 3.06e-19
3 2.33e-12 2.44e-11 4.21e-19 2.73e-17
4 1.69e-08 2.32e-07 3.21e-17 6.86e-14
5 1.68e-05 0.000281 1.95e-15 5.28e-12
6 0.00473 0.092 5.88e-14 7.09e-11
7 0.558 12.3 9.50e-13 7.44e-10
8 34.8 845 9.58e-12 5.40e-09
9 1.34e+03 3.52e+04 6.76e-11 2.86e-08
10 3.49e+04 9.88e+05 3.61e-10 1.18e-07

[} [} t 3 .
u(t) = U(0) + Eﬂ:uﬂ;‘;t”’fi - pEn:u%t”‘” -pJ; (—AU(;} -U (t - ?") + Asin t] dt, 21)

_Suppose th_e solutions of the system (Equation 21) to be 0. U, (2) = U(0) +Zn= oy pntt _ g +Zn= iy ntl
in the following form: n=pft+ 1 n=on+1

= 2 3 o t 3
u Uu + PU1+’P Uz +p U:i + f (22) pl:Ul(t}z_an%th_L (—AUD(t]—UD(t—?n)+Asint) dt
where in U, ; i=1,2 and j = 0,1,2, ... are functions : I
which should be determined. pl: U(e) = _J; (‘AUj—l‘:t} - U;—l(t—?)) dt  j=23..
Substituting Equation 22 into Equation 21, and
equating the coefficients of  with the same powers leads

t Now, if we set the Taylor series of U;(t) at t = 0 equal
o

to zero, we have:

U, (t) = (—464.7673966a, — 34.88206128a, + 11.10330495a, + 123.2833809a; — 5.712388981«a,
—12392.64782)t
+(—6196.323910ay — 2.856194490ay + 11.10330496a, + 246.5667618a,
—52.32309190a3 + 6196.823910)¢2
+(—1.904129660a, — 2065.441303ay + 11.10330495a; — 69.76412256a,)t?
+(—1032.720652a, — 1.428097245a; — 516.4019925 + 11.10330496a.)t* + .- = 0

It can easily be shown that:

@y = —0.999860, @ = 3.99927, @, = —449878, a; = 2.66563, as = —1.29116,
@ = 0533207, @y =—-0.179172, ..

Therefore, the approximate solutions of the system of
differential Equation 1 can be expressed as:

ul(t) = U,(t) =1.-0.999860 x t + 1.09964 x t* — 1.40050 x t? 4 666408 x t* —.258233 x % 4 0.888678 x 107t
x % — 0.255060 x 10~ x t7 + 0.63514 x 1072 x +* — 0.140007 x 1072 x ¢® 4 0.282387 x 103
Rt 4
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Table 3. Absolute error for example 3.

NHPM-Pade [25,25]

lye-ul

t NHPM
lye-ul

0 0

i s

— 2.17e-06
2

T 4.33e-07
3w
— 9.11e-13
2

2m 8.71e-10
Sm
— 6.10e-05
2

Im 0.666

0

2.17e-06

4.33e-07

9.11e-13

1.75e-10

4.69e-11

1.10e-07

This results achieved for N = 50,

Now, we apply NHPM-Pade technique to approximate
u4(t) and u,(t) using the rational approximation [25,25]
(Table 3).

Conclusion

In this work, we proposed an efficient modification of the
HPM based on NHPM and Pade approximation which
achieves to the exact or approximate solution of the
systems of stiff delay differential equations. The present
technology provides a simple way to adjust and control
the convergence region of approximate solution for any
values of 1. Numerical results explicitly reveal the
complete reliability, efficiency and accuracy of the
suggested technique.
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