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The manuscript deals with the abundant travelling wave solutions of the Caudrey-Dodd-Gibbon (CDG)

equation which have been obtained in a uniform way by using alternative (G'/6) —expansion method
wherein the generalized Riccati equation is used. Moreover, a relatively new technique which is called
(v /U) expansion is also used to find solitary wave solutions of CDG equation. The solutions obtained in
this article may be imperative and significant for the explanation of some practical physical phenomena.
Numerical results coupled with the graphical representation explicitly reveal the complete reliability and

high efficiency of the proposed algorithms.
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INTRODUCTION

The rapid development of nonlinear sciences witnesses a
wide range of reliable and efficient techniques which are
of great help in tackling physical problems even of highly
complex nature. After the observation of solitonary
phenomena by John Scott Russell (Wazwaz, 2009) in
1834 and since the KdV equation was solved by Gardner
et al. (1967) by the inverse scattering method, finding
exact solutions of nonlinear evolution equations (NLEES)
has turned out to be one of the most exciting and
particularly active areas of research. The appearance of
solitary wave solutions in nature is quite common. Bell-
shaped Sech-solutions and kink-shaped Tanh-solutions
model wave phenomena in elastic media, plasmas, solid
state physics, condensed matter physics, electrical

circuits, optical fibers, chemical kinematics, fluids, bio-
genetics etc. The travelling wave solutions of the KdV
equation and the Boussinesqg equation which describe
water waves are well-known examples. Apart from their
physical relevance, the closed-form solutions of NLEEs if
available facilitate the numerical solvers in comparison,
and aids in the stability analysis. In soliton theory, there
are many methods and technigues to deal with the
problem of solitary wave solutions for NLEES, such as,
Backlund transformation (Rogers and Shadwick, 1982),
Hirota’s bilinear transformation (Hirota, 1971), Variational
Iteration (Mohyud-Din, 2008), homogeneous balance
(Wang, 1996), Tanh-function (Malfliet, 1992), Jacobi elliptic
function (Ali, 2011), F-expansion (Zhou et al., 2003),



HomotopyAnalysis(Liao, 1992a, b), Homotopy Perturbation
(Mohyud-Din, 2007), Adomian’s Decomposition (Adomian,
1994), First Integration (Taghizadeh and Mirzazadeh,
2011), Exp-function (He and Wu, 2006; Abdou et al.,
2007; Akbar and Ali, 2011b; Mohyud-Din et al., 2010;
Naher et al., 2011b), and others (Abbasbandy, 2007a, b;
Mohyud-Din et al., 2009, 2011a, b; Usman et al., 2011).
In the similar context, Wang et al. (2008) established a
widely used direct and concise technique which is called

the (G'/G) -expansion method for obtaining the exact

travelling wave solutions of NLEEs, where G(¢) satisfies
the second order linear ordinary differential equation
(ODE) G"+AG"+ uG =0, where Aand u are arbitrary

constants. In the articles, Abazari (2010), Akbar and Ali
(2011a), Bekir (2008), Liu et al. (2010), Naher et al.
(2011a), Zayed (2009a), Zayed and Gepreel (2009),
Zhang et al. (2008a, b), Zayed and Al-Joudi (2010), the
(G'/G)-expansion method is applied to investigate

solutions of nonlinear partial differential equations in
mathematical physics. It is to be highlighted that Zhang et
al. (2010) presented an improved (G'/G)-expansion

method to seek more general travelling wave solutions.
Zayed (2009b) presented a new approach of the (G'/G)-

expansion method where G(&) satisfies the Jacobi
elliptic equation [G'(£)]* =e,G*(£) +e,G*(£) +6&,. e,.8,8,
are arbitrary constants, and obtained new exact
solutions. Zayed (2011) again presented an alternative
approach of this method in which G(&) satisfies the

Riccati equation G'(¢) = A+BG?(&), where A and B

are arbitrary constants. Inspired and motivated by the
ongoing research in this area, we investigate ample new
travelling wave solutions of the CDG equation in a
uniform way by making use of the alternative (G'/G)-

expansion method wherein the generalized Riccati
equation is functioned. Moreover, we have also applied a
relatively new technique namely (U /U)-expansion
Method to tackle the CDG equation. Numerical results
coupled with the graphical representations explicitly
reveal the complete reliability and high efficiency of the
proposed algorithms.

METHODOLOGY

Suppose the general nonlinear partial differential equation

F(u,u,,u,,u,,u -)=0 @)

tr X

u

tx? Uxx!?

where U = U(X,t) is an unknown function, F is a polynomial in
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U(X,t) and its partial derivatives in which the highest order partial
derivatives and the nonlinear terms are involved. The main steps of
the alternative (G'/G)-expansion method combined with the
generalized Riccati equation are as follows:

Step 1: The travelling wave variable
u(xt)y=u(g), &=x-vt @)

where V s the speed of the travelling wave, and permits us to
transform the Equation (1) into an ODE:

Q(u,u’,u",--)=0 3)

where the superscripts stands for the ordinary derivatives with
respect to &.

Step 2: If Equation (3) is integrable, integrate term by term one or
more times, yields constant(s) of integration.
Alternative (G'/G)-expansion method with generalized Riccati

equation

Step 3: Suppose the traveling wave solution of Equation (3) can be
expressed by a polynomial in (G’ / G) as follows:

uE=a, [%j a,#0 @

where G = G(f) satisfies the generalized Riccati equation,
G =r+pG+qG? ®)

where &, (N=0,1,2,---,m), r,

constants to be determined later.
The generalized Riccati Equation (5) has the following twenty
seven solutions (Zhu, 2008).

P and Q are arbitrary

Family 1: When p°—40r <0 and pq#0 (or rg=0), the
solutions of Equation (5) are:

G, =2—lq[—p+«/4qr— p? tan(%anr— pchﬂ.
G, =—%{p+1/4qr— p? cot(%«Mqr— pzfﬂ.

G, =i[—mm(wn(mcf)ﬁ%(mém :
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G, =—i[mm(cot(mcf)icsc(mé)ﬂ,

65:4—1q —2p+44qr—p° [tan(%«Mqr—pzfj—cot(%«Mqr—pzfj }
5 1 [ \/(AZ—BZ)(4qr—pz)—A\/4qr—p2 cos(\/4qr—p2§)_
s =—|—p+
2q P Asin(4/4qr—p2§)+B
5 1 I \/(AZ—BZ)(4qr—p2)+A\/4qr—p2 cos(\/4qr—p2§)_
L =—|-p+
2q P Asin(«/4qr—p2§)+B

where A and B are two non-zero real constants and satisfies the condition A> —B? >0.

—2rcos(;«/4q r— pzfj

G, = ,
4f4qr— p° sin(;«Mqr— p2§j+ pcos@anr— pzf}
2rsin(;/4qr— pzfj
G, = ,
—psin@«Mqr— p2§j+«/(4qr— p?) cos@«Mqr— ngj
—2rcos(\/4qr— p2§)
G, = ,
\/(4qr— pz)sin(\/4qr— p2§)+ p cos(\/4qr— ng)i\/(4qr— p%)
2rsin(4/4q r— p2§)
Gl

T snJrarpe)Jar ) oo Jaar—p | dar )

4rsin(i«/4qr— p2§)COSGx/4qF— pzﬁj
_—2 psin(i\Mqr— ngfjcos(i\/mr— p2§j+2\/(4qr— p?) cos? (‘11\/4q r— ngj—\/(4qr— p?) .

GlZ

Family 2: When p2 —4q r>0 and pq=+ Ocrr q# 0), the solutions of Equation (5) are:

G, :—%{pﬂ/pz —4qr tanh(%«/p2 —4q rfﬂ,



Gl4 =_i p+mcoth(%m5]}‘

2q
G, :—%: p+M(tanh(\/m‘§)iisech(4/pz -4q ré))} ,
Gy = —%:p+M(coth(m§)icsch(\/r4qré)ﬂ ,

G, =—% 2p+4p? —Mr(tanh(%x/ p*-4q r§j+coth(%x/ p*—4q rfml

1_ \/(A2+B)(IO ~4qr) - A|p’ —4qrcosh(,/p 4qr§)
29 Asmh(«/p 4qr§)+B :

1 \/(Bz A% (p® - 4qr)+A\/p 4qrcosh(\/p —4qr.§)
- 2q Asmh(«/p 4qr§)+B |

where A and B are two non-zero real constants and satisfies the condition B? —A? >0

2rcosh(;/p2 —4q rfj
.,/p2 —4qrsinh(;/p2 —4q rf)— pcosh(;«/p2 —4q rgj

2rsinh(;,/p2 —-4q rfj
Jpi-4qr cosh(;/p2 —4q réj— psinh(;«/p2 —4q rg‘]

) 2rcosh(\/p2—4q r§)
_«/p2—4qrsinh(«/p2—4q rf)— p cosh(\/p2—4q rf)ii\/p2—4qr |

2rsinh(«/p2 ~4q rf)

Gm)z

GZl =

GZZ
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G, = ,

. —p sinh(w/p2—4qr§)+4/p2—4qr cosh(\/p2—4qr§)i\/p2—4qr
4rsinh(l«/ 2 4qr§)cosh(i 2 4qr§)

G24

—2ps|nh(~/p2—4qr§jcosh(«/ 2 4qr§]+2 4qrcosh2(i\/p2—4qr§j p?—4qr

1839
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Family 3: When =0 and pq# 0, the solutions of Equation
(5) are:
_pd
Gy = . :
q[d +cosh(p &) —sinh(p¢&)]

p[cosh(p &) +sinh(p )] ’
q[d +cosh(p &) +sinh(p&)]

Gze =

where d is an arbitrary constant.

Family 4: When # 0 and r = p =0, the solution of Equation
©)is:

1

G, =——
7oqé+g

where C; is an arbitrary constant.

Step 4: To determine the positive integer M, substitute solution
Equation (4) along with Equation (5) into Equation (3) and then
consider homogeneous balance between the highest order
derivatives and the nonlinear terms appearing in Equation (3).

Step 5: Substituting Equation (4) together with Equation (5) into
Equation (3) together with the value of M obtained in step 3, we
obtain polynomials in G' and G~ (1=0,1,2,3--) and
vanishing each coefficient of the resulted polynomial to zero, yields
a set of algebraic equations for &, P, q, I and V .

Step 6: Suppose the value of the constants 4, P, ., I' and V

can be obtained by solving the set of algebraic equations obtained
in step 5. Since the general solutions of Equation (5) are known for

us, substituting, @, P, g, I and V' together with the general

solution of Equation (5) into Equation (4), we obtain new exact
traveling wave solutions of the nonlinear evolution Equation (1).

New approach of (G'/G)-expansion method
Step 3: According to new approach of (G'/G)-expansion method,

we assume that the wave solution can be expressed in the
following form

n=1 (6)

where G (';:Iis the solution of first order nonlinear equation in the
form

where 51 and 5: are real constants. The Riccati Equation (5) plays important role in manipulating nonlinear equations to get exact solutions
by the (G'/G)-expansion method. It has the following type of exact solutions.

Family 1: When 51;5: =0,

fGiE £ J+sinkl2,/8,(1+8,)¢ ||E.+

(EL0Y = R

| - = = - =

LELal S £einhl| 2,8, (148, 0F |[/1+8,- ;

Family 2: When 51 < Q,and [ 1+ 5::‘ =0, or 51 = 0,and [ 1+ 5::' = {0




Family 5: When &y = 0, and &, = 0.

fGET 1
e
e

Step 4: Determine M. This, usually, can be accomplished by
balancing the linear term(s) of highest order with the highest order
nonlinear term(s) in Equation (4).

Step 5: Substituting Equation (6) into Equation (4) with (7) will
yields an algebraic equation involving power of (G'/G). Equating the
coefficients of like power of (G'/G) to zero gives a system of

algebraic equations for &, K, !, 71 and . Then, we solve the

system with the aid of a computer algebra system (CAS), such as
MAPLE 13, to determine these constants.

Step 6: Putting these constant into Equation (6), coupled with the
well known solutions of Equation (7), we can obtained the more
general type and new exact travelling wave solution of the nonlinear
partial differential Equation (1).

(U\/U)-expansion method

Step 3: According to (U'/U)-expansion method, we assume that the
wave solution can be expressed in the following form

-

I
LG

.

=¥ e (&) ®)

[=]

T
Tr

where &' is the solution of first order nonlinear equation in the form
U'=AU + B, )

where A and E are real constants, # is a positive integer to be
determined and the Equation (9) has solution

Step 4: Determine M. This, usually, can be accomplished by

balancing the linear term(s) of highest order with the highest order
nonlinear term(s) in Equation (4).

Step 5: Substituting (9) into ODE with (8) yields an algebraic
equation involving power of U. Equating the coefficients of like
power of U to zero gives a system of algebraic equations for
s, k, 1,71 and . Then, we solve the system with the aid of a
computer algebra system (CAS), such as MAPLE 13, to determine
these constants.

Step 6: Putting these constant into Equation (8), coupled with the
well known solutions of Equation (9), we obtained the more general
type and new exact travelling wave solution of the nonlinear partial
differential Equation (1).

New travelling wave solutions of Cuadrey-Dodd-Gibbon (CDG)
equation

Here, the alternative (G'/G) -expansion method together with the
generalized Riccati equation is employed to construct some new
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travelling wave solutions for the (1+1)-dimensional Cuadrey-Dodd-
Gibbon (CDG) equation which is a very important nonlinear
evolution equation in mathematical physics and engineering and
have been paid attention by many researchers. Some exact
solutions of the CDG equation are found in the literature. In general,
the solutions of the CDG equation have been obtained by means of
an Ansatz method. Included in the methods are the sin-cosine
method and the rational Exp-function method (Abdollahzadeh et al.,
2010), the Hirota’s bilinear transformation method (Jiang and Bi,
2010), the Exp-function method (Xu, 2008), the variational iteration
method (Jin, 2010), the multi-wave method (Shi et al., 2010), and
the variable separation method (Zheng, 2010). In this paper, we

apply the alternative (G'/G)-expansion method together with

generalized Riccati equation for searching its solitary wave
solutions. Let us consider the CDG equation:

u +u, . +30uu, +30uu +180u’u =0 (10)

XXXXX

NUMERICAL RESULTS AND DISCUSSION

Alternative (G'/G)-expansion method

generalized Riccati equation

using
Now, we use the wave transformation equation into
Equation (10), which yield:

-V u'+u® +30uu”+30u'u”+180u?’' =0, (11)

where u® denotes the fifth derivative of U with respect
to £. Equation (11) is integrable, therefore, integrating
we obtain

C-Vu+u® +30uu”"+60u®*=0 (12)

According to step 3, the solution of Equation (12) can be
expressed by a polynomial in (G'/G) as follows:

e =+, (B)+a(S) - +ay () 2 20 (13)

where a.,(n=0,1,2,---,m) are constants to be

determined and G =G(&) satisfies the generalized

Riccati Equation (10). Considering the homogeneous
balance between the highest order derivative and the

nonlinear terms in Equation (12), we obtain m=2 .
Therefore, the solution Equation (13) takes the form,

u(§>=ao+a1(%>+a2<%>2, a, %0 14)

Using Equation (5), Equation (14) can be rewritten as,

u)=a,+a(p+rG*+qG)+a,(p+rG*+qG)*> (15)
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Substituting Equation (15) into (12), the left hand side is them for simplicity) for a,,a,,a,, p, g, r and V .
converted  into  polynomials in  G'  and Solving the over-determined set of algebraic equations
G',(1=0,1,2,3,-°) . Setting each coefficient of these by using the symbolic computation software, such as
resulted polynomials to zero, we obtain a set of Maple, we obtain

simultaneous algebraic equations (we will omit to display

6 2
c=E - Sptraiipigr -2 V = p'-8piar+169, &=L & =P g =P 2gr, (16)

where p, g and r are arbitrary constants.
Now on the basis of the solutions of Equation (5), we obtain the following families of solutions of Equation (10).

Family 1: When p?—-4qr<0 and pg =0 (or rq=0), the periodic form solutions of Equation (10) are,

U1=—p—2+gqr+p( 2A%sec’(A&) j_[ 2A%sec’(AE) JZ
6 3 -p+2Atan(Ag) ) | —p+2Atan(Aé)

1 4 2 2,2 .
where A== [aqr—p?, £E=x—(p*-8p*qr+16g°r*)t and p, q, I are arbitrary constants.
> q

p> 2 [ 2A%csc?(AE) J_[ 2A%csc?(AE) JZ

u,=—-—+—-0qr-
6 p+2Acot(AS) p+2Acot(AS)

4A%sec(2A &) (1£sin(2A¢)) 4A?sec(2A &) (1£s5in(2AE)) ?
pcos(2A§)+2Asm(2A§)+2A —pcos(2AE)+2AsIin(2AE) £ 2A

psSin(2A&) +2Acos(2AE) £ 2A psSin(2A&) +2Acos(2AE)£2A

p[ 4A% csC(2A &) (1£C0S(2A8)) J ( 4A% csc(2AE) (1£C0S(2AE)) J

A% csc(AE) ]_[ 2A%csc(A€) T

Us = -p
psm(A§)+2Acos(A§)

psin(A&)+2Acos(AE)

4AA? {\/AZ “B? cos(2A &) - BSin(2A &) — A}{Asin(zAg) +B)

Ug =—P

(A2 cos? (28) - A~ B2 - 2ABsin(2A§)}{ D ASIN(2A £) + 2AACOS(2A E) + B — 2AyAZ — BZ}

2

4AN% A2 ZBZ cos(2A &)~ Bsin(2AE) — Al Asin(2A &) + B
{ }

) [A2cos?(248) ~ A? - B? —2ABsin(2A§)}{ D ASIN(2A E) + 2AACOS(2A E) + B — 2AAZ — BZ}

2
pc 2
——4=qr,
6 3q

4 AAN? {\/AZ —B%coS(2A &) + Bsin(2A &) + A}{Asin(2A§) +B}

[A?cos?(208) ~ A? ~ B2 -2 ABsin(ZAf)}{ D ASIN(2A &) — 2AACOS(2A £) + pB — 2A\AZ BZ}

Uz =—p

2

4AA? {\/AZ "B c0s(2A &) + BSin(2A &) + A}{Asin(zAg) +B)
- [A%cos?(248) - A” - B2 - 2ABsin(2A§)}{p ASIN2AE) — 2AACOS(2A &) + pB — 2A\AZ - BZ}

2

pc 2

——+=qr,
6 3q



where A and B are two non-zero real constants satisfies the condition A> —B? >0.

p2 2 ( 2% sec(A &) { peos(A &) +2Asin(A &)} j
6 3

=6 30 T Pl 20T —2rg)cosi(a ) + 44 psin(A &) cos(A £) + 4A7

~ 2A%sec(AE){ peos(AE) +2Asin(A &)} ’
2(p? —2rq)cos*(AE) +4A psin(AE)Cos(AE) +4A% )

p> 2 p( 2A% csc(AE){ psin(A &) —2Acos(A &)} J

Ug=——+—=(qr+ 5 5 . 5
6 3 2(p°—2rg)cos (A&)+4 A psin(A&)cos(AE) —p

) 2 A% cse(A E){ psin(A &) —2Acos(A &)} ’
2(p?—2rq)cos’(AE) +4A psin(A&)cos(AE)—p? )

P2 . 2A%sec(2A &) {1£siN(2AE)}{ pcos(2AE) +2Asin(2AE) +2A}
a (p*—2rg)cos’(2A&E)+2A{1£sin(2A &)} {2A+ pcos(2A &)}

- 2A%sec(2A &) {1£siN(2A &)} {pcos(2AE) +2AsIN(2AE) £2 A} ’
(p*—2rg)cos’(2AE) +2A{1£sin(2AE)} {2A+ pcos(2A &)} )

p’ 2q o p[ZAZ csc(2A§){—psin(2A§)+2Acos(2A§)iZA}]
Jare

Uy =——+7 2 :
6 (2rg—p°)cos(2A&E) -2 pAsin(2AE)+2qr

~ 2A%csC(2AE) {—psin(2AE) +2AC0S(2AE) £ 2A} ’
(2rg—p®)cos(2A &) -2 pAsin(2A &) £2qr

6 3

u _ P2 2A° csc(AE){ psin(A &) —2Acos(A &)}
e aree 2(p?-2rg)cos’(A&) +4A psin(AE)cos(AE) - p°

~ 2A% csc(AE){ psin(A &) —2Acos(A &)} ’
2(p? —2rq)cos’(A&E)+4A psin(A&)cos(AE) - p? |

Family 2: When p2 —4q9r>0 and pg=0 (or rg=0), the soliton and soliton-like solutions of Equation (10) are,

p? 2 p( 207 sech?(Q&) ]_( 207 sech?(Q&) ]2

Ug=——+—=Qr+
6 3 p+2Qtanh(Q2¢) p+2Qtanh(Q2&)

Akbar et al.

where Q:%w/p2—4qr , E=x—(p*-8p*qr+16g°r’)t and p, q, r are arbitrary constants.

p? 2 (mzcsch?(gg)j_( 202 csch?(QE) jz

U,=——+—-0r—
6 3 p+2Acoth(Q¢&) p+2Acoth(Q¢&)

p: 2 { 40%sech(2Q &) (1Fisinh(2Q¢)) ]

Us=——+2-Qqr+ - -
6 3 pcosh(2Q &) +2Asinh(2Q &) £i2Q

[ 40Qsech2Q8)(1Fisinh(2Qe)) Y
pcosh(2Q &) +2Asinh(2Q&) +i2Q )

1843
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P2 o 407 csch(2Q€) (1+cosh(2Q¢))
psinh(2Q&)+2Qcosh(2A&)£20

[ 49%cseh(20¢) (1 cosh(2Q¢)) )
psin(2Q &) +2Qcosh(2AE) £2Q | '

p’ Q%sech’(Q&12)
U, =——+2-qr-p
6 3 [2{cosh2(9.§/2)—1}{p+Q(tanh(Q¢f/2)+coth(Q.§/2))}}
~ Q?sech?(Q&12) i
2{cosh®(Q&/2)-1}{ p+Q(tanh(QE/2)+coth(QE/2))} |
02 2 YN (A— Bsinh(2Q &) —AZ + B? cosh(ZQf))
Ug=———+=0r—p
Y6 3 (Asin2Q¢) + B)(pAsinh(ZQ§)+ pB—-20yA? + B2 +2AQcosh(ZQ§))
4AQZ(A—Bsinh(ZQ§)—\/AZ B’ cosh(zgg)) i
) (Asin(2Q¢&) + B)(pAsinh(2Q§)+ pB-20A2 + B2 +2AQcosh(ZQ§)) '
0 2 4AQ? (A— Bsinh(2Q.&) + VA? + B cosh(zgg))
Ug=—"—+-4r—-p
6 3 (Asin(2Q¢) + B)( p Asinh(2Q&) + pB + 2Qy/A? + B? +2AQcosh(2§2§))

4AQZ(A— Bsinh(2Q&) + A% + B2 cosh(zgg)) i
( )

Asin(2Q¢&) + B)( p Asinh(2Q&) + pB +2QyA? + B2 + 2 AQcosh(2Q&)

where A and B are two non-zero real constants and satisfies the condition A? —B? <0.

p> 2 [ 20%sech(Q&) ]_{ 20%sech(Qé) ]2

Upy=—"7T+5Qr-p - -
6 3 2Qsinh(Q &) — pcosh(Q &) 2Qsinh(Q &) — pcosh(Q &)

p> 2 p( 207 csch(Qé) ]_[ 207 csch(Qé) T

Uy =——+=0r+ - -

6 3 2Qcosh(Q &) — psinh(Q &) 2Qcosh(Q &) — psinh(Q &)
0 _ P2 p( 49 sech(2Q2¢) (L sinh(22.5)) J

6 3 pcosh(2Q2&)-2Qsinh(2QE)Fi20Q

[ 4Q%sech(2Qé) (1Fi sinh(2Q¢) Y
pcosh(2Q &) -2Qsinh(2Q &) Fi2Q ) '

p? 2 ( 407 csch(2Q&) (1+cosh(2Q.£)) ]
Upy=—"—F+—-Qqr+ -
2Q cosh(2Q &) — psinh(2Q&E)+20

6 3
[ 4Q%csch(2Q¢) Lt cosh(2Q8) Y
2Q cosh(2Q &) - psinh(2Q&E)+2Q ) '

p> 2 p( 207% csch(Qé) j_( 20% csch(Qé) Jz

Uy, =——+=Qr+ : -
6 3 2Qcosh(Q¢&) — psinh(Q¢) 2Qcosh(Q &) — psinh(Q &)
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Family 3: When r=0 and pq # 0, the solutions of Equation (10) are,

2

LN

Uy =—

+-q p( ;
6 3 d +cosh(p &) —sinh(p &)

p(cosh(p&)—sinh(p&)) | ( P(cosh(pg)—sinh(pS)) i
d +cosh(p&)—sinh(pé) ) '

uzsz_p_2+_qr+p[ Pd - J—( - J
6 3 d +cosh(p&)+sinh(pé) d +cosh(p&) +sinh(p &)

Family 4: When q#0 and r= p=0, the solutions of
Equation (10) are,

2
p* 2 q q
U, =—-—+—0F— - ,
2 6 +3q p£q§+clj (q§+clj

where ¢, is an arbitrary constant.
Because of the arbitrariness of the parameters p,

and r in the above families of solution, the physical
guantities U and V may possess rich structures.

Graph is a powerful tool for communication and
describes lucidly the solutions of the problems.
Therefore, some graphs of the solutions are given below
(Graph 1a to h). The graphs readily have shown the
solitary wave form of the solutions.

New approach of (G'/G)-expansion method

To convert Equation (10) into ODE we used the following
transformation

ulx, t) =ulf), & =kx+ wt, (17)

v

Gy

Compare the like powers of —

:' : _;:.IO.:L'EGCIQ-]_E-]_E: —_

| —603,a7k” + 180kaga; —

=1 180kasay + 360k%aga,8, + 180k %,
3

- :' ; _300.:\'3(:1!::515: + :_:)'EID.:L'GCI.:-]_G: - :.:)OD.:L'EG-]_G:E-I + -

G:E: + -

where & and ¢ are arbitrary constant. Substituting
Equatlon (17) into (10) and using the chain rule and
£ =k & = w, we obtain

wi' + 30k u + 30Ky + 180kuy + K50 =0, (18)
Integrating the above equation once, ignoring the
constant of integration equal to zero we have the
following equation

wi + 60ku® + 303 uu’ + E5uT =0,

For m = 2, we obtained the trail solution

=k (19)

where (7 (¢ satisfying the following Riccati equation

GIENG(&) — 846G (E)+ 8.(G (&) =0. (20)

Putting Equation (20) into (18) coupled with auxiliary
equation; the Equation (18) yields an algebraic equation

Pl £ v
involving power of | —— | as
L € 4

. _:I we have system of equations
I —16k%a,878, — 16k5a, 87 + wagy + 60ka] + 60k%aga,d0 = 0,
60k3aga,d; + 60k3a a.8{ + -+ 16k5a, 87 = 0,

."—':"1. dy Iﬂ*l.--ll.-*‘l' +":I':|‘|. G-ﬂ.--l —':l

- ‘.TC'.:L":G-]_EI-]_ = ':'_,

- E'.TCI.:L.:-G:E.-]. = ':'_,
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(©) (h)

Graph 1. Solitons corresponding to solutions (a) U; for p=q=r=1 (b) U, for
p=q=Lr=2 (¢) Ug for p=qg=r=2(d) Ugzfor p=3q=2r=1(e) Uy, for
p=2,q=Lr=05(f) U,y for p=3q=Lr=2(g) Uy for p=15q=Lr=0(h) U,;, for
p=0,q=1r=0.
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34O.ﬁ'3a1a33§ + 480k%aya,8,; + 24k%ay + -+ 96k%a, 8, = 0,

: 60ka3 + 180k%a3 + 120k5%a,85 + 120k5a, + -+ 480k%a, 8, = 0.

Solving the above system for unknown parameters, we have the following solution sets.

1st solution set

k=kw=-16k

u(®) =

u() =k

fEE )=t 2
where | cr) = Ter1es
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£=200.00

r T T T T T T 1
-0 -10 il i 0

(@) (b)
Graph 2. (a) 2D and (b) 3D travelling wave solutions of Equation (10) for different values of
parameters.

Inallcases & = kx — 16k*(8; + 28, +1)d7 ¢,
Graph 2a and b show 2D and 3D travelling wave solutions of Equation (10) for different values of parameters.

2nd solution set

(1 1 — . (1
k =k w = 60k55? ———\,"1{:'5J6:—12|:}k~'6- ———w':u::us)aﬂ
1|-~2 30 . 1|-2 30 .
:.\,-’1'}1 1 | p—— e T 1 P | -
—E:Gk“a{L:—EWIGSJ—523-5“01_‘05— 104k°4,467 — 52k707, a,

11— ; . -
= L:_EVI:LGEJ (6, +1)61k%ay = 0,a, = —k~(67 + 26, + 1).

Family 1: When &, 4, = 0,

u(&) = [%— ;—E\,’l':}E:] (6, +1)8,k*— k(82 +26,+1) [";_ |
FGE) .| . [-:'nsl'.l::fx_ &, (148, ::—s'.nl'.l::fx_ &.(1+8,08 ]c'__—n?_
where | cif) ) [cosh(2,/3,11+8,0F |+ainhl 2,7, (1250 || 155, -,/15,

Family 2: When &4 < 0,and (1 + §,) = 0, 0ordy > 0,and (1 + §,) < 0

u(@) = (3+ 2V105) (6, + Do, k2 — k(87 + 26, + D (E2)
W2 3 A O CA
FGEN [-:'n:vslfix_ —E:':‘l—E:ﬁf::—s'.ner\ -8, (1+8,0% ] —5,+.,-a.
where | —— | = —Y————— ————— = =
L GLE [-:'n:usl_xfx_ =8, (1+8, )¢ 4einl 2 -8, (148,08 ] 1+8,—4 148,
Family 3: When &, = 0,and &, = 0,

[ ]

u(#) = (3 + -V105) (6, + 1)6,k
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x
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100000 H 4
- 500+
_400_.
-300—
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~200000 j
-100+

10
~300000
(@) (b)

Graph 3. (a) 2D and (b) 3D periodic wave solutions of Equation (10) for different values of parameters.

Family 4: When &, = 0,and &, = 0,

- f1 1 —=% 7= o g7 et o FGTEN
ul(®) =(+ S V105 | (8, +1)8,k7 — k(67 +28,+1) [GI'—_] .
h [’Glf ‘.l _ 1 1
where AW 1+ 1+5,
Family 5: When &, = 0,and &, = 0.
. 1 1 — - - - R - f G:}- :
ul(®) =(+ V105 | (8, + 108,k — k(67 +28,+1) [GI'—_] ,
o [G"'i?:'. ] _ 1
Where \ ey ) T i
60367 T+ V10563 + 120k%67 ( + V105 )4, +
In all cases & = kx + ey T |
60k®6] |+ -V105 |- 52k*6{87 — 104k*6,6] — 52k°6]
. L o E

Graph 3a and b show 2D and 3D periodic wave solutions of Equation (10) for different values of parameters.

3rd solution set

- .,1"'1 1 - R | 1 —— -
k =k =60k%7 (5 - 5o 105 ) 82 + 120k%67 (5 — =105 ) 4,
1‘:__”.‘-"1 1 [ epp— 1:_\,-’1:-’1 7 o @3 7 G ol
—6G:¢“0{|:——¥1(}5J—52;-5“01_‘05— 10487000 —52k707, a,
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Family 1: When &, &, = 0,

[ ol =5 L -
._-_,_-l Uk | 2% ) Sl | 2
3
L

where l' GLEY S [cnsl-_l::fx_ g.01+4 o

u(é) = [%_%‘* 1':}5,] (8, 1:'51’1‘:_ k:('ﬁfj +26; T 1) GUEYVS !
£ () ] = ['1'05'::-‘- —E:Li—.:':_:}'_,—s.nl_‘: 8L (148,0T ]__E'___E'
where | 605) ) [oos(2) =3, (128,08 oein( 2y —2,(128,0¢ ||y 12 B,- 128,

u(®) = (3 - -V105) (6, + 1)6,k7 — k(67 + 26, + 1) (T5)
- = &
where [ | = [coshiz/2 :F_I—_fmhz E_:F_I—hc-_"_ LA
A [coshiz,/5, 8 1+sinkl 2,5, 5] -1
Family 4: When &, = 0,and &, = O,
- (1 1 —=" -~ o 7.7 S S (i -
u(@) = (3 - =V105) (6, + 116,k — k(67 + 26, + 1) (T )
h [’Glf ‘.l _ 1 1
where WAES AN T3 ET
Family 5: When &, = 0,and &, = 0.
u(ﬂ:[}_%gm{] [a:—ljaikf—kf(ag—:a:—lj[‘;'—; ,
< J & % LA
¥ "|::- .|_ 1
where | —= | = -
60k*67 (- — —\105)63 + 120k%6} (5 — =105)4, +
In all cases & = kx + e 4 - o U |
60k*07 (1 — L VI05 ) - 52k°6767 — 104Kk%6,67 — 52k°6}
LY b El

Graph 4a and b show 2D and 3D periodic wave solutions of Equation (10) for different values of parameters.

(U'/U)-expansion method

For m = 2, we obtained the trail solution

u=agt+ay| o)+ anl (21)
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496 497 493 F\‘Vfgr 5

-1, % 107
-2 % 107

-3, % 107

-4, % 107

(b)

Graph 4. (a) 2D and (b) 3D periodic wave solutions of Equation (10) for different values of parameters.

where (£ satisfying the following Riccati equation

Us)= AU+ B. (22)

™
(=]
o
(=)
+
™
(=
o
[y
+
™
ra
[
+
™
(25 ]
[
(25 ]
+
+
™
(a4}
[
. (21}
I
=

Compare the like powers of L7 we have system of equations
U 120B%k%a,+ 180k3B%a3 + 60ka3B% =0,

Ul.  180ka,B%a; + 360kalAB® + 240k3B%a a, + -+ + 248%k5q, = 0,

U2 180kaga;B*+ 180kaiB*a, + 900ka3A?B* + -+ 60k3aiB* = 0,

U3 1200ka34A3B3 + 60k3B%apay + 150k3B%aj4 + -+ + 360kaga, B%a, = 0,
I+ 1080kaga,4%a,B + 180kaza, B + 180kai A8 + - + 1080kaja 4B = 0,
e 1080kaga,Aa, B + 180ka a3 B + 180kai A°E+ - + 2wda,B = 0,

US:  180kagasA® + 180kagaiA? + 180kaja A + -+ + 180kaga A = 0.

Solving the above system for unknown parameters, we have the following solution sets

1st solution set

k=kw=-k"A%a,=0,0, =k-4A,a, =-k",
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Graph 5. (a) 2D and (b) 3D travelling wave solutions of Equation (10) for different values of

parameters.

Substituting the solution set into trial solution

Graph 5a and b show 2D and 3D travelling wave solutions of Equation (10) for different values of parameters.

2nd solution set

[ ]

oA —15a,++105 a, o EE‘-. —15a,++105 ayag _ _ —15a,++105 a, B ~15a,+105 a,
.I-C——H = — P Jﬂc—ﬂc,ﬂi——ﬂ y e = — = )
Substituting the solution set into trial solution

/ / —12mp ++105 ag )
’L("\:) = =15 @, ++/105 a, —15a,++105 a, A A F-sodpt
L = 4 —

E 0 A .H: —1Efn+ 105 apn
".__. \ _E__ A = —soagt
A

Graph 6a and b show 2D and 3D travelling wave solutions of Equation (10) for different values of parameters.

3rd solution set

[ ]

L ym18apsI0Fa, 60,152, +/I05 age; B 15,4105 | 5a,eT0Ta,
.'-C———H S = H Jﬂc—ﬂc,ﬂi——ﬂ y Ay = — = ;
Substituting the solution set into trial solution

/ —1E0p++ 108 g ) ') —isap++10E ag _
(F) = ~15a,+T05 ap | _de ™" “ AR ~15a,+VI05 a, | de ” Z ~&0d;
LL(L,) =dy T ) - e

A L —iEOp+I0E ag B A
VB -4 - —&0 gk Y -4 —&04
A A
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Graph 6. (a) 2D and (b) 3D travelling wave solutions of Equation (10) for different values of

parameters.

@)

Graph 7. (a) 2D and (b) 3D travelling wave solutions of Equation (10) for different values
of parameters.

Graph 7a and b show 2D and 3D travelling wave solutions of Equation (10) for different values of parameters.

4th solution set

L T15ay =185 ag el [ —15a,—105 aya

1 g o
k= W= — Oy = Qp, )y = ———————— s = — -
A 1 A »r b or b9 A 3 Ldo e

ok
|
[
I
o
]
|
-
[y
(]
Li|
o
]
|
)
L3}
Eal
(=1
|
-
=
L=l
Li3]
k=l
=]

Substituting the solution set into trial solution

—15a,—/105 &, Ae A —15a,—105 g Ae
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Graph 8. (a) 2D and (b) 3D travelling wave solutions of Equation (10) for different values of
parameters.
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Graph 9. (a) 2D and (b) 3D travelling wave solutions of Equation (10) for different values of
parameters.

Graph 8a and b show 2D and 3D travelling wave solutions of Equation (10) for different values of parameters.

5th solution set

k _ =15, —/105 a, _ 'E'3~._ —15a, =105 aga; . o = -152,-+105 a, —15a.—10% a.
= — = s = — — =
A ¥ A ¥ |: I:.l 1 A ¥ 2 _,,-|"' ¥
Substituting the solution set into trial solution
/ 180, —+I0E g ) / -1z —10E 0g
— - —-&0aLt _ — - [x-sonit
irE —15a,—/105 a, Ae £ - —12a,—/105 a, Aeg - =
LL(L,) = -:'[E T — - -
A —i1z0p =102 ap B A —180, 108 ag
I"—E.—e_ g —soagt I"—E.—e_ = [x—soagr
A A

Graph 9a and b show 2D and 3D travelling wave solutions of Equation (10) for different values of parameters.

[ ]



Conclusion

Alternative (G'/G)-expansion along with the generalized

Riccati equation and (U/U)-expansion methods are
successfully used for searching abundant exact travelling
wave solutions to the (1+1)-dimensional CDG equation
with the help of symbolic computation. Numerical results
re-confirm the efficiency of the proposed algorithms. It is
concluded that suggested schemes can be extended for
other kinds of NLEEs in mathematical physics.
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