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There has been a great interest in studying difference equations and systems. One of the reasons for
this is a necessity for some techniques which can be used in investigating equations arising in
mathematical models describing real life situations in population biology, geometry, economics,
probability theory, genetics, physics etc. In this paper, we investigate the solutions of the system of
X n-1 _ ann—l oL
yn+l — 4= where the initial values

yn n-1 X Yo -1 Yn

X 1,%y,24,Z, are real numbers and the initial values Yy_,, Yy, are non-zero real numbers such that XoY-1

rational difference equations X1

and YoX.1 are not equal to 1. We give general solutions of the system. Also, we obtain necessary

conditions for every solution of the system to be limited or unlimited.
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INTRODUCTION

In this study, we investigate the behavior of the solutions
of the difference equation system

Xm=—"" Y =T— L= 1
i YnXoa -1 I Xnyn—l_l ' Yn ( )

Where X, X3, Y5, Yo: Z4, Z, are real numbers such

that yoX , #1 Xy, #1L, y,#0and y, #0.

Similar nonlinear systems of rational difference equations
were investigated, for examples, Kurbanh et al. (2011a)
studied the behavior of the positive solutions of the
system:

*Corresponding author. E-mail: akurbanli@yahoo.com.

n+l ' yn+l =

Cinar (2004) studied the solutions of the system:

1 Y
Xn+ = yn+ =0
' yn ' Xn—l yn—l

Kurbanli (2011b) studied the behavior of the solutions of
the system:

Clark and Kulenovi¢ (2002) and Clark et al. (2003)
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investigated the global asymptotic stability of the system:

X
Xosr = —, Y = L )
a+cy, b-+dx,

Kulenovi¢ and Nurkanovi¢ (2005) studied the global
asymptotic behavior of the solutions of the system:

a+x,
b+y, '

_Cc+y,
d+z,°

_e+z,

n+l —

n+1 n+1

f+x,

Zhang et al. (2006) investigated the behavior of the
positive solutions of the system of difference equations:

X :A+—i—,%ﬂ:A+ Yna

n+1 )
yn*p Xn—r yn—s

Zhang et al. (2007) studied the boundedness, the
persistence and global asymptotic stability of the positive
solutions of the system:

X
— ATy oAy T
Xn yn

X

n+1

Yalcinkaya (2008) studied the global asmptotic stability of
the system:

tz ,+a _Zt

_ 'n“n-1 nn-1

t +z z +t

+a

n+1 n+1

MAIN RESULTS

Theorem 1

Let yO:a‘l y,lzbnx():c’ X,]_:d,zoze, 271:f
be real numbers such that ad =1, cb=#1, a=0, b=0

and let (x,,Y,,z,) be a solution of the system of
Equation 1. Then all solutions of of Equation 1 are:

d
n+1’ —odd
x, =1 (ad —1)7l e
a n—even
c(cb-1)z, -
b —-, N—odd
Yo = (C'b_:l')T
a(ad _1)2’ n—even

®)

S
c"f(ch-1)= - odd
, - a"(ad -1)=
n Zn:i
d'e(b-D"  _en
b"(ad —1)+ )
Proof

From Equation 1, we have

— X—l _ d
& Yox,-1 ad-1
__Ya __ b
. %Y,—-1 cb—1
XZ, cf
z = =
Yo a
Xo1 c
X, = = =c(cb-1)
? Y1X0_1 b Cc—
ch-1
Yo a
= = =alad -1
V= 1T ~ (ad -1)
ad -1
d
, _XZ _ ad _1e _ de(ch-1)
27y, b p(ad-1)
cb-1
d
X = X, ad -1 _ d
3= = = 2
VX =1 3(ad -1) d__; (ad-1)
ad -1
b
V= i _ ch-1 _ b
3 2’
Xy: 1 c(cb—l)cbb p (cb-1)

cf
, :ﬁzc(cb—l)g:CZf(cb_l).
*y, a(ad-1) a’(ad-1)

So Equations 2, 3 and 4 are true for n=1,2,3. Assume
that Equations 2, 3 and 4 are true for N =4,5,...,K . Then



X. = Xok-3 _ d
2k-1 — - K !
Yok2Xors —1 (ad - 1)
X
Xy = ——2k2 __ —¢(cb-1),
Yok1Xok2 —1
Vo i = Yor-a _ b
2k-1 — - K’
Xok 2 Yok 3 —1 (Cb - 1)
Yok- K
Yo =~ F—— 1=a(ad—1)
Xok-1Yok2 —
and
Eol k -1 Ell
- Xo2Zos _ c*f (Cb—l) V2, = XokaZok-2 _ de(ch )k
2k-1 k\—1l yzkfl ¥

a“(ad —1)'fD b“(ad ‘1)|:

Now, we must show that Equations 2, 3 and 4 are true for
n=k+1. From Equation 1, we have

d
X — XZk—l _ (ad —1)k _ d ,
2K+l = = _ _
Yoo 1 a(ad -1) d -1 (ad-1)
(ad -1)
b
o kK
y — ka—l _ (Cb —1) B b
2kl = = _ _
XaYaa ~1 c(cb-1)" b -1 (cb-1)
(cb-1)
and
(:(cb—l)k m 7
_ XaZoa _ a* (ad —1)':” B okt (Cb—l) = . g (Cb—l)lgﬂ
2k+1 T = . — - .
Y. a(ad-1 < B
2% ( ) ak*l(ad _1) a“(ad _1)
Also, we have
K k
Xopsn = Xk _ - C(Cb — l) _ C(Eb _ 1) _ C(Cb ) l)k+1
YosrXok-1 7C(Cb B 1)k 1 c1
(Cb _ 1)k+1 -1
Yoz = Y = a(ad _1)k _ a(ad —1)k = a(ad —1)k+1
oo Lkla(ad ) S R
(ad 1) ad -1
and
d d"e(cb—l)‘:'l
(ad *1)“1 ) é]' - (kq)té]. . E‘
7 _ Xoalok _ b (ad —l) _ d E(Cb—l) - d e(cb_l) .
2k+2 — = — i _ ki]
2k (Cb 71)“1 bk+1 (ad _1) bk+1 (ad —l)
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Therefore, the proof is completed by induction.

Corollary 1

Let (x,,Y,,Z,) be a solution of the system of Equation 1
and let a,b,c,d be real numbers such that
ad #1, cb#1, a#0 and b=0, then the following

results hold:
(1) If 0<a,b,c,d,e, f <1, then limx,, , =limy, , =0
n—oo n—oo

and limx,, =limy,, =0,
n—oo nN—oo

(2) If O<a,b,c,d,e f <1,

O<a,b,c,d,e, f <1, c=a and

limz,, , =0,

(3) If O<a,b,c,d,e f <1,

c<a and cb=ad or
b<d, then

c>a and cb=ad or

O<a,b,c,d,e,f<1, c=a and d>b, then
limz,, , =,
(4) If O<a,b,c,d,e,f<1, c=a and b=d, then
limz,, ,=f,

(5) If O<a,b,c,d,e, f<l, d<b and cb>ad or
O<a,b,c,d,e f<1,d<b and cb=ad

or O<a,b,c,d,e, f<1, f<1, b=d and c>a, then
limz,, =0,

nN—o0

(6) If O<a,b,c,d,e,f<l, d>b and cb=ad or

O<a,b,c,d,e,f <1, d=b and ad <cb, then
limz,, =,

(7) If O<a,b,c,d,e,f<1, d=b and c=a, then
limz,, =e.

Proof

(1) From O<a,b,c,d <1, we have —1<ad-1<0 and
—1<cb—-1<0. Hence, we obtain

) 1 —o0, n-—odd
=dlim = )
oo (ad —1)" |40, nN—even

limx,, , =lim -
n—w n—w (ad _1)

n-odd

. . . 1 —0,
limy, ,=Ilim blim————=
n— oo (cb—1)"  [+00, n—even

b —
n-w (ch—1)"
and

limx,, =limc(cb—1)" =clim(ch-1)" =0
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limy,, =limc(ad -1)" =alim(ad -1)" =

(2) From 0<a,b,c,d <1, c<a and cb=ad, we have
ch-1
ad -1

=1. Hence, we obtain

n-1

2 n i
limz,, , = I|m%= lim f (Ej (Cbil}z" =0.
n—o . n—o a ad -1

2 (ad -1

Similarly, from O<a,b,c,d <1, c=a and b<d, we

have cb-1 <1. Hence, we obtain
ad -1
n _ Ei
€O (2] [22) o
n—w n—ow i n—wm a ad -1

a"(ad —1)i§

(3) From O<a,b,c,d <1, c>a and cb=ad, we have

cb-1 —1. Hence, we obtain

ad -1
Iimzml:limm lim f[ MCb 1)" — oo
n—w n—ow Z' now ad -1

a"(ad -1)=

Similarly, from O<a,b,c,d <1, c=a and d<b, we

have cb-1 >1. Hence, we obtain
ad -1
El Hll
. ¢"f(ch—1) b1\
limz, , =lim——————=Iim f = oo,
n—w n—o Zi n—o ad -1
a"(ad -1)=

(4) From O<a,b,c,d<1, c=a and b=d, we have
ch-1
ad -1

=1. Hence, we obtain

nl
n-1

3 Z
Iimz2n71=lim—c fleo-y™ lim f[ MZS 11j _f

a(ad )%

(5) From O<a,b,c,d <1, d <b and bc>da, we have
ch-1
ad -1

<1. Hence, we obtain

ii n i
. _d'%e(cb-DT . (d\'(cb-1)>
limz,, =lim——"—=—=lime| — =0.
n—w n—w . n—o b ad -1

b"(ad -1

Similarly, from O<a,b,c,d <1, d <b and bc=da, we

have cb-1 =1. Hence, we obtain
ad -1
ii n i
. _de(cb-DT . (d)'(cb-1)>
limz,, =lim——————=Ilime| — =0.
now n—w Zi n—w b ad -1
b"(ad ~1)

Similarly, from O<a,b,c,d <1, d=b and c>a, we
ch-1
ad -1

Zn:i n i
. _d%(cb-DT . (d\'(cb-1)>
limz,, =lim——"—"—~_ =lime| — =0.
n—w n—w ; n—w b ad -1

b (ad ~1)°

have

<1. Hence, we obtain

(6) From O<a,b,c,d <1, d >b and bc=da, we have
ch-1
ad -1

Z":i n S i
. . de(cb-= . [dj (cb—lj;
limz,, =lim——————=lime| — =
n—o n—w . n—om b ad -1

b"(ad —1)"

=1. Hence, we obtain

Similarly, from O<a,b,c,d <1, d=b and bc>da, we

have cb-1 1. Hence, we obtain
ad -1
ii n ni
.  de(cb-nT (dj (cb—l]§
limz, =lim—————=lime| — =,
n—w n—w i n—ow b ad -1

" (ad -7

(7) From O<a,b,c,d<1, d=b and c=a, we have
ch-1
ad -1

Zn:i n r‘i
. _de(cb-T (dj (cb—lj;
limz,, =lim————=lime| — =e
n—w n—w : n—w b ad -1

b" (ad ~1)

=1. Hence, we obtain

Corollary 2

Let (X,,Y,,Z,) be a solution of the system of Equation 1



and let abcde(l+o) and a>d>c>Db. If

ad -1, cb—1e(1,+w), then
limx,, ,=limy, ,=limz, , =0,
n—o N—o0 n—o0

and

limx,, =limy, =oo.
n—o n—o

Proof

a>d>c>b and

Cb_i <1. Hence, we

From a,b,c,d e(L,+x),

ad -1, cbh—1e (1, +w), we have

have

lim(cb-1)" =+ and lim(ad ~1)" =+. Also, we have

n—x N—o0

limx,, , = Iianzd.lim;n:O,
n—w n%w(ad _1) n»oc(ad _1)
. . . 1
limy,, , =lim ~=b.lim———=0
n—w n—ow (Cb—l) n—w (Cb_l)
and
n Ei n Hi
limz, , = lim &P iy f(EJ (Cb‘lj'* )
n—ow n—w Zi n—ow a ad -1
a"(ad -1~

Similarly, we have

limx,, =limc(ch-1)" =clim(cb-1)" = +oo

n—oo

and

limy,, =lima(ad -1)" =alim(ad —1)" =+

nN—o0

Corollary 3

Let (X,,Y,,Z,)be a solution of the system of Equation 1
abcde(L+o) and a=c,b>d. If
ad -1, cb-1€(0, 1), then

and let

limx,, , =limy, ,=limz, ;=0
n—o0 n—oo n—oo
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and

limx,, =limy, =0
nN— nN—o0

Proof

From a,b,c,d e(1,+x), a=c, b>d and

ad—1, cb-1€(0,1), we have >1. Hence, we

have Iim(cb—l)n =0 and Iim(ad —l)n =0. Also, we

n—owo n—oo

have

. . . 1
limx,, , =lim —=d.lim———=+wx,

. . . 1

limy, ,=Ilim —=b.lim — = +00
n—o n—o (Cb_l) n—oo (cb_l)
and

limz, | = lim S =D i ¢ (Ej (Cb‘lj‘:" = 10
n—w n—w zi n—w a ad -1

a"(ad -1~

Similarly, we have

limx,, =limc(cb—1)" =c.0=0

n—o

and

limy,, =lima(ad -1)" =a.0=0.
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