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We are calculating the automorphisms of real Lie algebras in four dimensional matrix method. At
first, we introduced the adjoint matrices and we reduced Jacobi and mix Jacobs identities to
matrix form, then we presented the automorphisms of real lie algebras. At the end we compared

our results to another article.
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INTRODUCTION

In this paper, we introduce automorphism of real four
dimensional Lie algebras. Before exhibiting the results on
the automorphisms, we briefly recall some basic
elements of the theory of Lie algebras. Lie (1893)
enumerated all complex four-dimensional algebras in his
classic work. Kruchkovich (1954) adapted these results to
the real case, and Petrov (1969) and Ellis and Sciama
(1966) completed this classification independently. Also,
Patera et al. (1976) enumerated all solvable Lie algebras
and modified the forms of Mubarakzyanov (1963) in
several papers (Patera et al., 1976; Patera and
Winternitz, 1977; Patera and Zassenhaus, 1990). At last,
the general commutation relations have been achieved
by Rastgo and Mehdipour (2006). MacCallum (1999)
compared all works and presented a new classification
which used the algebraic method like classification of
Bianchi algebras in three dimensions.

Automorphisms

Automorphisms of 3-dimensional real Lie algebras
(Harvey, 1979) have been proven to be a powerful tool
for analyzing the dynamics of 3+1 Bianchi cosmological
models (Heckman and Sch’ucking 1962). At the classical
level, time-dependent automorphisms inducing diffeomor-
phisms can be used to simplify the line element, and thus
the Einstein’s field equations without loss of generality
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(Jantzen, 1979). They also provide an algorithm for
counting the number of essential constants; the results
obtained agree for all Bianchi types with the preexisting
results (Christodoulakis et al., 2001), but unlike these, the
algorithm can be extended to four or more dimensions. At
the quantum level, outer automorphisms provide integrals
of motion of the classical Hamiltonian dynamics; their
quantum analogues can be used to reconcile quantum
Hamiltonian dynamics with the kinematics of homo-
geneous 3-spaces (Christodoulakis and Papadopoulos,
2002).

METHODOLOGY

This method differs from the other works. At first adjoint
representations of algebras were introduced and then the relations
of automorphisms were reduced to the form of adjoint
representations. At last, automorphisms was calculated by
computer program (maple software) from matrices relations.

At first, we call some notations and relations that would be used.
The following notation was used. L denotes a Lie algebra, and L, a
Lie algebra of dimension n. If { Xi; i=1, 2,..., n} is a basis of Ly;

[(X,.X,1=f" X, (1)

where [ ;] is the Lie product (commutator) and summation over

L . k
repeated indices is implied, defines the structure constants fi .

If {X;';i=1;2;:::;n} is abasis automorphisms algebras; then

(X, X 1=f" X, (2)

‘m n



Preserve the Lie brackets for automorphisms of algebras:
’ i

X, =0, X,. ©)

Now adjoint representations are presented in this manner:

ko _ k

(Z i ) i T T Jij
k _ k

(Y )i i /iy

where (Zf )j g

(4)

are the adjoint representations of algebra’s basis
y* ic matr

and i j are the antisymmetric matrices. Then, the X or Y;

matrices were found for all Lie algebras.

By applying Equation 3 in 2, the general matrix form of the

elements of the automorphism groups of the algebras can be
calculated:

‘n m
:0; 01{; fi;< X, :f(nm 0: X, =
0,0, (x)5=), 0,

(X, X, 1= fn X, =10, X,,0} X 1= fn O, X,

0,0,(",,=x"),, 0,
0/[ OZ, = Z/ 0

(o'vy*oy, =x"oly, = o0'v'o=v"0}
(%)
Any of them can be used. The first one is in terms of adjoint
representations and the other one is in terms of antisymmetric
matrices. At last, the six equations have been released from any
matrices relation that have been solved earlier. The results are

matrices of automorphism Lie algebras.
For example, we mentioned one algebras calculation such as (R

@ ). if a; is considered as the elements of automorphism matrix

Lie algebras, the six equations can be achieved by solving the
Equation 5:

a,=a;=a, =0
Ay Ayy — Ay Ayy =0

Ay A3y — Ay Ay =0

Ay Ay, —dy a; =0
Aoy A3y — Ay, A3 = —Ay,y

Ayy Ayy — Ay Ay3 =0

A3 Ayy — Az, Ayy =0

Solving these equations we have these relations in automorphism:
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Ayy =0y, = a3 = Ay, =, =0
Gy = Ay dz3—dy; Ay

These mean that the matrix of automorphism is presented in this
form:

Ay 3 —aya, 0 0 0

ay; Gy, Gyy Ay
Qs 3 Qi3 Uy
Ay 0 0 a,

All matrices have been solved and represented in Table 1.

RESULTS AND DISCUSSION

It is not easy to compare two automorphism matrices, but
in apparent, the two matrices have the same structure.

A

For example automorphism matrix 41 algebras in this
paper is:
_ 5 -

apass 0 0 O

Uty Aty 0 0

as, a, 4y 0

| Ay Ay Qg3 Gy |

Which is same with automorphism matrix introduced by
Christodoulakis and Papadopoulos (2002):

a,a’e a,a, a, a,
0 a e a; dg
0 0 a, dp
0 0 0 ay

These two matrices are triangular. One of them is upper
triangular and other is lower triangular. The elements of
main  diagonal are the same  (considering

>3 —>a44); but the decomposable ones would
not have the same results, because the paper is based
on Patera algebras but we used Bianchi form in three
dimensional. The Bianchi form in three dimensional Lie
algebras is more useful than the others. Therefore, this
method is right for finding the automorphism algebras.
We present all algebras in the two methods in matrix form
in Table 1.
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Table 1. Calculated automorphisms together with the automorphism for comparing.

Number Automorphisms (matrix) Automorphisms for comparing
1 a, a; a, 1 0 0 0
0 ay a, -a a; a, 0 O
1 HI®R: 3 2 34 5 6
0 ay ay = a 0 a; ap
0 a, Ap Ay a, 0 a5 a;
0 0 1 aq o 0 1 o
00 0 a 0 0 a g
I a, 0 O Lo o0 o
0 0 O
> A 5 @A 5 Ay @ a, 0 0
bra, 00 1 0 0 0
0 a, 0 O o a 0 0
0 0 I ay 0 0 1 0
0 0 0 ay 0 0 a5 ag,
Cl226l33 - a23a32 0 0 0 1 O O O
® II®R: Ay Ay Ay Ay as dg 0 0
‘ 0
a3, 3, Ay Ay Ay a,,  ap,
a, 0 0 ay as; 0 a5 a;
boa, a ay aq a a 0
0 a, a; O 0 a a O
4 . ;
IVOR: 0 0 a4 0 N
0 0 0 ayy 0 0 a5 a;
1 a, a3 dy a, a, a, 0
0 ay ap 0 as a; a; O
S :
V @ R 0 a32 a33 O 0 0 1 0
0 0 0 a, 0 0 a, a,
0 a 0 O (@, 0 a 0]
—da, 0 a 0 0 a, a, 0
Ay Ay 1 a, 0O 0 1 O
VI ®R: 0 0 0 a, 10 0 a5 a5
0
6 Ay Ay 0 O 0 a, a, 0
% Gz 0 0 as 0 a; 0
a; a; 1 oay 0 0 =1 0
0 0 0 ay i 0 0 a, a,




Payam and Mojtaba 6491

Table 1. Contd.

1 a, a; a, a 0 a O
. VI ®R: 0 ay a;, O 0 a a O
: 0 a, ay; O 0O 0 1 0
00 0 a, 0 0 a5 ag
_a22 —dy 0 0 1 a a, a, 0
as ay 0 O a, —a a, 0
0 0O -1 0
a, a, 1 a, -
s VI @R: L0 0 0 ay L as 0(1)6_
_a22 a,, 0 0 1 a a, a,
a, a,, 0 0 —a, a4 a4, 0
0 0 1 0
a, a, 1 a,
0 0 0 a44 L 0 0 als a16
1 a, a, a,] "4 a a 0]
9 VII @R: 0 ay; —dsz 0 -a, a a, 0
00 0 Gas | L O 0 a5 ag
0330244 0 0 0 011:1)216 a,a a4y
10 A apay, apdy, 0 0 . a 1(;116 a,
41 as a, ay 0 4 G
0 0 0 a
Aa p Ay Gy
a, 0 0 O a 0 0 g
» Aa 0 a; 0 O 0 a 0 a
42 0 a, ay; 0 0 0 a O
a, a, a; 0 O 0 0 1
a, a, 0 0 a 0 0 a,
12 A 1 0 a3 0 O as; a; 0 aq
42 ay ay ay 0 0 0 a O
a, a, a; 1 O 0 0 1
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13

14

15

16

17

19

N

a; 0 O
0 ay; O
0 0 ay

T A330,3
— Ay, —dya, 1 asa,

ay

- o O O
L= = =

as,

Ay

- o O O

a;

a a, a
0 a a,
0O 0 1

S o
o
Q Q
) B
0@ 1 @@ 1
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a, 0 0 0
4 0 a, -a, 0 0 a a, aqa
20 A 0 a; dg dp
4 6 0 a, a; O
1 0 0 0 1
Ay Ay Ay
a,,a 0 0 0
273 0 0 apde  apdg  dpdg  dy
a,,a a
2443 (2)2 0 0 a 0 dag
a,.a a
33%42 33 0 0 a, a,
o A Ay a, a;z 1 0 0 0 1
4 8 —dpds, 0 0 0 —aad; T adg  —apd;
—aya, 0 ay, O 0 0 a, ag
— 4,0, A4y 0 0 0 20 0 ap
0 0 0 -1
Qyy a, a; -1
s 0 0 0 ayas —anaslf o aa,  a,
b —a,a,lb a 0 0 0 a 0 a
20 A 22443 22 6 8
4 9 Q3304 0 a3 O 0 0 a,  dp
a, a, a; 1 0 0 0 1
iy —apa, 0 0 0 1000
o3 A 1 Ay —Ayly; Gy Gy 0 as Gy 0 0
4 9 Ay =ty Gy a3 0 Ay 0 a, G
ay ap a1 a; 0 a5 as
aya; 0 0 0 a,deg  a, agdy; 4,
o4 AO a, a, 0 0 0 ag 0 a,
4 9 aga, 0 ay 0 0 0 ap 0
a, a, 0 1 0 0 0 1
2 2
+. 0O 0 O
o3 Tl —a~a a0 +ag —aatad a,
—Ofly =y Gy Gy O 0 a a, a
—y oy, —ay Gy 0 0 @, —a, a,
a,, a, a; —1 0 0 0 -1
25 A 5 5 2. 2
4 10 —ly; —y, 0 0 0 G ta, am—ady, —a 4~ q
A+l Gy Gy 0 0 G 4 Gy
—Alytayd, a4y —a, 0 0 —a, & Gy

ay, a, a3 -1 0 0 0 1
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B 2 2 ] - .
ay, +a; 00 0 a +a. Wi+a) Wil+d) aq,
-Wil+ef) ay; —ay, 0 0 G & &%
X -Wil+d') a, a, O 0 4 3 Gy
26 4 11 L ay a,  ay Y 0 0 1
W =a,(aa, —a,)+a,;(0a,+.a,,) W =a(aa,, +ag) + a,(aag - a,,)
W' = (2% (a43 —-oaa,, )+ a, (0{6143 + a42) W' = ag (alz - 0{618) ta, (aalz + ag)
a,, —a, 00 [ a a, a; a, ]
Qs a, 0 0 -a, a, a, —a,
—a, ap 10 0 0 1 0
asz; a, 0 1 0 0 O 1
27 - Z
4 12 a, a, 0 0 a a, a; a,
a, a, 0 0 a, —a —4a, d
a, ap 1 0 0 0 1 0
a, a, 0 -1 100 0 -—1]
REFERENCES Mubarakzyanov GM (1963). Classification of solvable Lie algebras of six

Christodoulakis T, Kofinas G, Korfiatis E, Papadopoulos GO, Paschos A
(2001).”Dynamical Systems in Cosmology” J. Math. Phys. 42(8): 3580.
Edited by J. Wainwright and G.F.R. Ellis, Cambridge University Press
(1997).

Christodoulakis T, Papadopoulos GO (2002). "Automorphisms of Real 4
Dimensional Lie Algebras and the Invariant Characterization of
Homogeneous 4-Spaces” arXiv:gr-qc/0209042 v2 13 .

Ellis GFR, Sciama DW (1966). On a class of model universes satisfying
the perfect cosmological principle. In Hoffman B editor, Perspectives in
Geometry and Relativity (Essays in honour of V. Hlavaty) (Bloomington:
Indiana University Press).

Harvey A (1979). J. Math. Phys., 20(2): 251.

Heckman O, Schucking E (1962). Relativistic Cosmology in Gravitation
(an introduction to current research) edited by L. Witten, Wiley

Jantzen RT (1979). Comm. Math. Phys., 64: 211.

Uggla C, Jantzen RT, Rosquist K (1995). Phys. Rev. D., 51: 5525-5557.

Kruchkovich Gl (1954). The classification of three-dimensional/
Riemannian spaces by groups of motions (in Russian). Usp. Matem.
Nauk SSSR, 9: (59): 1-3.

Lie S (1893). Theorie der Transformationsgruppen. (Leipzig: Teubner
Verlag). by F. Engel.

MacCallum MAH (1999). “On the enumeration of the real four-dimensional
Lie algebras”, In A.L. Harvey, editor, “On Einsteins’s Path: essays in
honor of Engelbert Schucking”. Springer Verlag, New York. pp. 299-
317.

dimensions with one nilpotent basis element (in Russian). Isv. Vyss.
Uch. Zav. Mat., 4(35): 104-116.

Patera J, Sharp RT, Winternitz P, Zassenhaus H (1976). Invariants of low
dimensional Lie algebras. J. Math. Phys., 17: 986-994.

Patera J, Winternitz P (1977). Subalgebras of real three and four
dimensional Lie algebras. J. Math. Phys., 18: 1449.

Patera J, Zassenhaus H (1990). Solvable Lie algebras of dimension <= 4
over perfect fields. Linear algebra and its applications, 142: 1-17.

Petrov AZ (1969). Einstein spaces (Oxford: Pergamon Press).
Translation by R. F. Kelleher of Russian edition published by Fitzmatlit,
Moscow, 1961.

Rastgo A, Mehdipour KP (2006). The general structure of real four-
dimensional Lie algebras. International Conference on Modeling and
Simulation AMSE, Konya, Turkey.



