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Mostly, models of real life problems are consist of uncertainties. Fuzzy set theory is one of the tool for
handling such uncertainties and for applications of fuzzy set theory we have used non-associative

algebraic structure namely AG-groupoids. Specifically, we have discussed the (e,evqk)—fuzzy left

ideals, (€,€ vq,)-fuzzy ideals, (€,€Vvq,)-fuzzy semiprime ideals and (€,€Vvq,)-fuzzy bi-ideals in an
AG-groupoid. We have characterized intra-regular AG-groupoids by the properties of their ideals and

(e,evq, )-fuzzy ideals.

Key words: AG-groupoid, left invertive law, medial law, paramedial law, (e,evqk)—fuzzy ideals and

(,€ vQq,) -fuzzy bi-ideals.

INTRODUCTION

The real world has a lot of different aspects which are not
usually been specified. In different fields of knowledge
like engineering, medical science, mathematics, physics,
computer science and artificial intelligence, many
problems are simplified by constructing their "models".
These models are very complicated and it is impossible
to find the exact solutions in many occasions. Therefore,
the classical set theory, which is precise and exact, may
not be suitable for such problems of uncertainty.

In today's world, many theories have been developed
to deal with such uncertainties like fuzzy set theory,
theory of vague sets, theory of soft ideals, theory of
intuitionistic fuzzy sets and theory of rough sets. The
theory of soft sets has many applications in different
fields such as the smoothness of functions, game theory,
operations research, Riemann integration etc. The basic
concept of fuzzy set theory was first given by Zadeh
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(1965). Zadeh discussed the relationships between fuzzy
set theory and probability theory. Rosenfeld (1971)
initiated the fuzzy groups in fuzzy set theory. (Moderson
et al. (2003) have discussed the applications of fuzzy set
theory in fuzzy coding, fuzzy automata and finite state
machines.

The idea of belongingness of a fuzzy point to a fuzzy
subset under the natural equivalence on a fuzzy subset
has been defined by (Murali, 2004). Bhakat and Das

(1992) gave the concept of («,f3)-fuzzy subgroups
where «a,f €{€,0,eVvQ,enq} and a#eAQ. The
idea of (g,evq)-fuzzy subgroups is a generalization of
fuzzy subgroupoid defined by Rosenfeld. An (g,evq,)-

fuzzy bi-ideals and (€,€Vvq,)- fuzzy quasi-ideals, and

(e,evq,)-fuzzy ideals of a semigroup are defined in

Shabir et al. (2010a).
In this paper, we discussed the (e, vq, ) -fuzzy ideals

and (g, e vq,)-fuzzy bi-ideals in a new non-associative



algebraic structure, that is, in AG-groupoids and
developed some new results. We characterized intra-
regular AG-groupoids by the properties of their

(e,evQ, )-fuzzy ideals. A groupoid S is called an AG-
groupoid if it satisfies the left invertive law, that is,

(ab)c =(cb)a, forall a,b,c e S.
Every AG-groupoid satisfies the medial law
(ab)(cd) = (ac)(bd), for all a,b,c,d €S.

It is basically a non-associative algebraic structure in
between a groupoid and a commutative semigroup. It is
important to mention here that, if an AG-groupoid
contains identity or even right identity, then it becomes a
commutative monoid. It not necessarily that AG-groupoid
should have a left identity, but if it has a left identity, then
it is unigue (Mushtaq and Yusuf, 1978). An AG-groupoid
S with left identity satisfies the paramedial law, that is,

(ab)(cd) = (db)(ca), for all a,b,c,d €S.
Also, S satisfies the following law

a(bc) =b(ac),forall a,b,c,d € S.

Let S be an AG-groupoid. By an AG-subgroupoid of S,
we means a non-empty subset A of S such that
A% — A. A non-empty subset A of an AG-groupoid S
is called a left (right) ideal of S if SAc A (AS c A)
and it is called a two-sided ideal if it is both left and a right
ideal of S. A non-empty subset A of an AG-groupoid S
is called a generalized bi-ideal of S if (AS)Ac A and

an AG-subgroupoid A of S is called a bi-ideal of S if
(AS)Ac A. A subset A of an AG-groupoid S is called
semiprime ifforall a€S, a’ < A implies a€ A.

If S is an AG-groupoid with left identity € then
Sa={sa :seS} is both left and bi-ideal of S

containing &. Moreover S =€S c S°. Therefore S = S2.

The following definitions are available in Moderson et
al. (2003).

(1) Afuzzy subset f of an LA-semigroup S is called a

fuzzy AG-subgroupoid of S if  f (xy) > f (x) ~ f(y) for
all X, yeS.
(2) A fuzzy subset f of an AG-groupoid S is called a

fuzzy left (right) ideal of S if f(xy)> f(y)
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(f(xy)>f(x)) forall X ,yeS. A fuzzy subset f of

an AG-groupoid S is called a fuzzy two-sided ideal of S
if it is both a fuzzy left and a fuzzy right ideal of S .
(3) A fuzzy subset f of an AG-groupoid S is called a

fuzzy generalized bi-ideal of S if
f((xa)y)=f(xX)A f(y), forall X, a and YyeS. A
fuzzy AG-subgroupoid f of an AG-groupoid S is called
a fuzzy bi-ideal of S if f((xa)y)= f(x) A f(y), for all
X,aand YeS.
(4) A fuzzy subset f of an AG-groupoid S is called fuzzy
semiprime if f(a) > f (a?), forall ae S.

For a subset A of S the characteristics function, C,
is defined by

1,if xXe A
C,= ) ;
O0,if xg A

It is important to note that an AG-groupoid can also be
considered as a fuzzy subset of itself and we can

write S =Cg, thatis, S(x) =1, forall X in S.
Let f and g be any two fuzzy subsets of an AG-
groupoid S, then the product f o g is defined by,

v f(b) A g(c),if thereexist b,c e S, such thata =bc.
(fog)(@)=1abe

0, otherwise.

The symbols f Mg and f g will means the following
fuzzy subsets of S

(f m@)(X) =min{f (x), g(x)}=f(X) Ag(x), forallxin$S
and
(f mng)(X) =min{f (x), g(xX)}= f(X) Ag(x), forall x in S.

The following definitions for AG-groupoids are same as
for semigroups in Shabir et al. (2010b).

Definition 1

A fuzzy subset f of an AG-groupoid S is called an
if for all
x, e T,
y, € f implies that (xy)min{t,r} ewvq,f.

(e,evq,) -fuzzy AG-subgroupoid of S
x,yeS and t,re(0,1], it

satisfies,
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Definition 2

Afuzzy subset f of S is called an (€,€ vq,)-fuzzy left
(right) ideal of S if for all X,yeS and t,r €(0,1], it
satisfies, x e f (yx), e vq, f

(x e f implies (xy), € v, f)-

implies

Definition 3

A fuzzy subset f of an AG-groupoid S is called an
(€,€v0q, ) -fuzzy generalized bi-ideal of S if X, € f and
z, €S implies ((XY)2)pingery € VA F . forall x,y,2€S
and t,r €(0,1].

Definition 4

A fuzzy subset f of an AG-groupoid S is called an
(g,€VvQq,)-fuzzy bi-ideal of S if for all X,y,z€S and
t,r € (0,1] the following conditions hold

(i)1f x, € f and y, €S implies (XY) iy € VG T .
(ii) If z, €S
((Xy)z)min{t,r} evq f.

X, € f and implies

Definition 5

A fuzzy subset f of an AG-groupoid S is said to be
(&, € vQ) -fuzzy semiprime if it satisfies

xZ e f = x, evgf

forall Xe S and t € (0,1].

Definition 6

Let A be any subset of an AG-groupoid S, then the
characteristic function (C,), is defined as,

>1k jffae A

(C (@) = { -

0 otherwise.

The proofs of the following four theorems are same as in
(Shabir et al., 2010a, b).

Theorem 1

Let f be a fuzzy subset of S. Then f is an
(e,evq,)-fuzzy  AG-subgroupoid  of S if

f(xy) = min{f (x), f(y).:5}.

Theorem 2

A fuzzy subset f of an AG-groupoid S is called an
(e,evq,)-fuzzy left (righty ideal of S if
f (xy) = min{f (y), 53(f (xy) = min{f (x),53}).

Theorem 3

Let f be a fuzzy subset of S. Then f is an

(g,€vQ,) -fuzzy bi-ideal of S if and only if

(i)  (xy) =min{f (x), f (y),5<} forall X,y €S,
(ii) f ((xy)2) = min{ f (x), f (2), 55} for all X,y,z €S

Theorem 4

A fuzzy subset f of an AG-groupoid S is (€,€Vvq,)-
fuzzy semiprime if and only if f(X) > f (x?) A 3£ for

all xeS.

Proof

Let f be a fuzzy subset of an AG-groupoid S which is
(g,€vQq,) -fuzzy semiprime. If there exists some X, € S
f(x)<t,=f(XZ)ALE. Then

(Xg)toef, but (xo)toéf. In addition, we have

such that

(%), €V f since f is (g€ vq,)-fuzzy semiprime.
On the other hand, we have f(x,)+t,<t,+t, <1.
Thus (Xo)toaf , and so (XO)%?qkf . This is a
contradiction. Hence f (x) > f (x®) Ak forall XeS.

Conversely, assuming that f is a fuzzy subset of an AG-
f(x)= f(x?) ALk for all

XeS. Let Then f(x*)>t, and so

f(X)= F(XP)ALK =t ALK,

groupoid S such that
x' ef.

Now, we consider the



following two cases:

(i) Ft<te

>< , then f(X) >1. That is, X, € f. Thus
we have X, € vq, f.
(ii)if t>5, then
f(x)+t>5k+t>1. Thatis, Xq, f ,and so x, evq,f
also holds. Therefore, we conclude that f is (e, evq)-
fuzzy semiprime as required.

f(x)=>%5k. It follows that

Example 1

Let S ={1,2,3}, then from the following multiplication

table, one can easily verify that S is an AG- groupoid.

Let us

define subset f of S as:

f(1)=0.9, f(2)=0.6, f(3)=0.8. Then f is clearly
an (g,evq,) -fuzzy ideal.

fuzzy

Definition 7

An AG groupoid S is called intra-regular AG-groupoid if
for each @ in S there exists X,y in S such that
a=(xa?)y.

Example 2

Let S ={1,2,3,4,5,6}, the following table shows that S
is an intra-regular AG-groupoid.

* |1 2 3 4 5 6
11712 1 1 1 1 1
211 2 2 2 2 2
3|11 2 4 5 6 3
411 2 3 4 5 6
5|1 2 6 3 4 5
6|1 2 5 6 3 4

It is easy to see that (S,*) is an AG-groupoid and is non-
commutative and non-associative structure because
(3*4)#(4%3) and (3*%6)*4=3%(6*4). Also,
1=(3#12)#1, 2=(2%22) %2, 3=(43%) %6, 4= (4x42) %4, 5=(6+5) 3, 6= (5%6°) 5.
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Therefore, (S,*) is an intra-regular AG-groupoid. Clearly
{} and {,2} are ideals of S. A fuzzy subset
f : S—]0,1] is defined as

0.9 for x=1
0.8 for x =2
f(x) = 0.7 for x=3
0.6 for x =4
0.5 for x=5
0.5 for x =6

Then clearly f is an (€,€vq,)-fuzzy bi-ideal of S.

Also, f is (€,€VvQ,)-fuzzy semiprime.

Lemmal

Let A be a non-empty subset of an AG-groupoid S,
then

(i) A is a left (right, two-sided) ideal of S if and only if
(C,), is an (g,evq,)-fuzzy left (right, two-sided) ideal of

S.
(if) A of an AG-groupoid S with left identity is bi-ideal if

and only if (C,),is (€,€Vv0Q,) -fuzzy bi-ideal.

Proof

This is the same as in (Shabir et al., 2010b).

Lemma 2

Let A and B be non-empty subsets of an AG-groupoid
S, then the following properties hold.

(1) (Cprp) =(Co A Cp).
(i) (CAuB)k = (CA Vi CB)'
(i) (Cpg)y =(Cpo, Cp).

Proof

This is the same as in Shabir et al. (2010a). Let f and
g be any two fuzzy subsets of an AG-groupoid S, then
fork €[0,1), fo,g and
defined by,

the product f A, gare
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(fo 0)a) {V {f (b) A g(c) A5}, if thereexist b,c e S, such thata = .
o, g)(@) =1 a=be

0, otherwise.

f Ay g(@) = (F Ag)(a)A%-

Theorem 5

Let S be an AG-groupoid with left identity then the
following conditions are equivalent

(i) S is intra-regular.
(ii) For every left ideal L and for every ideal I,

LAl=IL
(ili)For every (c,evq,)-fuzzy left ideal f and

(e.evq,)-fuzzyideal g, f A, g=g-, f.

Proof

(i) = (iii) assume that S is an intra-regular AG-
groupoid and f and g are (g ,evq,)-fuzzy left and
(g,€vq,)-fuzzy ideal of S. Since S is intra-regular
therefore for any @ in S there exist X,Y in S such that
a=(xa?)y. By using Moderson et al. (2003) definition
(4) and (1)

a=(xa’)y =(x(aa))y = (a(xa)y = (y(xa))a.

So for any @ in S there exist U and V in S such that
a =uv, then

(9o )@=\ 9(U) A f(v)/\%

> g(y(xa)) A f (a)A%

> g(xa) A f(a)/\%

Zg(a)/\f(a)/\%

= (@A D@ ATE
= (fAg)@ ATt
— (f A O)(@).

This implies that

fAc9=<go, T.

Now
(9o )@= v 9O A JOPE=.
< \v g(bc) A f(bc)/\—l_zk
1—k
— (g~ )@ ATTK
= (f A, 0)(2).

This implies that
go, f <f AT
Therefore

go, F=fnr 0

(ili) = (ii) Let L be the left and | be an ideal of S .
(C) and (C)),

(e,evQq,)-fuzzy left and (€,€vqQ,) fuzzy ideal of S,

Then by Lemma 1, are the

respectively. Therefore, by using Lemma 2 and (iii), we
get

CLah=C A C)ZC o, C =(C)).-
This implies

(CLmI )k < (CIL)k'

Then by Lemma 1, we have L1 < IL.
ii)= () By using (2),(3) and (4),
(Sa®)S < Sa’. Also,

we get,

S(Sa*) = (SS)(Sa*) = (a*S)(SS) < (aS)S = (SS)a’ = Sa’.

This implies S(Sa’) < Sa®. Since Sa’ is both left and

right ideal, therefore it is an ideal containing a®. Since
Sa? is semiprime, therefore a < Sa”. Now by using (ii)

aeSanSa® =(Sa’)(Sa) — (Sa®)S.

Hence S is intra-regular.



Lemma 3

Every (€,€vQ,)-fuzzy left ideal of an AG-groupoid S is

(g,€vQq,) -fuzzy bi-ideal.

Proof

Let S be an AG-groupoid and f be an (g,eVvq,)-

fuzzy left ideal of S . Then for any X in S, there exist a
and b in S such that

f ((ax)b) = f (b) A%

> f(a)/\f(b)/\%.

Hence, f isan (€€ vq,)-fuzzy bi-ideal of S .

Theorem 6

Let S be an AG-groupoid with left identity, then will the
following conditions equivalent.

(i) S isintra-regular.

(ii) For every bi-ideal B and leftideal L, B L < BL.
(iii) For
(e,evq,)-fuzzy leftideal g, f A, g<fo, Q.

every (gevq,)-fuzzy bi-ideal f and

(iv) For every (€€ vq,)-fuzzy generalized bi-ideal f

and every (gevq,)-fuzzy left ideal 0,
fAgsfo, 0.
(V)For all (g,evq,)-fuzzy generalized bi-ideal f

and g, fA, g=fo Q.

Proof

(i) = (v) Assume that S is an intra-regular AG-

groupoid with left identity and f and g are (g,evq,)-

generalized fuzzy bi-ideal of S respectively. Thus, for
any a in S, there exist U and V in S such that a=uv,
then

(f o 9@ =\ FWAgWATE.
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Since S is intra-regular, so for any @ in S, there exist

X,y €S such that a=(xa”)y. By using Moderson et al.
(2003) definition (4) and (1), (3) and (2), we get

Thus, we have

(o, 9)@) = v f@) A g0 A

a=uv

> f((@((x(xy)(y(xy)))a)a) A g(a) A %

2(f(a)/\f(a))/\g(a)/\%

1-k
=(f /\g)(a)/\T-
=(f A 9)@).
This implies that f A, g < f o, Q.

(V) = (iv) Let f be an (€,€vQ,)-fuzzy generalized
bi-ideal and g be an (g, € \vq, ) -fuzzy left ideal. Then by
Lemma 3, g is also an (€,eVvq,)-fuzzy bi-ideal,
therefore (iv) is obvious.

(iv) = (iii) is obvious.

(iii) = (ii) Let B be a bi-ideal and L be a left ideal of
S. Then, (Cg), and (C)), are

(g,€vQ,)-fuzzy bi-ideal and (g, € vq,)-fuzzy left ideal

by Lemma 1,

of S. Then, by using Lemma 2 and (ii) , we get
(Cor)k =Cg A CL <Cyo, C =(Cyp),.

By using Lemma 1, this implies that B ™ L < BL.
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(ii)= (i) Since Sa is both bi-ideal and left ideal
containing a. Therefore by (ii) and using (3),(2) and
(4), we obtain

aeSanSac (Sa)(Sa) = (aa)(SS) = (aS)(aS) = a*(SS)
= (aa)(SS) = S(a’S) = (SS)(a’S) = (Sa*)(SS) = (Sa*)S

Hence, S is an intra-regular AG-groupoid.

Theorem 7

Let S be an AG-groupoid with left identity, then will the
following conditions equivalent.

(i) S isintra-regular.

(ii) For allleft ideals A,B, AnB < BA

(iii) For all (g,€vq,)-fuzzy left ideals f and @,
fA,g<ZQo, f.

(iv) For all (gevq,)-fuzzy bi-ideals f and g,
fA,g<ZQo, f.

(V) For all (g,€Vvq,)- generalized fuzzy bi-ideals f
and g, fA, 000, f.

Proof

(1) = (v) Let S be an intra-regular AG-groupoid and f
and g are both (€,€vq,)-fuzzy bi-ideals. For any

aeS, there exist U and V in S such that a=uyv, then
by using Theorem 6, we get

(g, 1)@=\ g(U) A f(vM%

a=uv

> g(@((Y)(Y0y))a)a) A T (@) & %

> (9(a) A g(@)) A f(a)A%

>g(@)a f(a)/\%
=(f Ac9)(@)
This implies f A, g<go, f.

(V) = (iv) is obvious.

(iv) = (iii) Let f and g be (€€vq,)-fuzzy left
ideals. Then by Lemma 3, f and g are (g,eVvq,)-
fuzzy bi-ideals. Then (iii) is obvious.

(iii) = (ii) Assume that A and B are the left ideals of
S then by Lemma 1, (C,), and (Cy), are (g,evq,)-

fuzzy bi-ideals of S. Then by using Lemma 2 and (ii),
we get
(Cre) =(CuanCg)<Cqo, Cp=(Cgp)i-

Thus by using Lemma 1, we get AN B < BA.
(i)= (i) Since Sa is both bi-ideal and left ideal

containing @. Using (ii), we get
a e SanSac (Sa)(Sa) = Sa* = (Sa*)S.

Hence, S is intra-regular.

Theorem 8

Let S be an AG-groupoid with left identity, then will the
following conditions equivalent

(i) S is intra-regular.

(i) For every (€,€ V0, ) -fuzzy left ideals f , g and

(e,evq,) -fuzzy right idealh,

(f Ac @) Achs(fo, g)o h.

(iii) For every (€,€V0Q,) -fuzzy leftideals f, g and
(e,evq,)-fuzzy bi ideal h,

(F Ac ) Ach<(fo, g)o, h.

(iv) For all (€,€V0Q,)-fuzzy bi-ideals f , g and h,
(f A @) Ach<(fo g)oh.

(v) For all (€ € V0,)-generalized fuzzy bi-ideals f

gand h, (f A g)A h<(fo g)o N

Proof

(i) = (iii)) Assume that S is an intra-regular AG-
groupoid and f and g are (€,&vq,)-leftideals and h

isan (€,€v(q,)-bi-ideal of S. Since S is an intra-regular



AG-groupoid, therefore for all a €S , there exist X,Y in S

such that a=(xa®)y. By using Moderson et al. (2003)
definition (4) and (1), we get

Now we have

((forg)oc (@)= v/ (f o g)(u)Ah(v)A%

a=uv

1-k 1-k
a\_{v[{uypq f(p)Ag(a) A 2} Ah(v) A 2]

v [f(p)Ag(q)Ah(vnl‘z")

a=(pa)v

-y ieag@ahmat

a=((a(y(Oy)y)x)) x)a)a)a=(pa)v

(1(@) 1 12 g(@) Ah(a) A T

z((f(an%)Ag(a))Ah(a)A%

=((f<a)Ag(a)A%)Ah(a»A%

= (f ) Ah@ ATt

=((f Ac @) Ach)(@)

v

This implies (f A, @) A, h<(fo, g)o, h.

(V) = (iv) is obvious.

(iv) = (ili)) Assume that f and g are (€,evq,)-
fuzzy left ideals and h is an (€,€vq,)-fuzzy bi-ideal of
S, thenby Lemma 3, f and g are (€, € Vvq,)-fuzzy bi-
ideal, therefore (iii) is obvious.

(iii) = (i) is obvious.
(i) = (i) Assume that f, g are left ideals and S is a
right ideal. Then by using (ii) we get

fAO0=FfTA, 94, S<(go, f)o, S<go, f.
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Therefore, f A, g < go, f.Hence, by Theorem 5, S is
intra-regular.

Theorem 9

Let S be an AG-groupoid with left identity, then will the
following conditions equivalent

(i) S is intra-regular.

(ii) Every ideal of S is semiprime.

(iii) Every bi-ideal of S is semiprime.

(iv) Every (€,evq,)-fuzzy bi-ideal of S is fuzzy
semiprime.

(v) Every (€,€VvQ,)-fuzzy generalized bi-ideal of S is
fuzzy semiprime.

Proof

(i)=(v) Let S be an intra-regular and f be an
(€,€VvQ,) -generalized bi-ideal of S . Thenforall a€S,

there exists X,y in S such that a=(xa’)y. By using

Moderson et al. (2003) definition (4), (1), (2) and (3), we
get

a=(xa’)y = (x(aa))y = (a(xa))y = (y(xa))a
= (y(x((@*)y))a = (x(y((xa*)y))a
= (x((xa®)y*))a=((xa*)(xy*))a
= (X*(a’y*))a=(a’(x’y*))a=(a(x’y")a’
= (((xa®)y)(x*y*))a’ = ((y*.y)(x* (xa*)))a’
= (") (y(@*)))a’ = (y*x*)((uv)(xa*)))a*
= (") (@v)(u)))a’ = ((y*x*)((@*x)(vu))a’
= (y*x*)(vu))x)(aa))a’ = (ax)(a((y*x*)(vu))a’
= ((aa)(x((*y*)(vu)))a’ = (@* (x((X*y*)(vu))))a’.

we have
f(a)=f(@ (XY )vu))a’)> f(@*) A f(a*) = f (a°).
Therefore f(a) > f(a?).

(V) = (iv) is obvious.
(iv) = (iii) Let B be a bi-ideal of S, then by Lemma 1,
(Cp), isan (g,€Vvq,) fuzzy bi-ideal of S. Let a* € B,
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then since (Cg), is an (E,Equ) fuzzy bi-ideal,
therefore by (iv),(Cg4(a)), > (C.(@%)),, as a’ B
so, (C4(a%)), =1<(C,(a)), this implies (Cg(a)), =1.
Thus a € B. Hence, B is semiprime.

(iii) = (ii) is obvious.

(i) = (1) Assume that every ideal is semiprime and

since Sa’® is an ideal containinga®. Thus
aeSa®=(SS)a’* =(a’S)S =(Sa®)S. Hence S is an
intra-regular AG-groupoid.

Theorem 10

Let S be an AG-groupoid with left identity, then will the
following conditions equivalent.

(i) S isintra-regular.
(i) For every left ideal L
LNB<(LB)L.

(iii) For every (g,e€vq,)-fuzzy left ideal
(e,€v0,) -fuzzy bi-ideal g, f Ags (f " g)ok f.

and bi-ideal B,

f and

Proof

(i) = (iii) Let S be an intra-regular AG-groupoid and f
be an (E,evqk)-fuzzy left ideal and 9 be an ( e,evqk)-

fuzzy bi-ideal of S. Since S is an intra-regular AG-
groupoid then for any a €S, there exists X,y €S such

that a=(xa’)y . Then by using Moderson et al. (2003)
definition (4) and (1), we get

a=(xa’)y =(a(x))y = (y(xa))a= (y(x((xa")y))a=(x(y((a(xa)y)))a
= (x(a(x@))y")a=((a(@)(y"))a=(((y")(xa)a)a
Therefore

((feor9)o F)(@)= v/ (T o, g)U)A f(V)A%

a=uv

2 (o, 9)((y°)(xa))a)  f (a).

Since f isan (E,E vqk)-fuzzy left ideal, therefore

(fo (V)@= f(r)Ag(s)A%

((y?*)(xa)a=rs

> f((xyz)(xa))Ag(a)A%
> f(xa)A g(a)/\%
1-k
> f(a)a g(a)/\T.
Thus
1-k 1-k
((fo,g)o, f)(@)>f(a)rg(a)a f(a)A7= f(a)Ag(a)/\T.

Hence, f A, 9 <((fo, g)o, T).

(iii) = (ii) Let L be aleft ideal and B be a bi-ideal of
S. Then by Lemma 1 and (iii), (C,), and (C;), are

(g, Vvq,)-fuzzy left and (g, € vq, ) -fuzzy bi-ideal of S.
Then,

(CLg) =CL A Cy<(C o, Cg) o, C <((Chg)y 0, C1) :(C(LB)L)k'
Therefore by using Lemma 1, we get LB < (LB)L.

(i) = (i) Since S is both left and bi-ideal. Let a € S.
So By using (ii),

aeSanSa=((Sa)(Sa))Sa = (Sa?)(Sa) c (Sa*)S.
Therefore, S is an intra-regular AG-groupoid.

Theorem 11

Let S be an AG-groupoid with left identity then the
following conditions are equivalent.

(i) S isintra-regular.
(i) fA, gah<(fo, g)o, (fo, h), where f is an

(e,evq,)-fuzzy left ideal, h is an (€,€vq,)-fuzzy

right ideal and J is an (E,E qu) -fuzzy bi-ideal.

Proof

(i) = (ii) Let S be an intra-regular AG-groupoid. For



any @ in S, there exist U and V in S such that a =uyv,
then

(Foc o (Fo @)= v (Fo Q)U)A(Fe, h)(v)Al_zk'

a=uv

Since S is intra-regular, so for any ae€ S, there exist

X,Y in S such that a=(xa®)y. Then by using Moderson
et al. (2003) definition (4) and (1), we get

a=(xa’)y=(a(xa))y = (y(xa))a.

Thus

(Fo, 00D = v f(p)Ag(q)A%.

Therefore

y(xa) = y(x((xa%)y) = y(x@(a))y) = y((@(a))(xy))
- (a(@)(y(y)) = (Vo)) @)

Thus

(fo 00)= v f(Prg@aE

y(xa)=pq

> £((y(y) ) A gla) n LK

2
> f(xa)/\g(a)Aﬁ

> f(a)/\g(a)/\%.

And

(f o h)(@) = v/ £(r) Ah(s) A2=X.

a=rs

Since a€S so forany a in S there exist X,y in S

such that @ = (xa?)y . Thus

a=(xa’)y = (x(aa))y = (a(xa))y = (y(xa))a.

So
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(o @ = v FDAREATE

> 1 (y(x@) Ah(@) AT

> f(xa) A h(a) /\%

> f(a)/\h(a)/\%.
Therefore this implies that
fAacgnch<s(feo,g)o, (fo,h).
(ii) = (i) Since S is aright ideal, so by using (ii)
fag=FA 0 S<(Fo, Q) (fo, S)<(Fo, g)o, f.
Thus f A, g=<(fo,Qg)oe, f. Hence, by

Theorem 10, S is an intra-regular AG-groupoid. The
proofs of following two lemmas are easy and therefore
omitted.

Lemma 4

For any fuzzy subset f of an AG-groupoid S,

So, f < and forany fuzzy rightideal g, go, S<g.
Lemma5

Let S be an intra-regular AG-groupoid, then for any
(e,evq,)-fuzzy subsets fandg, f A, A, S =

f A Q.
Theorem 12

Let S be an intra-regular AG-groupoid then for any
(e, evq) -fuzzy subsets f , ¢ and

h,(f o, g)o, h=(ho, g)o, f.
Proof

Let S be an intra-regular AG-groupoid. For any a in S,
there exist p and q in S suchthat a= pq, then
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(F o, g)o, N)(@) = v/ {(f . g)Ah(q)Al-k}

a=pq 2

v (\/ {f(r)/\g(s)/\l_zk}/\h(q)/\l?(j

a=pg\ p=rs

v {f(r)Ag(s)Ah(q)Al‘zk}
a=(rs)q

v {h(q)Ag(s)A f(r)Al‘z"}

a=(qs)r

Vv (\/ {h(q)/\g(s)/\l;k}/\ f(r)/\l_zk]

a=ur\ u=qs

v {(hok A f(r)Al‘Zk}

a=ur

=((ho, g)o, f)(a).

This implies that (f o g)ok h:(h o g)ok f.

Lemma 6

Let S be an intra-regular AG-groupoid, then for any
(e,evq,)- fuzzy - subsets f and @,

(gok f)ok Sggok f.
Proof

Let S be an intra-regular AG-groupoid and f and ¢ are

any (€,€vq,)-fuzzy-subsets then by using Lemma 4
and Theorem 12, we get

(gok f)okS:(sok f)okggfokg:gok f.

Hence, (o, T)o, S <go, T.

Theorem 13

Let S be an intra-regular AG-groupoid and f and @
are (€,evq,)-fuzzy ideals of S , then

foog=FfA 0

Proof

Let S be an intra-regular AG-groupoid and f and ¢
are (€,€ v, )-fuzzyidealsof S.Thenforany a in S

there exist X and y in S such a=(xa?)y, then

a=(xa*)y = (x(aa))y = (a(xa))y = (y(xa))a.
Now

(fo 9@ = v { f@) g AT

> f(y(xa)) A g(a) A5
> f(xa) ng(@) A"
> f@)ng@ A"
=(fAg)@ At "

— (F A 9)(@).

This implies that
fo,g>fA, Q.

Now
(fo, @)@ = v T AgMATE

< Vv f(uv)/\g(uv)/\%

a=uv

u@AmmA%?

— (f Ag)(am%
~ (f A 0)(@).

This implies that f o, g < f A, Q. Hence
fo,g=1fA 0
Theorem 14

Let S be an AG-groupoid with left identity, then the
following conditions are equivalent.



(i) S isintra-regular.

(ii) For every ideals A and B, AB < BA, and A and
B are semiprime.

(iii) For every (E,E\/qk)-fuzzy ideals f and @,

fok gﬁgok f, and f and g are semiprime
ideals.

Proof

(1) = (i) Let S be an intra-regular AG-groupoid

and f and g are (€€ vq,)-fuzzy ideals of S. Then
by Theorems 13, 4 and 6, we get

fo g=fAa g=(fr9)AS=(go f)A S=5o,(go, f)<go, f.

This implies f o, g <go, f. Also we will show that

and § are semiprime ideals. So,
f(a)=f((xa®)y)> f(a%).
Thus f(a)> f(a®). Similarly g(a)>g(a®).

(i) = (i) Let A and B be ideals then by Lemma 1,
(Cu and (Cg), are
therefore by using Lemma 2 and (iii),

(g,evq,)-fuzzy ideals,

(Cae)k =Cpo Cg <Cyo, Cp =(Cip)y-
Therefore by using Lemma 1, we get AB < BA .

(i) = (i) Let a®*eSa’. Since Sa’ is semiprime,
therefore a € Sa” = (SS)a” = (a®S)S = (Sa*)S. Hence,
S is an intra-regular AG-groupoid.
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