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Microtubules (MTs) are major cytoskeletal proteins. They are hollow cylinders formed by protofilaments
(PFs) representing series of proteins known as tubulin dimers. Each dimer is an electric dipole. These
diamers are in a straight position within PFs or in radially displaced positions pointing out of cylindrical
surface. In this paper, the authors demonstrate how the generalized projective Riccati equations
method can be used in the study of the nonlinear dynamics of MTs. To this end, the authors apply this
method to construct the exact solutions with parameters for two nonlinear PDEs describing MTs. The
first equation describes the model of microtubules as nanobioelectronics transmission lines. The
second equation describes the dynamics of radial dislocations in microtubules. As a result, hyperbolic,
trigonometric and rational function solutions are obtained. When these parameters are taken as special
values, solitary wave solutions are derived from the exact solutions. Comparison between our recent

results and the well-known results is given.

Key words: Generalized projective Riccati equations method, models of microtubules (MTs), exact solutions,

solitary solutions, trigonometric solutions rational solutions.

INTRODUCTION

In the recent years, investigations of exact solutions to
nonlinear partial differential equations (NPDES) play an
important role in the study of nonlinear physical
phenomena. Nonlinear wave phenomena appear in
various scientific and engineering field, such as fluid
mechanics, plasma physics, optical fibers, biology, solid
state physics, chemical kinematics, chemical physics and
geochemistry. To obtain traveling wave solutions, many

powerful methods have been presented, such as the

exp(—(ﬂ(f)) expansion method (Hafez et al., 2014), the

tanh-sech method (Malfiieiet, 1992; Malfiieiet and
Hereman, 1996; Wazwaz, 2004a), extended tanh-method
(EL-Wakil and Abdou, 2007; Fan, 2000; Wazwaz, 2007),
sine-cosine method (Wazwaz, 2004b, 2005; Yan, 1996),
homogeneous balance method (Fan and Zhang, 1998;
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Wang, 1996), Jacobi elliptic function method (Dai and
Zhang, 2006; Fan and Zhang, 2002; Liu et al., 2001;
Zhao et al., 2006), F-expansion method (Abdou, 2007;
Ren and Zhang, 2006; Zhang et al., 2006), exp-function
method (He and Wu, 2006; Aminikhad et al., 2009),
trigonometric function series method (Zhang, 2008),

(£) -expansion method (Zhang et al., 2008; Zayed and

Gepreel, 2009; Younis and Zafar, 2014; Younis, 2014a,
b; Zayed, 2009; Hayek, 2010), the (G’/G,1/G)-expansion
method (Zayed and Hoda lIbrahim, 2013a; Zayed and
Alurrfi, 2014a, b, c), the modified simple equation method
(Jawad et al., 2010; Zayed, 2011; Zayed and Hoda
Ibrahim, 2012, 2013b, 2014 ; Zayed and Arnous, 2012),
the first integral method (Moosaei et al., 2011; Bekir and
Unsal, 2012; Lu et al., 2010; Feng, 2002), the multiple
exp-function algorithm method (Ma et al., 2010; Ma and
Zhu, 2012), the transformed rational function method (Ma
and Lee, 2009), the Frobenius decomposition technique
(Ma et al., 2007), the local fractional variation iteration
method (Yang et al., 2013), the local fractional series
expansion method (Yang et al.,, 2013), the generalized
projective Riccati equations method (Conte and Musette,
1992; Zayed and Alurrfi, 2014d; Zhang et al., 2001; Yan,

2003; Yomba, 2005), the generalized (&)-expansion

method (Alam and Akbar, 2013; 2014a, b, 2015; Alam et
al., 2014a, b, c, d) and so on. Conte and Musette (1992)
presented an indirect method to seek more solitary wave
solutions of some NPDEs that can be expressed as
polynomials in two elementary functions which satisfy a
projective Riccati equation (Bountis et al. 1986). Using
this method, many solitary wave solutions of many
NPDEs are found (Zhang et al., 2001; Bountis et al.
1986). Recently, Yan (2003) developed further Conte and
Musette's method by introducing more generalized
projective Riccati equations.

The objective of this paper is to apply the generalized
projective Riccati equations method to construct the
exact solutions for the following two nonlinear PDEs of
microtubules (MTs):

() The nonlinear PDE describing the nonlinear dynamics
of MTs as nanobioelectronics transmission lines:

2 2
m? Za(t)i’t) _120 Za)((xz’t)—qE -Az (x,t)+Bz3(x,t)+yaZ(a)§'t) -0, (@)

where Z (X,t) is the traveling wave, M is the mass of
the dimer, K is a harmonic constant describing the
nearest-neighbor interaction between the dimers

belonging to the same protofilaments (PFs), | is the MT
length, E is the magnitude of intrinsic electric field, g>0 is
the excess charge within the dipole, y is the viscosity

coefficient and A,B are positive parameters. The

physical details of the derivation of Equation (1) has been
discussed in Zekovic et al. (2014) which are omitted here

for simplicity. The authors (Zekovic et al., 2014) have
used the Jacobi elliptic function method to find the exact
solutions of Equation (1).

(ii) The nonlinear PDE describing the nonlinear dynamics
of radial dislocations in MTs:

62¢(X ,t) _ 2 82¢(X 1t) _m 3 a¢(x 1t) — (2)
| ot ch o2 + pH ¢(x,t) 6¢§(x,‘[)+l"7at 0,

where  @¢(x,t) is the corresponding angular
displacement when the whole dimer rotates with the
angular displacement @(x,t), | is the moment of inertia
of the single dimer, C stands for inter-dimer bonding
interaction within the same protofilaments (PFs), h is the
MT length, p is the electric dipole moment, H is the
magnitude of intrinsic electric field and T" is the viscosity
coefficient. The physical details of the derivation of
Equation (2) has been discussed in Zdravkovic et al.
(2014) which are omitted here for simplicity. The authors
(zdravkovic et al., 2014) have used the simplest equation
method to find the exact solutions of Equation (2).

Description of the generalized projective Riccati
equations method

Considering the following NPDE:

F@,u,,u,,u,,u,u.,,..)

xt 1

0, ®)

where F is a polynomial in u(X,t) and its partial

derivatives, in which the highest order derivatives and
nonlinear terms are involved. In the following, the authors
give the main steps (Conte and Musette, 1992; Zayed
and Alurrfi, 2014d; Zhang et al.,, 2001; Yan, 2003;
Yomba, 2005) of this method.

Step 1. The authors use the wave transformation
u(x,t)=u(), &=kx+at, (4)

where kl, and @ are constants, to reduce Equation (3)
to the following ODE:

Qu,u'u",..)=0, (5)

where Q is a polynomial in u(f) and its total

1
derivatives, such that = g¢ .

Step 2. The authors assume that Equation (5) has the
formal solution:



u(g) =A, +foi H(O[Ao(€)+B;7(9)] 6)

where A,, A, and B, are constants to be determined
later. The functions (&) and 7(&) satisfy the ODEs:

c'(§)=¢e0(8)7($) )
7'(§) =R +er’(§)-po($), e=+1 (8)
Where

Tz(f)Z—E(R —2,ua((§)+’qu+r 62(5)} 9)

where I =+1 and R, i are nonzero constants.

If R,= =0, Equation (5) has the formal solution:
N -

u(e)=> A (&), (10)
i=0

where 7(&) satisfies the ODE:

(&) =7 (&) (11)

Step 3. The authors determine the positive integer N in
(6) by using the homogeneous balance between the
highest-order derivatives and the nonlinear terms in
Equation (5).

Step 4. Substitute (6) along with Equations (7) - (9) into
Equation (5) or ((10) along with Equation (11) into
Equation (5)). Collecting all terms of the same order of

'@ ()  (i=01..;i=02) (o 7'(&),
Jj =0,1,... ). Setting each coefficient to zero, yields a set
of algebraic equations which can be solved to find the
values of Ay, A;, B;, K, ®, £ and R .

Step 4. It is well known (Yomba, 2005) that Equations (7)
and (8) admit the following solutions:

Case 1. When e=-1,r=-1,R >0,

~ Resech (\/ﬁé) B VR tanh (\/ﬁf) (12)
0'1(5)—m: 5)—Wv

Case 2. When ¢=-1,r=1,R >0,
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_ Rosch(VR¢) _ JReoth(VRE)  (13)

Case 3. When ¢ =1, r =—1,R >0,

B R sec(\/ﬁ/:) B \/ﬁtan(\/ﬁe:) (14)
03(5)—W1 Ts(f)—m,

B Rcsc(\/ﬁé) B «/R_cot(«/R_g) (15)
64(5)_ycsc(\/ﬁ§)+1’ T4(§)__ycsc(\/ﬁ§)+l’

Case4. R,= =0,

C 1
o5($) 3 75($) o (16)

where C is nonzero constant.

Step 6. Substituting the values of A,, A,, B,,k,, @,

and R. as well as the solutions (12) - (16) into (6) the
authors obtain the exact solutions of Equation (3).

APPLICATIONS

In this part, the authors will apply the proposed method
described in description of the generalized projective
Riccati equations method, to find the exact solutions of
the two nonlinear PDEs (1) and (2).

Example 1. Exact solutions of the nonlinear PDE (1)
describing the nonlinear dynamics of MTS as
nanobioelectronics transmission lines

The authors find the exact wave solutions of Equation (1).
To this end, the authors use the transformation (4) to
reduce Equation (1) into the following ODE:

ay"(&) - py'(§) ~w (&) +¥ (&) -5 =0, 17)
where

_ma)z;klzkf, :%,5:%, (18)
and
2() = \[ew (). (19)

Balancing y"(&) with w°(£) in Equation (17), the
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authors get N =1. Consequently, the authors have the
formal solution of Equation (17) as follows:

(8)=A; +A0(5) +Byz(S). (20)

where Aj, Ajand B, are constants to be determined

later.

Substituting (20) into (17) and using (7) - (9), the left-
hand side of Equation (17) becomes a polynomial in
o(&) and 7(&). Setting the coefficients of this

polynomial to be zero, yields the following system of
algebraic equations:

o’(§): RA+( +1)(2aAc” +3AB,) =0,

(&) (& +1)(3A,B7 - pB,e) —2R (2aAe? +3AB]) - cauRA, +3RAA! =0,

o’ (E)r(£): 3RAB,+ (1’ +r)(2aB,e” +B) =0,

o(&): —2u(3A,B] - pB.e)+R (20A* +3AB) ~A, + AR +3AA, + puB, =0,

o(&)r(E): —egpA, +6AA B, —3cauB, —2(2aB,&” +B})u=0,

7(&): 2aB,eR —B,+3AB, +(2aB,s* +B})R =0,
c°(&): R(3AB}—pB,g)—A,+AS—pRB, -5 =0. (21)
Case 1. If authors substitute & =—1 into the algebraic

equations (21) and solve them by Maple 14, the following
results were realized:

Result 1. The authors have

P —2 p?+6a
A, =+Z |== A =0, B,=+J-2a, R=— , 1=0, 22
e 122 M (22)
2
§:ip(2p +9az)\/—2a,r=
27a

where o <0, p*+6a <0.

From (12), (13), (19), (20) and (22), the authors deduce
that if r =—1, then the exact wave solution was realized:

7(8)= / ZBA[N —p21+26“ tanh[ /—7'0122;‘2“ H (23)

while if r =1, then the authors have the exact wave
solution

L [2A\p | pit6a PP +6a (24)
A {6+\/ 12 COth{\/ 124 ‘fﬂ

Result 2. The authors have

-2 -2 24 6ar
Aozig f;, A =0, B, =+ /;, :—pgaz ,u=+r, (25)

5=+ PP 9N "2a
B 27a° '
where o <0,r <0, p? +6a <0.

In this case, the authors deduce that if r =—1, then the
exact wave solution was realized:

\/_p2+6a tanh(\/—ip2+6a§J (26)
Z(f)_,’ A P, 3 3a .
VZ B 3 1+sech 7'Dz+6a§
- 3a’®

Result 3. The authors have

A:+£\/§ 3o’ (i’ +r) =t _ p+6a = (27)
T ’ \JZ(p +6a)’ - '

52 +p(2p +9a)\-2a
27a?

where o <0, p?>+6a <0, 4>+r >0.

In this case, the authors deduce that if r =—1, then the
exact wave solution was realized:

-A P, ’_ P’ +6a
(«/yzl)sech{,’ 3;6a§]+tanh(4/p&;2&1~fj

2
ysech£ —p3;?a§]+1

(5 =+

X

while if r =1, then the authors have the exact wave
solution

-A | p P’ +6a
2@ =t5.8 {3+\/ 3 (29)
(«/,uz +1)csch [4 '—p;:26a§]+coth (, ’—p;;fae;J

2
,ucsch( 'D?;?ae:}rl

Case 2. If the authors substitute £ =1 and r =—1 into
the algebraic Equations (21) and solve them by Maple
14, the authors have the following results:

Result 1. The authors have

A =72 |72 A -0 B, =i 2a, R=L 0% o (30)
6\ o 120
S—5P 2p° +9a)\/—2a

27a°



where o <0, p? +6a >0.

From (14), (15), (19), (20) and (30), the authors deduce
the following exact wave solutions

_ —2A | p P’ +6a P’ +6a (31)
2@=%28 { €+\/ 12 tan[\/ 1207 ‘fﬂ

or

__|2A | p P> +6a P> +6a (32)
Z("f)—ﬂlas{eﬂ/ 12 °°{\/ 1207 ‘fﬂ

Result 2. The authors have

__p 2 B _ -2 _p2+6a _
A, =F 5’— A, =0, Bl—i’;,R— ™ , u==%1 (33)

P (2p% +9a)N-2a

27a°

o=

where «a <0, ,02 +6¢ >0.
In this case, the authors deduce the exact wave solutions

p?+6a p?+6a |
2(&) =t |2 _p+\/ ° tan[\/ 3a* fJ (34)
~"N2aB| 3 L 1 +6a ] '
+ 27 S

or

P’ +6a p° +6a |
[~ e \/ s COt[\/ 3a” 5} (35)
z (&)= o =4+ .

Result 3. The authors have

_ 3Mm_ 2 _ 2
o2 2o [B) o [P s (36)
2(p° +6a) a 3a

5= _p(2p +9a)\/—2a
270

where o <0, p?+6a >0 and o°(1—?)<0.
In this case, the authors deduce the exact wave
solutions
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or
-A |p [p*+6a
2=+ \/2 B{3+\/
(38)
-2 csc[ §]+co{ P +6“§J
ﬂCSC[ P +?“§J+1

Case 3. (R =0,u=0)

Substituting w (&) =A, +Az(&) into (17) and using
(11), the left-hand side of Equation (17) becomes a
polynomial in 7(&). Setting the coefficients of this

polynomial to be zero, yields the following system of
algebraic equations:

(&) Al+2aA =0,

2(E): —pA,+3AA2 =0,

7(£): —A +3A%A, =0,
(&) A

On solving the above, the algebraic equations using the
Maple 14, the authors have the following result:

1 1 1 2 1
A :i — A :i — - 2, 5:?7 . (39)
0 \/; 1 ,D\/; o 6/0 3\/;

From (10), (16), (19) and (39), the authors deduce the
following rational solution

2(&) = /3’?3 {1—?}. (40)

Example 2. Exact solutions of the nonlinear PDE (2)
describing the nonlinear dynamics of radial dislocations in
MTs

~A,-5=0.

In this subsection, the authors find the exact solutions of
Equation (2). To this end, the authors use the
transformation (4) to reduce Equation (2) into the
following ODE:

ay"(&)— py' (&) +yw () —yw(&) =0, (41)

where
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| @* —ch?k 2 wl’
a= oH P = oH (42)
and
#(&) =6y (£). (43)

Balancing y"(£) with y°(£) in Equation (41), the

authors get N =1. Consequently, the authors have the
formal solution of Equation (41) as follows:

(&) =A; +A0(5) +Byz(S). (44)

where Aj, Ajand B, are constants to be determined

later.

Substituting (44) into (41) and using (7) - (9), the left-
hand side of Equation (41) becomes a polynomial in
o(&) and 7(&). Setting the coefficients of this

polynomial to be zero, yields the following system of
algebraic equations:

o (&): — RAf —e(uf + r)(20¢Alg2 —3A1812) =0,
6%(E): — (1 +1)e(~3A,B] — pB ) + 2R (2aA > —3AB?) i1 — £aquRA, —3RAAZ =0,
o (E)r(&): —3RA/B,—e(u’ +r)(2aB,e? —B}) =0,
o(&): —2ue(3AB2+ pB,s)—¢R (2aA 82 —3ABE) + A, +saAR —3AZA, + puB, =0,
o(&)r(£): —gpA, —6A A, B, —3cauB, +25u(2aB,e” —B}) =0,
7(£): 20B,eR +B,—3AZB, —¢R(20B,* —B}) =0,
(&) Re(3A,B2+pB,e)+A,—AS— pRB, =0. (45)
If the authors substitute &=-1 into the algebraic

Equations (45) and solve them by Maple 14, the authors
have the following results:

Result 1. The authors have

—épz,r:r. (46)

:16,02'

N |-

From (12), (13), (43), (44) and (46), the authors deduce

that if r =—1, then the authors have the exact wave
solution

#(&) = i§{1+ tanh (% egﬂ (47)

while if r =1, then the authors have the exact wave
solution

H(E) =+ @ [1+ coth (% gﬂ (48)

Note that our solution (47) is in agreement with the
solution (43) obtained in Zdravkovic et al.
(2014).

Result 2. The authors have

(49)

Ay=+=, A,=0, B,=+=p, R =

1 =22
3 257" a=gp

N

where r <0.

In this case, the authors deduce that if ¥ =—1, then
the authors have the exact wave solution

3
tanh (5}
H(E) = i? 1+ 2”3 , (50)
1+sech [5)

2p
Result 3. The authors have
AO:%, Alzi#, Blz%p, R:422, y:O,azgpz, (51)
where r >0.

In this case, the authors deduce that if r =1, then the
authors have the exact wave solution

#(&) = "/6{1+csch( 3 §)+Coth(3gﬂ_ (52)
2p 2

0

Result 4. The authors have

Aozié A=t 2p«/,u +r

where z°+r1>0.

In this case, the authors deduce that if r =—1, then the
authors have the exact wave solution

2 3 3
NG («fﬂ —1)sech(2pgj+tanh(2p§j (54)

¢(§)=i7 1+

ysech(sgjﬂ
2p

while if r =1, then the authors have the exact wave



z(x 1) :
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Figure 1. The plot of (23) when k,=Lo=lLa=-1p=2,A=1B =2

NG (m)csch (;0 §j+coth [2?05] ) (55)

PE) =1+
2 pcsch (i§j+1
2p

solution. Finally, note that the case
¢=1r=-1R >0,is rejected for example 2, because
the authors have complex solutions for Equation (2).

PHYSICAL EXPLANATIONS OF SOME OBTAINED
SOLUTIONS

Solitary waves can be obtained from each traveling wave
solution by setting particular values to its unknown
parameters. In this section, the authors have presented
some graphs of solitary waves constructed by taking
suitable values of involved unknown parameters to
visualize the underlying mechanism of the original
equation. Using mathematical software Maple 14, three
dimensional plots of some obtained exact traveling wave
solutions have been shown in Figures 1 to 6.

The nonlinear PDE (1) describing the nonlinear
dynamics of MTs as nanobioelectronics transmission
lines

The obtained solutions for the nonlinear PDE (1)

incorporate three types of explicit solutions namely,
hyperbolic, trigonometric and rational. From these explicit
results, it is easy to say that the solution (23) is a kink
shaped soliton solution; the solution (24) is a singular
kink shaped soliton solution; the solutions (26), (28) are
bell-kink shaped soliton solution; the solution (29) is a
singular bell-kink shaped soliton solution, the solutions
(31), (32), (34), (35), (37), (38) are periodic solutions and
the solution (40) is rational solution. The graphical
representation of the solutions (23), (26), (34) and (38)
can be plotted as shown in Figures 1 to 4.

The nonlinear PDE (2) describing the nonlinear
dynamics of radial dislocations in MTs

The obtained solutions for the nonlinear PDE (2) are
hyperbolic. From the obtained solutions for this equation,
the authors observe that the solution (47) is a kink
shaped soliton solution, the solution (48) is a singular
kink shaped soliton solution, the solution (50), (54) are
bell-kink shaped soliton solutions and the solutions (52),
(55) are singular bell-kink shaped soliton solutions. The
graphical representation of the solutions (52) and (54)
can be plotted as shown in Figure 5 and 6.

Remark: The authors have checked all our solutions with
Maple 14 by putting them back into the original Equations
(1) and (2).
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=2,A=1B =1

=-2,a=-2,p

Figure 2. The plot of (26) when k =1,

=4,A=1B =1

Figure 3. The plot of (34) when k, =1L w=-1La=-2,p
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z(x.t)

Figure 4. The plot of (38) when k,=Lo=2,a=-Lp=4A=1B =1 u=1.

dx.t)

Figure 5. The plot of (52) when k, =2,w = 2’p=%_
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Figure 6. The plot of (54) when k, =2,a):l,p:%,,u:2.

Conclusions

The generalized projective Riccati equations method was
used in this paper to obtain some new exact solutions of
the two nonlinear evolution Equations (1) and (2) which
describe the model of MTs as nano-bioelectronics
transmission lines and the dynamics of radial dislocations
in MTs, respectively. On comparing our results in this
paper with the well-known results obtained in Zekovic et
al. (2014) and Zdravkovic et al. (2014), the authors
deduce that their results are new and not published
elsewhere except the result (47) which is in agreement
with the result of (43) obtained in Zdravkovic et al. (2014).
It is to be noted here that the obtained solutions are of
type kink, soliton with singularities and periodic. Solitons

are the solutions in the form sech and sech?, the
graph of soliton is a wave that goes up only. It is not like
periodic solutions sine, cosine, etc, as in trigonometric
function, that goes above and below the horizontal. Kink

is also called a soliton; it is in the form tanh not tanh?.
In kink the limit as X — oo, the answer is a constant, not
like solitons where the limit goes to 0 (Alguran and Al-
Khaled, 2011a, b, 2012; Alguran, 2012; Shukri and Al-
khaled, 2010; Alquran et al.,, 2012; Alguran and
Qawasmeh, 2014).
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