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In this paper, inverse solutions are derived for the equations of two dimensional flows of a viscous 
incompressible fluid by assuming certain conditions on the stream function. The equation is coupled in 
terms of the stream function by eliminating the pressure between the component forms of the flow 
equation. The solutions for steady and unsteady cases are found by prescribing the vorticity 
proportional to the stream function perturbed by the uniform stream in x and y directions. The solutions 
for the stream functions and velocity components are derived in each case and comparison of results 
have been made with the known results.  
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INTRODUCTION 
 
In spite of mathematical difficulty of the momentum 
equations for viscous incompressible fluid flows, there 
exist very few exact solutions. As reported by Wang 
(1991), exact solutions are important for the following two 
reasons. First, they provide a solution to be a flow that 
has technical relevance. Second, such solutions can be 
used as checks against intricate numerical codes that 
have been developed for much more complex flows. The 
usual technique is to assume a particular form of the 
stream function and apply the so-called inverse method 
to obtain the exact solutions. 

Most of these exact solutions have been derived by 
variety of methods (Labropulu, 1987). From the historical 
point of view, the first investigations have been made to 
these equations by Taylor (1923) by taking the vorticity to 
be proportional to the stream function, where he obtained 
the solution of the problem of a double infinite array of 
vortices decaying exponentially with time. The works of 
Lin and Tobak (1986), Hamdan (1998), Hui (1987), 
Dorrepaal (1986), Chandna and Oku-Ukpong (1994), 
Labropulu (1987)  and  Siddiqui  et  al.  (2006) are among  
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those who  have  used  inverse  methods. The   inverse 
solutions for non-Newtonian fluids have become 
attractive because of the non-linearities which did not 
occur only in the inertial part, but also in the viscous part 
of these equations. Rajagopal (1980), Kaloni and Huschilt 
(1984), Siddiqui (1986), Labropulu (2002), Islam and 
Zhou (2007a, 2007b), Islam et al. (2007, 2008), Kamran 
et al. (2011) and Chandna and Oku-Ukpong (1994) are 
among those that have received considerable attention in 
the theory of exact solutions for the non-Newtonian fluid 
flows. 

In this paper, we are interested in studying the flows of 
a two dimensional incompressible viscous fluid. We 
obtain a class of exact solutions in an unbounded domain 
which do not require additional boundary conditions. The 
velocity field having two components yields the flow 
equation in two components. The equations then are 
coupled in the vorticity form known as the compatibility 
equation. Knowing the incompressibility from the 
continuity equation, we introduce the stream function in 
terms of the velocity components, which gives the 
Newtonian flow equation. The equation is non-
dimensionalized by introducing the dimensionless factors 
with respect to the reference velocity. The solutions are 
found by equating the vorticity distribution proportional  to  



 
 
 
 
the stream function perturbed into the directions of axis. 
 
 
BASIC EQUATIONS 
 
The basic equations governing the flow of an 
incompressible fluid are: 
 

0,⋅ =V∇∇∇∇
                                                                   (1) 
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where ρ is the constant density, V is the velocity 

vector, µ is the dynamic viscosity, 
pτ 1= µI− + Α− + Α− + Α− + Α

, 

where p is the static pressure, I  is the identity matrix 

and 
( )

T

1 = ∇ + ∇V VΑΑΑΑ
is the Rivlin Erickson tensor. 

For unsteady plane flows in Cartesian coordinates, 

V can be expressed as: 
 

( ) ( )[ ],0,,,,,, tyxvtyxu=V
                                       (3) 

 

where u  and v  are the velocity components in the x  

and −y  directions, respectively. 
Substituting Equation 3 into Equations 1 and 2, furnish 

the following equations in its component forms: 
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where the vorticity ω  and generalized pressure 
p%

 
functions are defined as: 
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Remark 1  
 
Equations 4 to 6 are three partial differential equations for 

three unknown functions u  , v  and 
p%

 of the variables 

( )tyx ,,
 . Once u  , v  and 

p%
 are obtained, the pressure 

p  can be calculated from Equation 8. 
Eliminating the generalized pressure from the 

Equations 5 and 6 by cross differentiation, we get: 
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Let us introduce a stream function 
( )tyx ,,ψ

 such that: 
 

, .u v
y x

ψ ψ∂ ∂
= = −

∂ ∂                                             (10) 
 
Then the continuity equation is identically satisfied and 
Equation 9 becomes a single partial differential equation 
as follows: 
 

{ } ,,
422 ψνψψψ ∇=∇−∇

∂
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where 
ρµν /=

 is the kinematic viscosity of the fluid 
and 
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Equation 11 is non-linear and represents the planar 
motion of a viscous incompressible couple stress fluid in 
the absence of body force. 

For universal use, we non-dimensionalized the 
Equation 11 by introducing 
 

2

,  , , ,  ,  ,
u v xV yV tV

u v x y t
V V

ψ
ψ

υ ν ν ν
∗ ∗ ∗ ∗ ∗ ∗= = = = = =

  (14)                  
 

where V  is some characteristic or reference velocity. 
With the non-dimensional factors, the Equation 11 after 
dropping the asteriks, become non-dimensional in the 
following form: 
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( ) ., 422 ψνψψψ ∇=∇−∇
∂

∂

t                                (15) 
 
In the preceding discussion, we obtain the solutions of 
Equation 15 by applying the inverse method. To the study 
of inverse method, the boundary conditions in the flow 
field are not given and the solution of the partial 
differential equation is found by assuming geometrical 
and physical properties of the flow field. The proposed 
solution is applied both for the stream function and the 
vorticity distribution. However, in this paper we are 
interested to impose a particular solution to the vorticity, 
which will be discussed subsequently. 
 
 
SOLUTIONS METHODOLOGY 
 
We assume the vorticity proportional to the stream 
function perturbed by the uniform stream in x and y that 
is: 
 

( )2
,    0,ax byψ υ ψ υ∇ = + + ≠

                          (16) 
 

where a  , b  and υ  are real constants. If 0υ = , the flow 

is irrotational 
( )02 =∇ ψ

 and the Equation 15 is satisfied. 

For 0υ ≠ , we proceed. 
Using expression of Equation 16 in Equation 15, we 

get: 
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By setting 
 

byax ++=Ψ ψ
                                               (18) 

 
we obtain from Equation 16: 
  

2
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Therefore Equation 17 becomes: 
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Remark 2  
 

On setting 0=a  , Ub −=  
( )0≥U

 in the 
aforementioned equation we get the  differential  equation  

 
 
 
 
(Hui, 1987). Therefore, we study the non-trivial general 
case by introducing:  
 

ybyax =+= ηα      ,
                                            (21) 

 
we find that the Jacobean of the transformation is not 
zero, 
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In view of Equation 21, Equation 20 simplifies to 
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which is a first order linear partial differential equation in 

.Ψ  The solution of 
,byax ++=Ψ ψ
 which satisfies 

both the Equations 19 and 22 would be the solution of the 
unsteady two-dimensional Newtonian fluid equations. To 
find the solution of Equation 22, we discuss the steady 
and non-steady flows, subsequently. 
 
 
STEADY FLOW SOLUTIONS 
 

For steady flow, 0/ =∂Ψ∂ t  and Equation 22 becomes 
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η
  

 

Integration with respect to η  yields the solution: 
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where 
( )αg

 is an arbitrary function to be determined. To 
find this we substitute Equation 23 in Equation 19 to 
obtain: 
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whose auxiliary equation is 

( ) .02 222222 =−+++ aabmmbaa υυυ
  

Solving   for   m ,   the   roots    of   the    equation    are 
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Here arise three cases depending upon the sign of 

( ) .22 υ−+ ba   

 

 

Case 1  
 

( ) 022 >>+ υba . In this case the solution of Equation 

24 is given by ( ) ( ) ( )
,21
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ααα mm
eAeAg += and stream 

function and velocity components are, respectively, given 

by: 
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For 0<a  ( bu −= ; av =  ) solution of Equation 26 

represent a uniform stream with a perturbation part which 
decays exponentially as y  increase. 

 
 
Case 2  
 

If ( )22 ba +=υ  and 0>υ . In this case the Equation 24 

has the solution of the form: 
 

( ) ( ) ,21
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and as before, the stream function and velocity 
components are, respectively, given by: 
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Case 3  
 

( ) 0222 <−+ υυ ba   

 
Here two possibilities arise: 
 

1. 0>υ  , ( ) υ<+ 22 ba   

2. 0<υ  , ( ) υ>+ 22 ba   

 
 
Subcase 1  
 

0>υ , ( ) υ<+ 22 ba  . 

 
Then the Equation 24 has the solution of the form: 
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where 
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Thus, the stream function and velocity components are, 
respectively, given by: 
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Here in all these expressions of ( )αg , 1A , 2A , 1R , 2R , 

1C  and 2C  are arbitrary constants. 

 
 
Sub case 2 
 

0<υ  , ( ) υ>+ 22 ba   

 
In this case the Equation 24 has the solution of the form: 
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Thus, the stream function and velocity components are, 
respectively, given by: 
 

[ ],)(sin)(cos 21

)(
22

byaxnbyaxnebyax ba

bxay

++++−−=









+

−

ααψ
υ

     

                                                                               (38)      
 

2 2

1
( ) 22 2

2
12 2

cos ( )

,

sin ( )

ay bx

a b

a
nb n ax by

a b
u b e

a
nb n ax by

a b

υ

αυ
α

α υ
α

− 
 

+ 

  
+ +  +  = − +

  
+ − +  

+  

        (39) 

 

2 2

1
( ) 22 2

2
12 2

cos ( )

.

sin ( )

ay bx

a b

b
ma n ax by

a b
v a e

b
ma n ax by

a b

υ

αυ
α

αυ
α

− 
 

+ 

  
− +  +  = +

  
+ + +  

+  

          (40) 

 

Here, in all these expressions of ( )αg , 1A , 2A , 1R , 2R , 

1C , 2C , 1α and 2α  are arbitrary constants. 

 

 

UNSTEADY FLOW SOLUTIONS 
 
For the unsteady case, we write Equation 22 as: 
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and set atY −= η , to find that 
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In view of this, Equation 41 becomes: 
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whose solution is given by: 
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where ( )α,Yg  is a function to be determined. 

Differentiating Equation 43 partially with respect to x  and 

y  and substituting into Equation 19, we have: 
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( ) ,sincos     ),(, 11 θαθα +== YXXGYg           (45) 

 

where θ  is a constant. Substituting Equation 45 in 

Equation 44, we get: 
 

( )

[ ]

2 2 2 2 2

2 2

sin cos sin 2

2 cos sin 0,

a a b b G

a b G a G

θ θ θ

υ θ θ υ υ

  ′′+ + + 

′  + + + − = 

(46) 

 

where prime denotes differentiation with respect to �1 . 
Characteristic equation of Equation 46 is: 
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whose roots are 
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Depending upon the sign of 

( )[ ] θυθθθυ 22222222 sin2sinsincos abbaa −+++
, the following cases arise. 
 
 
Case 1 
 

If 0>υ  and 

( ) θυθθθ 22222 sin2sincossin >+++ bba .  We 

find the following solution: 
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where 1m  and 2m  are given by Equation 48. 

The corresponding stream function and velocity 
components are given by: 
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( ) ( ) .sincos1 θθυ byaxaty ++−=  

 
 
Remark 3  
 

For 
2
πθ = , the Equations 51 and 52 reduces to the 

steady flow solutions as given in Equations 27 and 28. 
 
 
Case 2  
 

If ( ) θυθθθ 22222 sin2sincossin =+++ bba . The 

solutions with their stream function and velocity 
components are 
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( ) ( ) .sincos1 θθυ byaxaty ++−=  
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If 
2
πθ =  , solutions of Equations 55 and 56 reduce to the 

steady solutions of Equation 31 and 32. 
 
 
Case 3  
 

If ��0  and 
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solutions with their stream function and velocity 
components are 
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( ) ( ) .sincos1 θθυ byaxaty ++−=  With 
2
πθ = , 

solutions of Equations 59 and 60 reduce to steady 
solutions of Equations 35 and 36. 
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CONCLUIDNG REMARKS 
 
We study two-dimensional incompressible steady and 
unsteady flows in terms of the vorticity distribution. The 
vorticity distribution is proportional to the stream function 
with the linear combination of the axis of geometry. For 
steady flow three different cases are discussed. The 
physical interpretations of the flows are given in each 
part. For unsteady flow, also three different solutions are 
given with their physical interpretation. It is interesting to 
note that the results of the steady cases are followed 
from the unsteady solutions. Also, the results of Hui 
(1987) become a particular case of our solutions. 
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