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In this paper, we use the homotopy perturbation method for solving a system of third-order boundary
value problem. We show that numerical results obtained by this method are highly accurate. Some
examples are given to illustrate the efficiency and implementation of the homotopy perturbation

method.

Key words: Variation iteration method, homotopy perturbation method, obstacle problem, third-order boundary

value problem.

INTRODUCTION

In recent years, much attention have been given to study
the system of boundary value problems, which are
associated with obstacle, unilateral, contact and moving
boundary value problems. Several numerical methods
are being developed to solve these problems due to their
importance. Motivated and inspired by the research
activities in these fields, we consider the following system
of third-order nonlinear boundary value problem of the

type:

S u(x)+ulx)g(x)+r, alx<c,
u”(x) =1 f (x,u(x)), c<x<d,
S u(x)+ulx)g(x)+r, d<x<b, (1)

with the boundary conditions:

u(a)= g, w(@=u')=p, @)

and the continuity conditions of u(x), u’(x)andu”(x) at
cand d Here [ and PBare finite real constants
and f (x,u(x))f(u), g(x) are continuous functions on
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[a, b]. Systems of the type (1) arise in the mathematical

modeling of contact, obstacle, unilateral, moving and free
boundary value problems and have important
applications in pure and applied sciences (Noor, 1998,
2000, 2004, 2009; and Noor et al., 1993, 1994, 2003,
2010, 2010a, 2011, 2011a). It is well known that these
obstacle problems can be studied in the general
framework of variational inequalities. The equivalent
variational inequalities approach is used to study the
existence of the solution of these obstacle boundary
value problems. We would like to point out that these
numerical methods can not be extended and applied for
solving these obstacle problems. However, one can use
the penalty function technique of Lewy et al. (1969) to
characterize these obstacle problems as system of
variational equations. In the case of the known obstacle,
this sytem of variational equations can be written as a
system of boundary value of the type (1). Al-Said (2000,
2002), Al-Said et al. (1994, 1998, 2003), Gao et al.
(2006), Geng et al. (2010), Noor et al. (2003, 1994) and
Islam et al. (2005) have considered the systems of
boundary value problems by using various numerical and
analytical techniques. One of these techniques is called
the homotopy perturbation technique (He, 1999, 2000,
2006, 2006a; Moyud-Din et al., 2009). The homotopy
perturbation method can be considered as an effective
and reliable analytical method for solving a wide class of
initial and boundary value problems arising in various



branches of pure and applied sciences. The homotopy
perturbation method is preferred over Adomian
decomposition method in Wazwaz (2002). To implement
the Adomian method, one has to calculate the Adomian
polynomials which are difficult to find. In this paper, we
use the homotopy perturbation methods for solving a
system of third-order boundary value problems of the
type (1). Some examples are given to illustrate the
implementation and efficiency of this method.

HOMOTOPY PERTURBATION METHOD

To illustrate the basic concept of this technique, we consider the
following general nonlinear differential equation:

A(u(x))- f(x)=0, xe Q, (3)
with the boundary conditions:

du(x)
on

B(u(x), y)=0, xe T, 4)

where A is a general differential operator, B is a boundary operator,
fix) is a known analytic function, and I'is the boundary of the

domain £ . The operator A can be divided into two parts, L and N,
where L is a linear and N is a nonlinear operator. Equation (3) can
be rewritten as follows:

L(u(x))+N(u(x)) - f(x)=0. (5)

By the homotopy technique of He (1999, 2000, 2006, 2006a), we
can construct a homotopy H (v(x),p):Q x [0,1]— R, which
satisfies:

HW(x), p)=(1—p) L)) — Lty ()] pLLOX)) +Nx) — f (0] =0, (6)
or equivalently,

HWx), p)=L0{0))~L00))+ L) +Nx) —f ()] =0, )

where p€ [0, 1] is an embedding parameter, 1, is an initial

approximation of Equation (3), which satisfies the boundary
conditions (4). Obviously, from Equation (7), we have:

H (v(x),0) = L(v(x)) = L(uy(x)) =0,
H(v(x),1) = L(v(x)) + N(v(x)) - f (x) = 0.

Changing the process of p from zero to unity is just that change of

H(x), p) from L(v(x))— L(u,(x))=0 to
L(v(x))+ N(v(x))— f(x). this is called homotopy and
L(v(x))—L(u,(x)) and L(v(x))+N((x))— f(x) are

called homotopic. According to the homotopy perturbation method,
the solution of Equation (6)
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and (7) can be written in the form of a power series in p:

v(x) =, (x) + pv,(x) + pv, (x) +... ®

Setting p = 1, results in the approximate solution of Equation (5):

u(x) =1in}v(x) =V, (x) +v,(x) + v, (x) +... 9

The convergence of the homotopy perturbation method is given in
Biazar et al. (2009).

NUMERICAL RESULTS

Here, we give two examples of a system of third-order
linear boundary value problems to illustrate the
implementation and efficiency of the homotopy
perturbation method.

Example 1

We consider the system of third-order boundary value
problem (1) and (2) by taking
fxu(x)=0, g(x)=1, r=—1, and in this case the
system of third- order boundary value problem (1)
reduces to:

u—1, 0Sx<l,
4
u”(x)=+0, %Sx<%,
u-—1, ES)cSl,
4 (10)
with the boundary conditions
u(0)=0, u'(0)=u'(1)=0, (11)

and the continuity condition of u(x), u’(x) and u”(x) at

1
— and
4

order boundary value problem (10) is:

3
Z. The exact solution of the system of third-

1+Ce' +e;;[(; oos(—f’ 0+C sin(—\/z';’ 1)), 0<x<—,
u(x)=4C, +Cx+C, —xz 15 x<§
4 6 4 4
= 3 3 3
* 2 =
1+Ce" +e? [G oos(: 2 X)+Gsin( 2 X)l,, 4stl, (12)

where:

C, =-0.250371, C, =-0.749629, C, =-0.143696,
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C, =-0.000627, C; =0.031161, C, =-0.002595,
C, =-0.149478, C, =-0.784090, C, =-0.562439.

We now solve the system of third-order boundary value
problems (10) by the homotopy perturbation method by
constructing homotopy equations in Cases | and Il
following:

Case |l

We now consider:

u’(x)=u-1, 0<x< %Sxﬁl. (13)

N

We construct the homotopy equation for Equation (13) as

L(v(x)) — Lu, (x)) + p[ L1y (x)) —v(x) +1] =0, (14)

where:
d3
e 19

Suppose the solution of Equation (10) has the form as
defined in (8), substituting (8) into (14) and comparing the
terms with identical powers of p, leads to:

P’ V() —u(x) =0,
P vix) =2 +v,(x) -1,
P>V =(x),

”, 16
p3:v3(x)=v2(x), (16)
plvi(x)=v,_(x), n=234,..

1
For the domain OSX<Z,we assume

x2
Vo () =1, (x) :%5"‘013“‘%, as an initial
approximation to the solution of Equation (10) and using

this initial approximation into the recurrence relation (16),
we obtain the following relation:

X
V(0= a0 +a1x+az,

v, (x) a a a r A
: 50 t4r P30 31
8 7 6 6
v, (x) = a, + 1L 27_)67’
71 6! 6! (17)
11 10 9 9
v, (x) a r X

Using (24) in (11), we obtain the approximate solution of
Equation (13) for this domain as:

36 4 (18)
For the domain i <x<l, we assume
’ as an initial

X
Vo(x)=u,(x)= a6?+ a,x+ag,

approximation to the solution of Equation (10) and using
this initial approximation into the recurrence relation (17),
we obtain the following relation:

ux) Ez_aﬁ x xs x8+~+a, xﬁiﬁ% 14£4£+-~
2 5‘ 8! 4 7 10! 36

- {fﬁﬁ_}_.}’ éﬁxSL
36 9 4
(19)
Case Il
In this case, we consider:
W (x) =0, AlTSx< % (20)

We construct the homotopy equation for Equation (20)
as:

L(v(x)) = L(uy(x))+ pL(uy(x)) =0, (21)
where the operator L is defined in (15).

p" vy(x) —ug(x) =0,
p' () = ug(x),
p*ivy(x) =0,
p’vl(x)=0,

p'(x)=0, n=2.34,.
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Table 1. Numerical results for Example 1.

X

Absolute error

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0
1.31269E-37
5.25136E-37
1.18191E-36
2.10189E-36
3.28508E-36
4.73149E-36
6.44112E-36
8.42298E-36
1.06878E-35
1.31479E-35

2
x
We assume vo(x)=u0(x)=a35+a4x+a5,as an

initial approximation to the solution of Equation (20).
Solutions of all the componentsv, (x), n=0,1,2,3,---

are same asV,(x), which is the exact solution of
Equation (20), so:

2
1
u(x)=a3%+a4x+a5, ZSX<%. (22)

Here a,,q,,a,,a,,---a, are unknown constants and

would be determined by the given boundary conditions as
defined in (13) and continuity conditions of
, » 1 3
u(x), u(x) and u (x) at 1 and 1 Combining
Equation (18), (19) and (22), we obtain the approximate

solution of the system of third- order boundary value
problems (10) as:

{;8;8;5‘ }m{x“ﬂx"’ }mz{fx"}
T e e L B O o e e A B 17 B o e SO
2 53 8 4 7 10 36
{@L}, O
36 9 4
2 1.3 (23)
=a— —<x<
Ux) G e, 5
P et
G-+ ++ XAt g+
2 53 8 4 7 10 3 6
{@L}, 3ol
3 a9 4
where:

a4,= 0248888, ¢ =0, ¢, =0, 4, =626F6TEA, ¢, = O0BII6L,
a,= 00055, ¢, = 0729633, a, = 0245, ¢, = 0066319,

Numerical results obtained with the sum of first 10 terms
of the series solution (23) are given in Table 1. We now
consider the system of nonlinear third-order boundary
value problem which is due to Noor et al. (2011a).

Example 2

We give another example of a system of third-order
nonlinear boundary value problem by taking

f(x,u(x))=2u’, g(x)=1, r=-1, then the system of
third-order boundary value problem (1) and (2) reduces to:

28 +u—l, —1<x<—,
W()=127, Texdd,
2 2
2 +1-1, %stL

with the boundary conditions:
u(—l)z u(l)z 0, u'(—l)z 1.

and the continuity condition of u(x), u’(x) and u”(x) at:

~! and L
2 2

Case |l

_1<y<—L. In this case, we implement the convex
2

homotopy as follows:
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L()’—i-m’—i-pzbg’—i- ........ =p[2(%+m +pu,+ ~)3+(L6+pul +pu,+ ~)—1:|.

Comparing the co-efficient of like powers of p :

2

X
Piuy=arerr,

1
p q(x)—cﬁf(?x’ x%axtﬁﬁxf’g,

5 I 5 11, 1
P ()=cX'+| ~¢lG+—¢ P —— +— —
P () 6Ll 5(2(2(1 24(3j 7(10 GG (,,}\ [}

L 3 L sy
+— X +—c,
180" o0
Case Il

1 1
For—z <x< 5 . In this case, we have:

” ”w o ) 3
u, +pu +pu, t.... =2p(u[)+pu1+p u2+~~-)_

Comparing the co-efficient of like powers of p :

2
X
P’ iu,(x)=c, +csx+06?,

1 1
P (x)=c, +§xzc6 +axﬁcs3,

PPy (x)=— ! €N +——c5 X +—— ! o x!
10 70 9900
Case lll
1 .
ForE < x<1. Inthis case, we have:

Comparing the co-efficient of like powers of p :

X
P () =c, +qsx+cgz s

r u(x)=c, %qf—éf+—1x4qs+—lquz,

Z'L(x)—f1 x3+11 c+1q xflxh-kll G, ! x7—1”s
Pa=gai | sato e [ | ae b Y g

3/\)_'_7 st
80" Ton®

where ¢,,i=1,2...9, are real constants and will be
determined further by using boundary conditions and

continuity conditions. This enables us to find the series
solution as:

ST )
GHGX c5x 6Q 6 2401‘ ZQQ 2455

1 1 1 1 1
3 2-£§ 3.X9 Sgl’
{ }%( mq}g 27 w0 o (25)
1

—A<<—

Nu

-y

JJ

4+CSX-FC6X+—X6CS+~ C‘5X5+—C‘5Q‘X7+—g/€ 3$<

ooyl

1,1 > 3
—¢— W+|=gg+— THEEYNEY F,
{«ﬁ‘ 720}{ 7(10% mq}g B st o

Now we use boundary conditions and continuity
1 1
conditions at x = _E and x= E’ and we obtain system

of nonlinear equations. In order to solve system of
nonlinear equations, we use Newton’s method. Hence we
have the following values of unknown constants:

¢ =529671406,
¢ =0140053602,
G=—81BH2I.

¢, =—082337245,  ¢,=—1.3277592800,
G =—107194240, ¢, = 476022140,

€, = 532932,
¢, =—(519640851,

(26)

By using values of unknowns from (26) into (25), we have
following analytic solution of system of third-order
nonlinear boundary value problems (24):

SY06TAD—(FBTA5 x— B8N —ORI 2321 X
—(RIR7I768 X — OI0PRA —(DIPLRA—ZINIKO” X
-8 1DBHIX0° AT BB ¥ -390 IXI0" A, —1<x —;
SRR xR0+ %iBUéb(lOSf

1) = HEB1RE5XI0° 30 D61610° Y4SQOI2MI0 ', —

5

t\)‘»—

S0P IO x—AAG1024 —OTOBIBA
—ORISIRI3X RSB 12—

4, IBITIRXI0] A —8BHOBOXIO £~ 2A7A00° X

1

BT ', > <<l

Conclusion

In this paper, we have used the homotopy perturbation
methods for finding the approximate solutions of systems
of third-order boundary value problems. Results show
that the approximate solution obtained by this method



converges rapidly to its exact solution. Results show that
the homotopy perturbation method is highly effective,
reliable and efficient for finding the approximate solution
of a system of third-order boundary value problems.
Results obtained in this paper may stimulate further
research activities in this field and related areas. It is an
interesting problem to consider the homotopy
perturbation technique for solving the variational
inequalities and related optimization problems.
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