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The modeling of wave propagation in microstructure materials should be able to account for the
various scales of microstructure. In this paper, the extended trial equation method was modified to
construct the traveling wave solutions of the strain wave equation in microstructure solid. Some new
different kinds of traveling wave solutions was gotten as, hyperbolic functions, trigonometric functions,
Jacobi elliptic functions and rational functional solutions for the nonlinear strain wave equation when
the balance number is positive integer. The balance number of this method is not constant and changes
by changing the trial equation. These methods allow us to obtain many types of the exact solutions. By
using the Maple software package, it was noticed that all the solutions obtained satisfy the original

nonlinear strain wave equation.
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INTRODUCTION

Nonlinear evolution equations (NLEEs) are very
important model equations in mathematical physics and
engineering for describing diverse types of physical
mechanisms of natural phenomena in the field of applied
sciences and engineering. The search for exact traveling
wave solutions to nonlinear evaluation equations plays
very important role in the study of these physical
phenomena. In recent years, the exact solutions of
nonlinear partial differential equation have been
investigated by many authors (Ablowitz and Clarkson,
1991; Rogers and Shadwick, 1982; Matveev and Salle,

1991; Li and Chen, 2003; Conte and Musette, 1992;
Ebaid and Aly, 2012; Gepreel, 2014; Cariello and Tabor,
1991; Fan, 2000; Fan, 2002; Wang and Li, 2005; Abdou,
2007; Wu and He, 2006; Wu and He, 2008; Li and Wang,
2007; Zheng, 2012; Triki and Wazwaz, 2014; Bibi and
Mohyud-Din, 2014; Yu-Bin and Chao, 2009; Zayed and
Gepreel, 2009; He, 2006; Gepreel, 2011; Adomian, 1988;
Wazwaz, 2007; Liao, 2010; Gepreel and Mohamed,
2013; Wang et al., 2008; Yan, 2003a) who are interested
in nonlinear physical phenomena. Many powerful
methods have been presented by authors such as the
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inverse scattering transform (Ablowitz and Clarkson,
1991), the Backlund transform (Rogers and Shadwick,
1982), Darboux transform (Matveev and Salle, 1991), the
generalized Riccati equation (Li and Chen, 2003; Conte
and Musette, 1992), the Jacobi elliptic function expansion
method (Ebaid and Aly, 2012; Gepreel, 2014), Painlev'e
expansions method (Cariello and Tabor, 1991), the
extended Tang-function method (Fan, 2000; Fan, 2002),
the F-expansion method (Wang and Li, 2005; Abdou,
2007), the ex-function expansion method (Wu and He,
2006; 2008), the sub-ODE method (Li and Wang, 2007;
Zheng, 2012), the extended sinh-cos and sine-cosine
methods (Triki and Wazwaz, 2014; Bibi and Mohyud-Din,
2014), the (G'/G) -expansion method (Yu-Bin and Chao,
2009; Zayed and Gepreel, 2009), etc. Also, there are
many methods for finding the analytic approximate
solutions for nonlinear partial differential equations such
as the homotopy perturbation method (He, 2006;
Gepreel, 2011), a domain decomposition method
(Adomian, 1988), variation iteration (Wazwaz, 2007) and
homotopy analysis method (Liao, 2010; Gepreel and
Mohamed, 2013). There are many other methods for
solving the nonlinear partial differential equations (Wang
et al., 2008; Yan, 2003a; 2003b; 2008; 2009; Zayed and
Al-Joudi, 2009; Zayed, 2009; Zhang, 2009; Jang, 2009).
Bulut et al. (2013); Bulut and Pandir (2013) and
Baskonus et al. (2014) have used the modified trial
equation method to find some new exact solutions for
nonlinear evolution equations in mathematical physics.

Recently, Gurefe et al. (2013) have presented a direct
method, namely, the extended trial equation method for
solving the nonlinear partial differential equations.
Demiray et al. (2016; 2015a; 2015b); Demiray and Bulut
(2015) and Bulut et al. (2014) have successively applied
the extended trial method for solving the nonlinear partial
differential equations. The governing nonlinear equation
of the strain waves in microstructure solid is given by
(Alam et al., 2014; Samsonov, 2001):

Ut — Uy = BA1(U%) 0 — Mol + 3l

2
—(0g — 7" A7)Uxar +70( Aot + Agloatt) =00 g
where [ accounts for elastic strains, ¢ characterizes
the ratio between the microstructure size and the
wavelength, y characterizes the influence of dissipation
and Zi (i =1,..,6) are constants. The balance between
nonlinearity and dispersion takes place when
0=0(f). If y=0 is set, then we have the non-

dissipative case and governed by the double dispersive
Equation 45 and 46 as follows:

Ut — U — B U x — Aalaood + AalUnat) =0 (2

Previous models were derived using the assumption of
the homogeneity of microstructure. This is the case for
the example of functionally graded materials which are
made up of two or more material combined in solid state
(Mahamood et al., 2012; Birman and Byrd, 2007). The
main objective of this paper is to use the modified
extended trial equation method to find a series of new
analytical solutions to the strain wave Equation 2 for
many different type of the roots of the trial equation.

DESCRIPTION OF THE EXTENDED TRIAL EQUATION METHOD

Suppose we have a nonlinear partial differential equation in the
following form:

F(U,Ut, Uy, Ut , Uyt Uyy o) =0, -

where U =U(X,1t) is an unknown function, F is a polynomial in

U =u(x,t) and its partial derivatives, in which the highest order

derivatives and nonlinear terms are involved. Let us now give the
main steps for solving equation (3) using the extended trial equation
method as (Gurefe et al., 2013; Demiray et al., 2016; 2015a; 2015b;
Demiray and Bulut, 2015; Bulut et al., 2014; Ekici et al., 2013):

Step 1. The traveling wave variable:
u(x,t) =u(é), E=X+W, (4)

where V is a nonzero constant, Equation 4 permits reducing
equation (3) to the following ODE:

P(u,Vu',u AVETIAVILATLIN. )=0, (5)

where P is a polynomial of U(f) and its total derivatives.

Step 2. Suppose the solution of Equation 5 takes the form:
a )

u@=>ry', 6)
i=0

where Y (f)

equation:

satisfies the following nonlinear trial differential

(2 = Ay = 200 _ erj +59_1ij+...+§1¥ S @
V) Y+l Y T A OY +

where éi , é/J

Equations 6 and 7, we have

are constants to be determined later. Using

u”(g) =

PONFO) —DOF (S yia
2wy? )

i=0

(D(Y) i—2
‘P(Y)(ZI (i—-DzY ) o
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where ®(Y),w(Y) are polynomials in Y.

Step 3. Balancing the highest order derivative with the nonlinear
terms, we can find the relations between 51, @ and &£. We can

calculate some values of 9,6 and &.

Step 4. Substituting Equations 6 to 8 into Equation 5 yields a
polynomial Q(Y) of Y (&) as follows:

QY) = pY° +...+ pY + py =0. )

Step 5. Setting the coefficients of this polynomial Q(y) to be zero,
we yield a set of algebraic equations:

p; =0, i=0,..,s. (10)

Solve this system of algebraic equations to determine the values of

8050151901551 S e+ 61160 and
T&_I_,TQL_]_,...,T]_,T().

Step 6. Reduce Equation 7 to the elementary integral form:

Ay R
i(&—no)—jm—j /q)(Y)dY. (11)

where 7] is an arbitrary constant. Using a complete discrimination

system for the polynomial to classify the roots of (D(Y), we

solve Equation 11 with the help of software package such as Maple
or Mathematica and classify the exact solutions to Equation 5. In
addition, we can write the exact traveling wave solutions to
Equation 3, respectively.

Remark 1. The difference between the modified trial expansion
method, extended trial expansion method and modified extended
trial method:

(i) In the modified trial method, the trial equation is taking the
following form:

o0 _ &Y g Y g w2
YY) LYE 4, Y Y + 4

and the reduced elementary integral takes the following form:

=0-10)= o) @3

(ii) In the extended trial method, the trial equation is taking the
following form:

i [@0) _ &0 +gp ¥ Ty v 1)
PO) VY e+ Y + 4
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and the reduced elementary integral takes the following form:

£0-m)=[ [0y a9

(i) In the modified extended trial expansion method, it seems to
the reader as extended trial expansion method. But in the extended
trial equation, there is no connection between the roots of the right

side of Equation 11 ¢ and the coefficients of the solutions 7j
and é:i . Many papers have used the extended trial equation without
making the connection between the root ¢ and the coefficients of

the solutions 7j and & . So all the solutions in these papers does

not satisfy the original equations. Then, this response was
searched for, the authors which used the extended trial equation
must be related between the roots of right side of Equation 11 and

the solution coefficients 7 and the trial equation coefficients fi .
For this, we call the modified extended trial expansion method.

MODIFIED EXTENDED TRIAL EQUATION METHOD FOR THE
STRAIN WAVE EQUATION

Here, the modified extended trial equation method was used to find
the traveling wave solutions to the following nonlinear strain wave
differential equation:

Ut — Uy _ﬁ(ﬂl(uz)xx — AUy + Aalxit ) =0. (16)

Porubov and Pastrone (2004) studied the propagation and
attenuation or amplification of bell-shaped and kink-shaped waves,
whose parameters are defined in an explicit form through the
parameters of the microstructured medium. Also, Alam et al. (2014)
used the generalized (G'/G)-expansion method to find an exact
traveling wave solution of nonlinear strain wave differential
equation. The traveling wave variable:

u(x,t) =u(s), E=x-Vt , (17)

where V is the speed of the traveling wave, permitting us to
convert Equation 16 into the following ODE:

VDU B )+ Blls - v uP 0. as

Integrating Equation 18 twice with respect to é’ , we have:

V2 —Du— Bhu® + Bl — ANV 2" +k =0, (19)
1 3~ M

where K is the integral constant. We suppose the traveling wave
solution of the Equation 19 into the following form:

a
u@)=>y gy, (20)

i=0

where Y satisfies Equation 7and O; is an arbitrary positive
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integer. Balancing the highest order derivative U” with the
nonlinear term U 2 in Equation 19, we have:
0p=0-5-2. (21)

Equation 21 has infinitely many solutions, consequently, we
suppose some of these solutions as the following cases.

Case 1. In the special case, if £€=0 and =3, we get
51 =1, then Equations 6 to 11 lead to:

u(é) =rg + 1Y,
)2 = TG+ aY &)
4
o aBaY2r25Y +&)
2¢0

(22)

Substituting equations (22) into Equation 19 we get a system of
algebraic equations which can be solved by using the Maple
software package to obtain the following results:

4581V *zg — 70 - Pz +K)
36 & (23 —24,V 223+ 73)
Cot1+V2 ~2prg)  _ 353(AV° ~Ja)
BAN 2 = 23) 24140

(23)

where élo ) 50 ) 53 and 7, are arbitrary constants. Substituting
Equation 5 into Equations 7 and 9, we have

+(E—10) = L.[ - dy — (24)
3,62 1 0
\/Y +§3Y +§3Y+§3
where L = 2;_:(%) . Now we will discuss the roots of the following
equation:
v3, g0 -1+V? —Zﬂﬂlfo)Yz 455 A Pro — 0~ Pt Ky, S _og (25

BN - 1) 3pEs V- 214V%+13) &

to integrate Equation 24 as the following families:

Family 1. If Equation 25 has three equal repeated roots O/,

consequently we can write Equation 25 in the following form:

Lo 1+v2 - 2pMr0) 2 _
BN Z - 5)é
48V 2r0 7o - purg +K),, | &
3BEEAVA 22205+ 75) 63

=(Y —ay)>.
(26)

From equating the coefficients of Y to both sides of Equation 26,
we get a system of algebraic equations:

_§0+§3 =0,
o+ =0,
—1+V2 130y (AN ? = 23) — 224708 =0,

4CoMTo A¢oifth _Alohk
3¢3 33 36¢3
2
46V
302 (VA 223V 2 + 23) — 260V T0 ¢

We use the Maple software package to solve the system (equation
27)in K, &4, &y, &5, 7, and @ . We get the following results:

<o =—0!13§o, &3 =60, 70 =

~1+V 2 430y AN 2 — 31 g ‘ 1-2v2+v4

24 44 (28)
Equations (27), (23) and (24) lead to:

34V - )
& =3¢, & =-3ug, h=- 2 =
A (29)
where & o is an arbitrary constant and
—2
+ =
(£-1m0) = j )3,2 —
or
Y —ay+ SR (30)
(X=Vt—110)

Substituting Equations 30, 28 and 27 into Equation 22, we get the
traveling wave solution of nonlinear strain wave Equation 16 takes
the following form:

0 (&) —14+V 2 43 AN 2 =30y A3
1 = -
2,8}
2 —_—
30V =) |, a4 :
24 (X—Vt —10)

(1)

Family 2. If Equation 25 has two equal repeated roots &1 and the

third root is & and «&; # &,, consequently we can write
Equation 25 in the following form:



2
Y3+§0(—1+V2 ~2bMht0) 2 _
B(AgN * = A3)¢3
44511(\/2T0—70—ﬁfllfg+k)Y+9:0

=(Y )’ (Y - atp)
PRV N ) G

(32)

From equating the coefficients of Y to both sides of Equation 32,
we get a system of algebraic equations in k, é/o ) 980 ) 53 and 7,

which can be solved by using the Maple software package to get
the following results:

Bl —a) (Vv ? —2))? —2v? v -1
- 451 ’
Plag +20)(aV? ~2g) V2 -1 (33

284

&y =-afarés, (=&, 1=

Equations 33, 23 and 24 lead to:

(V2 -4
G=o(o+2a9)&3, & =-(Q2+a)&, T1=—(42/113), (34)

where 53 is an arbitrary constant. In this family, the solution of

Equation 24, when &9 > (X1 takes the following form:

N = 35
dv 2 tanl|: Y %2 :|, ay >0, ( )

Y —a)\Y - :x/a2*051 N

£(E-m0) =

or

(36)

Y=ar +(a2 —al)tanz{ an >

VR e —'Io)}

Substituting Equations 36, 34 and 33 into Equation 22, we get the
traveling wave solution of nonlinear strain wave Equation 16 taking
the form:

Blay +20) (AN 2 — A3) +V 2 -1
280,

ux($) =

V2
ANV -7g) ay +(ay ) tan?
2

Also when (X1 >t , the solution of Equation 24 has the form:

=z
2

(38)

Y :(11+((11 —(,Zz)CSCh2 >0,

(X -Vt- 770)‘|!

Substituting Equations 38, 34 and 33 into Equation 22, we get the
traveling wave solution of nonlinear strain wave Equation 16 takes
the form:

Blag +2a1) (AN 2 —A3) +V 2 -1
284

uz(é) =
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3(AV2-23)
22

l:alz_az (x—Vt— Uo)}}- (39)

{al + (g —ap)csch 2

Family 3. If Equation 25 has three different roots @1, >

and 03, 1 # ap # (3, consequently we can write Equation 25
in the following form:

Y3+§o(fl+V2*2/7/1170)\(2_44'5/11(\/270*10*,511T5+k)\(+@
BNZ = 23)E BBV -2V 20+ 28) &3

= (Y —a)(Y —ap)(Y —a3) =0. (40)

From equating the coefficients of Y to both sides of Equation 40,
we get a system of algebraic equations inK, &, &,,&; and 7,

which can be solved by using the Maple software package to get
the following results:

Blog+ag + )V 2 —2)+V2 -1
2p%4 '
K /32(0:12 +a22 +a§ —ooz —oqop 70520:3)(/14V2 7/13)2 +v2oviol o (41)
4pn '

So=—aqapa3é3, Co=¢&3, 0=

Equations 41, 23 and 24 lead to:

V2 -43) (a2

&1 =(nap +aa3 +0¢10!3)§3:52=—(01+0!2+0!3)§31T1=—4T31 (42)
1

where §3 is an arbitrary constant. In this family, the solution of

Equation 24 has the form:

dy 2 EIIipticF{ A W Rl } 43)
WY —a)(Y —a)(Y ~a3)  Jaz-ay

£(E-m)=|

0!2—(11Y a1 —-asg
or

Y=o+ (0!2 —a1)5n2

- - 44
. (@4
2 24}

_a3 !

Substituting Equations 44, 42 and 41 into Equation 22, we get the
traveling wave solution of nonlinear strain wave Equation 16 takes
the form:

ﬂ(al + oo +C(3)(/14V2 —/13) +V2 -1

ug () = 2
2 _
fW{m +(az ﬂl)sn{”“gzal (x-Vt-10), ”‘1_“2}} (45)
1 a)—a3

The behavior of the exact Solution 45 has been illustrated in
Figure 1.

Family 4. If Equation 25 has one real roots /1 and two imaginary
roots o, = N, +i N, , oz = Nl_i N, . where N,, N, are

real numbers, consequently we can write Equation 25 in the
following form:

v3, SoCLHV2 —2Bhn0) 2 AN Pro—70 — PATE +K), , S0
BN = 23)3 3BEUVI -2V 5+ 45) 3
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Figure 1. The traveling wave solution Equation 45 and its projection at t=0 when the parameters take

special values oq =5, ap =1, a3 =15, 41 =2, 33=-3 A4 =1, V=2, f=-25

—(Y —eq)(Y2 —2NyY + Nf + N2) =0. (46)

From equating the coefficients of Y to both sides of Equation 46,
we get a system of algebraic equations in k, é’o ) 50 ) 53 and 7,

which can be solved by using the Maple software package to get
the following results:

_ Bleg +2N)(AV 2 —2g) +V2 -1

24 '

:ﬂz([al —N; 12 —3NZ)(V 2 —az)% +2v2 —v4 1 (47)
454 '

Go=—(Nf+ND)ey &, o=, 10

k

Equations 47, 28 and 24 lead to:

B 30V2-7g) (48)

&G=(NE+NZ+2oN))&s, &y =—(an+2Np)&g, 1= Y
4

where 53 is an arbitrary constant. In this family, the integration of
Equation 24 takes the following form:

dy
\/(Y—al)(Y2—2N1Y+N12+N22)

£(E-m0) =

N _ TN
L2 piiper| Y [NimiNpay | (49)
1[N1+|N2—a1 wlN]_—INz—al N1+IN276(1

or

Y :a1+(N1 *iNz ﬂl)Sn

2|:w N1+iN2 -0 (X*th ) Nl_iNZ —6{1:| (50)
3 M) -

N1+iN2—a1

Substituting Equations 50, 48 and 47 into Equation 22, we get the
traveling wave solution of nonlinear strain wave Equation 16 has
the form:

Blag +2N1)(AV 2 —a3)+V 2 —1
25,

us($) =

and o = 5.

V21 SNy +iN ZiN, = (51
SN NNy a2 SN2 g (NamiNpma
211 2 N1+|N2—a1

The behavior of the exact Solution 51 has been illustrated in
Figure 2.
Case 2. In the special case, if £¢=0 and =4, weget § =2,

then Equations 6 to 11 lead to:

U(f) =10 +2'1Y +T2Y2,
_(@+2,) 2 @Y &Y P4 5V 2 Y + &)
<o ’

3 2
ur = aldeaY +3‘523; AR +?(6<§4Y4 +55Y3+45Y 2 +35Y +2&),
0 0

u)?
(52)

Substituting Equation 51 into Equation 19, we get a system of
algebraic equations which can be solved to obtain the following
results:

_ Sara{(6e] +48ro72) (V2 ~D}+ pA{(~ar] +167780) + (Satora) (21] —48ro72)}

k

4822¢,
r1&a[6ra(V 2 =1) + By (127575 + 7)) 654 (V2 -23) , _2&4m
a= 3 ' 6o = 2 1G3=—
43 M 172 7}
. 3¢4[205(V 2 —1) - By (4ry7p +1f)] (53)
2= ,
4c3 iy
where 50,54,1'0,2'1 and Ty are arbitrary constants.

Substituting Equation 53 into Equations 7 and 11, we have:

£(E-no)=L] & B
\/Y4 +§—3Y3+‘§—2Y2 +§—1Y +§—°
Sa éa Sa éa

where | _ [<o . Now we will discuss the roots of the following
&a

equation:

L2013 2000V Y- palneraof)] , mlbra(V D+ pa(2rgry +f)]

Y 4
7 43 phy 4c3pn
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4

6+

Figure 2. The real part of the traveling wave solution (Equation 51) and its projection at t =0 when the parameters take
special values gy =2, N; =05, N, =025, 4 =-2.5 A3=-05 14,=105 V=1 B=-1 and p =4

+90 g, (55)
4

To integrate Equation 54, we discuss the roots of Equation 55 as
the following families:

Family 5. If Equation 55 has four equal repeated roots 1,
consequently we can write the Equation 55 in the following form:

VR AVER Lot Ut Vi N Gl e 20) VR
7 azZpa,
A AV R G ) RSV,
4z pl, , Voo

(56)

From equating the coefficients of Y to both sides of Equation 56,
we get a system of algebraic equations in ggo ) 54 1 To:1Tg and 75,

which can be solved by using the Maple software package to get
the following results:

122 BN 2 — 12) =V ? +1
Eo= a1y, tg =~ “1/3(42@11/13) * :

C120q(ANVT - A) 6(ANV 7 - Ap)
T = yTg =——————.
i X 7

Equations 57, 53 and 54 lead to:

4 2
VI-2V"+1 (sg)

&G =818y, & =6aféy, & =-das,, Co=Ey k=- i

where f 4 s an arbitrary constant and

!

i(é—no)=j(Y

Then

(59)

Vimr 0
(X—=Vt —170)

Substituting Equations 60, 58 and 57 into Equation 52, we get the
traveling wave solution of nonlinear strain wave Equation 16 taking
the following form:

120f AV 2 - 23) -V 2 +1+12a1(/14v2 —23)
250 P

2 2
[alJ_r 1 }_6(14V ’13){[)@ 1 } |
(x=Vt—ng) A (x=Vt—n9)

The behavior of the exact Solution 61 has been illustrated in
Figure 3

ug (&) =

(61)

Family 6. If the Equation 55 has two equal repeated roots &1 and

Oy, o # o, consequently we can write Equation 55 in the
following form:

Jo, 2ys R2V2 Y- Palnny +of)] p albnW Y+ pai2n + ]
) 4r22 Bl 4r§ iz

+ 50 (Y ) (Y ) =01 ©2)
S4

From equating the coefficients of Y to both sides of Equation (62),
we get a system of algebraic equations in &y, &,, 7,7, and 7,

which can be solved by using the Maple software package to get
the following results:

_,/)’(}LAV2 o) (o} +a? +10a,0,) -V +1
2%, ’
__6(2-4\/2 _13)

A (63)

— 2,2 _
So =0 6, Ty =

o= 6(44\/2 &) +a,)
' 2

Equations 63, 53 and 54 lead to:
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Figure 3. The traveling wave solution (Equation 61) for nonlinear strain wave Equation (Equation 16) when

@, =15 4,=24,=-3, A,=1, V=2, B=-25 and, -1

& =-2a; + a,)a,,, & 254(0‘12 +4a,a, +0!22),

Ko B (e +a; —dayas +6alal —ba,al)AN ' —A)  + V7 -V -1

&y =—2(ay + @,),,

4p4

where 5 4 s an arbitrary constant and

dy 1 Y —a|
+(E-10) = = In .
° J.(Y_Oﬁ)(Y_az) o, —Q, ‘Y_az‘ (65)
or
Y —-a, +a2ei(a1—a2)(X—Vt—'lo)
- 1+ ei(%—az J(x=Vt-115) (66)

Substituting Equations 66, 64 and 63 into Equation 52, we get the

traveling wave solution of the strain wave Equation 16 takes the
form:

BAN? - 1) (a? +al +10a,a,) -V ? +1
u, &)=-

24
B — e+ ) a8 0
’ ﬁq —1+ ei(”‘r‘lz)(X*Vtﬂ]o)
B4V * — A)[ -, + et vom 7
- /11 _1+ ei(al_az)(X—VI—ﬂo)

(67)

The behavior of the exact Solution 67 has been illustrated in
Figure 4.

Family 7. If Equation 55 has four different roots O, Oy,04 and

& 4, consequently we can write Equation 55 in the following form:

g4, 2mys F2raVE - piallrgry +ef)] o albrolV2 Y+ pa(A2yr + o))
7] 42 gy a3pn
0

+ (Y man)(Y —a)(Y —ag)(Y ~ag) =0 (68)

) 4/0 254’
(64)

From equating the coefficients of Y to both sides of Equation 68,
we get a system of algebraic equations in 50 , §4 1 TgsTy and 7,
which can be solved by using the Maple software package to get
the following results:

S ==, 050, (o, — a3 ), G =-0, to3t+a,,

BN = 1,) (4a} - &l - al - da,a, - baya, —6aya,) +V 2 -1

2, |
6(/14\/ - ]“3)(0[3 + O’A) 6(14\/ ‘- /13)
1= , T, = .
A A4 (69)
Equations 69, 53 and 54 lead to:
& = (o +a,)-oyay +a; —a,0, - 0,05)0,, (70)

& =¢,Ba,a, + a0, + v a,a, +al -al),
k=t
4pA

-32dda, +20alal + 20alal —ba,al —da,al +14alal) AN - 1) + VP -V —1],

S=-2az+a)ly & =4,

[ﬂ2 (a5 +aj +16a; +560laa, - 28a,0,a! - 28a,ala, —32030,

where f 4 s an arbitrary constant and

B dy
- JY —(Cag +ag +ag)(Y —ax)(Y —az)(Y —ag) (71

I { [(ag —ap)(Y —q) (@ —053)}
(a2 —ay) (a3 —a)(Y —a3) (a2 —a4)

or

*(&-m0)

i ar —a
of - gy + (s —a%)snz(zwz - ag) (-t —770).(23)]

Ve (ap —ay) .

a4 —az+(a —(13)Sn2(i(0¢2 —ag)(x-Mt _,70)’(0‘2—053)]
2 (az *&4) (72)
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Figure 4. The traveling wave solution (Equation 67) for nonlinear strain wave Equation (Equation 16) at

a,=-09, a,=5 4, =2 4,=-3 A,=6, V=05 A=25 andz, =-0.3.

Substituting Equations 72, 70 and 69 into Equation 52, we get the
traveling wave solution of nonlinear strain wave Equation 16 takes
the form:

ﬂ(/14V2 -43) (4a22 - ag - af —daya3 -4ayay —6asay) +v2-1
2pk

ug(é)=

o0 (@2 *%)j

2 2
ay —apay +(apag - ag)sn [ (g —ag)(x =Vt = p),
{ ) T2 (a2 -ay)

80V~ g)(ag + )

" wu-a+(a —as)snzti(az - ag)(x-Mt —no),M]
2 (g -ay)
2
;- L RS C Tl )]
_6(14\/2_/13) ay —apay +(apaz —az)sn [z(az ag)(x-Vt UO)’(D‘Z’(M)J
" @ -+ —as)snz[iz(az - ag)(x-Vt -ﬂo),%]

(73)

Family 8. If Equation 55 has four complex roots, ¢y = N; +iN5,
a, =N; —iN,,  a; =N, +iNjand o, =N, —iN,,
Nj,j=1..,4 are real numbers, consequently we can write

Equation 55 in the following form:

s, 25 B2 2 - Plalrgrp+ef)] o mlbra(V2 D+ pa(A2rgrp +of)]
7] 4c3py 43 pi

+§*j*(Y*(N1+iNz))W*(NriNz))(Y*(N3+iN4))(Y*(N3*iN4)):0- (74)

Y

From equating the coefficients of Y to both sides of Equation 74,
we get a system of algebraic equations in §0 , 54 1T, Ty and 7,

which can be solved by using the Maple software package to get
the following results:

_12N3 (4% - )

Ny=Ng, & =& (NINF+NING +NINS +N3), oy . (75)

i
_ BUNP = Ag) (AN +4ANG +ANF) VP41 B(AV 7 - )
0= 250 , Ty = u .

Equations 75, 66 and 67 lead to get:

& =-2Ng(@NS +NJ +NJ)Ey, & = (BN +NF+NJ)Ey, &5 =—4ANggy, Sy =,

k=$[ﬂ2(16N§—16N§N§ SONA) (V2 - 2g)2 V2 v 1],
1

(76)
where ff 4 is an arbitrary constant and
dy
t(&-mo) =
J.\/(Y2 CONGY +NZNB)(YZ 2Ny +NZ4NZ) (D)
=% ElliplticF \/(NZ‘NU(Y ~N3—iNg) (N2 +Na) |
(N2 —Nyg) (N +Ng)(Y =Ng+iNg) (N5 —Ny)
then
H B 2 1 (N2+N4)
V- (N4_NZ)(N3+|N4)+(N4+Nz)(N3_IN4)sn [E(NZ_NA)(LE_%)Y(NZ—NA)J (78)
1 (N, +Ny)
(N;=N;)+ (N, +N,)sn (E(Nz_NA)(f—’lo)v(NZ 7N4)j

Substituting Equations 78, 76 and 75 into Equations 52, we get the
traveling wave solution of the strain wave Equation 16 taking the
form:

VP - 23) (NZ +aNZ +aND) -V 2 41
26

"(NA =Ng)(Ng +iNg)+(Ng+No)(Ng *iN4)5nz[%(Nz =Ng)($-mo),

ug(¢)=

(N2+N4)]

+12N3(}.4V2—Z3) (N2-Ny)

’ Ny +N
1 (N4-Nz)+(N4+Nz>sn2[§(N2-N4)(¢-ﬂo),EN§j N:;J
2
i i )on?| L (Ny +Nyg)
6(/14V2-}La)|'(N4_NZ)(N3+|N4)+(N4+N2)(N3_IN4)S” [E(NZ_N“)@_W)'WJ
) 2[1 (N2+N4))
Ng-Np)+(Ng+N Z(Ny =N, )(E=np),
(Ng=Ng)+(Ny+Np)sn 2( 2-Ng)(&-np) =D

(79)
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RESULTS AND DISCUSSION

This method allowed the construction of many types of
the traveling wave solutions in the hyperbolic functions,
trigonometric functions, and Jacobian elliptic functions.
The balance number of this method is not constant as in
other methods but changes when the trial equation
changes. This method has generalized the tanh-function
method, Jacobian elliptic functions methods, and Exp
function method.

Conclusion

In this paper, the modified extended trial equation method
was used to construct series of some new analytic
solutions for some nonlinear partial differential equations
in mathematical physics when the balance numbers is
positive integer. The exact solutions were constructed in
many different functions such as hyperbolic function
solutions, trigonometric function solutions and Jacobi
elliptic functions solutions and rational solutions for
nonlinear strain wave equation. The performance of this
method is reliable, effective and powerful for solving more
complicated nonlinear partial differential equations in
mathematical physics. This method is more powerful than
other method for solving the nonlinear partial differential
equations. This method can be used to solve many
nonlinear partial differential equations in mathematical
physics.
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