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In this paper, we introduce and study a new notion of functions in ideal topological spaces known as
rarely generalized ideal (gI)- continuous functions and investigate some of their properties. This type of

continuity is a generalization of rarely g —continuity.
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INTRODUCTION

Weak continuity was generalized by Popa (1979) as a
rare continuity which was further investigated by Long
and Herrington (1982), Jafari (1995, 1997). Caldas and
Jafari (2005) further generalized rare continuity as rare

g —continuity in topological spaces and investigated

some of its properties.
In this paper, we introduce and study the concept of

rarely gf —continuous functions in ideal topological
spaces as a generalization of rare continuity by Popa
(1979) and rarely g —continuity by Caldas and Jafari

(2005).

PRELIMINARIES

Recall that a rare set is a set R such that Int(R) = @.
Let (X.T) be a topological space with no separation
properties assumed. An ideal I on a topological space

[X,I] is a non-empty collection of subsets of X which
satisfies the following properties:

1L.AEland E © Aimplies B € I.
22AEland B €limpliesAUE €1,
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An ideal topological space is a topological space (X, 1)
with an ideal I on X and is denoted by (X,t,I). For a
subset ACX, A(L1)={xeX[AnUgILYUE (X x)} is
called the local function of A with respect to I and
T (Jankovic et al., 1990; Kuratowski, 1933). For a subset
ACX A(L7)={xceX[AnUELVYUESO(X,x)} is called
the semi-local function of A with respect to I and T (Khan
and Noiri, 2010), where 50 (X,x)={U€S50(X)|lx €U}. we
simply write A, instead of 4, (I)in case there is no
ambiguity. For every ideal topological space (X,1,1),
there exists a topology (1), finer than T. For a subset
ACE X, ClI*(A) and rne+(a) will, respectively, denote
the closure and interior of 4 in(X, 7).

Definition 1

Let (X,7,I) be an ideal topological space and 4 be a
subset of X.

1. A is called g —closed (Levine, 1963) if CI{A) = G
whenever 4 © G and & is openin X.
2.A is called 5°g — closed (Khan et al., 2008) if



Cl(A4) c U whenever 4 — U and U is semi-open in X,

3. Ais called gl —closed (Khan and Noiri, 2010) if
A, c U whenever A © U and U is open in X. The
complement of gI —closed set is gI —open in X.

Definition 2
Afunction f: (X,7,) — (¥, 7y, 1) is called:

1. Weakly continuous (Levine, 1961) (respectively
weakly-g-continuous (Caldas, Jafari and Noiri’s preprint))

if for each x € X and each open set G containing f{x),
there exists U € O(X,x) (resprctively U € GO(X, x))
such that f(U) = CI(G).

2. g —continuous (Balachandran et al.,, 1991) if the
inverse image of every closed set in ¥ is g —closed in X .
3. Rarely continuous (Popa, 1979) if for each x € X and
each G £ U[:Y, f (x]) there exists a rare set R with
GNCIUR)=0 and Ued(X, x) with
flU)c GUR,.

4. Rarely g —continuous (Caldas and Jafari, 2005) if for
each x € X and each G £ U[:Y,f(x]), there exists a
rare set Bz with G N CI(R.)= @ and U € GO(X, x)
with f(U) © G U R,

5. Weakly I —continuous (Jeyanthi et al., 2006) if for
each x € X and each open set V¥ in ¥ containing Fix),

there exists an open set U containing x such that

flu) c cl*(v).

6. I, —continuous (Caldas and Jafari, 2005) at x € X if
G € 0(Y, f(x)),
U € GO(X,x) such that Int(f(U)) = G.

for each set there  exists

Rarely gI —continuous functions

Here, we will introduce Rarely gI —continuous functions

in ideal topological spaces and give some
characterizations.

Definition 3

Afunction f: (X, 7y, 1) — (¥, Ty) is known as rarely
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gl —continuous if for each x &€ X and each
GE U[:Y, f (xj), there exists a rare set R with
G N CI(R.)= @ and gI —open set U in X containing x
with F(U) © GU R..

Note that, every weakly I —continuous function is

weakly continuous, every weakly continuous function is
rarely continuous, every rarely continuous function is

rarely g —continuous and every rarely g —continuous

function is rarely gI —continuous.

The following diagram depicts the inter relation
between various continuities in topological and ideal
topological spaces.

weakly I - cont. — weakly cont. — rarely cont.— rarely - g - cont.— [, - cont.

rarely — g — cont.— rarelv— gl — cont.

Remark

1. A rarely gl —continuous function need not be
continuous (I —continuous).
2. Rarelygl —continuous function need not be
I, —continuous.

3. Rarely gl —continuous function need not be rarely
continuous.

Example

Let X={ab,cd} with
r, = {0, {a.b,c}.{b, c},{a}, X} and
I={0,{a}{a,b}{b}}. Let Y ={1234}with
y ={0,{1}, {2}, {12}, ¥}. Let

f:(X,1:,1) = (¥Y,74) be defined by fl(a)=2,
f(b)=1, f(c)=3, fl(d)=4. Then f is rarely
g1 —continuous but not continuous because for an open
set U ={1}in¥, f Y1) = {b} is not open in X.

Theorem 1

The following statements are equivalent for a function
(X1, 1) = (Y, 1)

(1) The function f is rarely gI —continuous at x € X.

(2) For each set G £ U[:Y,f(x]), there exists a gf —

open set U in X containing x such that
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Int[f(NN(Y—-6G)]=0
(3) For each set G & U[:Y, f(x]}, there exists a

gl —open set U
Int[f(U)] c Cl(G).

in X containing x such that

Proof

(i) = (ii). Let G € 0(Y, f(x)). By
f(x) €6 cmt(cl(G)) and the fact that
Iﬂt[Cl(G]) (S U[Y,f(x]), there exists a rare set R
with Int(CI(G))n CI(R;) =@ and a gl —open set
UvckX containing x such that
F(U) = mt(cl(G)) v RG We have

)0 ¢~ ) e 6)) ] - 16) = () -] e

a6kl

mt[f() n (¥ — cl(6))] =

(ii) = (iif). Itis straightforward.

(iii) = (i). Letx € Xand G € O(Y, f(x)), then by

(iii) there exists a gI —open set U in X containing x

such  that Int[f(tN] ccl{G). we have
[f - el f(O)]uinf0)) e [f0)- e F o e) = [f00) - el

6)]=[f(U)- melf (U] (F-6)u 6 u (€I(5) - 6) Lot

= [f(U) —Int[F(W]] n (¥ — 6) and

R,=CIl(G)—G. Then R, and R, are rare sets.

Moreover R, = H; UR, is a rare set such that

CI(R.)N G = @. This proves that f(U) c G U R,.

Hence f is rarely gl —continuous. This completes the
proof.

Definition 5

A function f: X — ¥is gl —continuous at x € X if for
each set G £ U[:Y,f(x]), there exists ag! —open set
U in X containing xsuch that Int[f(U)] = G. If f has
this property at each point x € X, then we say that f is
I —continuous on X.

Note that, function is

every I, —continuous

g1 —continuous and every glI —continuous function is
rarely g{ —continuous.

Theorem 2

Let (X, T, ) be a space and (¥,T,) be a regular space.
A functionf: X — Y is rarely gI —continuous, if and
only iff is gI —continuous.

Proof

We prove the necessity only since sufficiency is evident

Let x € X and f(x) € G where Gis an open set in Y.
By regularity of ¥, there exists a set G; € D[:Y, f (x])
Cl(G)c G sSince f is
g1 —continuous, by theorem 6, there exists a gI —open
set u in X containing
mt[f()] c cl(G,) c G. This implies
Int[f(U)] = 6. This proves that f is gI —continuous.

such  that rarely

xsuch that

Lemmal

If g:¥ — Z is continuous and one-to-one, then g
preserves rare sets (Long and Herrington, 1982).

Theorem 3

If f: X — V¥ is rarely gI —continuous and §* Y =7
a continuous surjection, then 4 ofiX = Z s rarely
g1 —continuous.

Proof

Suppose x EX and (ge= fi{x) €1, where VV is an
open set in £. By hypothesis, g is continuous, therefore
G = g~ (V) is an open set in ¥ containing f(x) such
that g(G) = V. Since f is rarely gl —continuous, there
exists a rare set Rz with G N CI(R.) = @ and a gI —
open set U containing x such that f(U) © G U R.. By
Lemma 1, g(RG] is a rare set in Z. Since R is a subset
of ¥—G and g is

Cl(g(Re))nV = 0. This
(ge FI(U) cV U g(R.). This completes the proof.

injective, we have

implies that



Definition 6

A function f: X — Y is gI —open if f(U) is gI — open
in ¥ for every gf —open set Uin X.

Theorem 4

Let f:X — ¥ be a gI —open surjection and g: ¥ — Z
be a function such that geof:X — Z is rarely
gl —continuous. Then g is rarely gI —continuous.

Proof

Let VEY and x€ X such that f{x)=v. Let
G € 0(z,(g° x). gof is

gl —continuous, there exists a rare set Rz with

Since rarely
GNCIR.)= @ and U a gl —open in X containing x
such that (g e F)(U) € G UR.. But f(U)(sayV)isa
gl —open set containing f{x). Therefore, there exists a
rare set R with G N CI(R;) = @ and a gl —open set
V in ¥ containing ¥ such that g(V) € G UR. This
proves that g is rarely gf —continuous.

Theorem 5

if f:(X 1) — (Y.7.,1) is rarely gl —continuous
function, then the graph function §: X — X X ¥ defined
by glx)= (x,f(x]) for every x in X, is rarely

g1 —continuous.

Proof

Suppose that x £ X and W
containing g[x]. It follows that there exist open sets U/
and V¥V in X and VY,
(x,f(x))eUxV cw. Since f s
oI —continuous, there exists gI —open set &
containingx € X such that Int[f(G)] = CI(V). Let
E =UnG. By Theorem 3 (Khan and Noiri, 2010), E is
oI — open set in X containingx and we have
Int[g(E)] € Int(U % f(G)) € U x CI(V) < CL(W).

is any open set

respectively, such that
rarely
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Therefore, g is rarely g —continuous.

Definition 6

Let A = {G,} be a class of subsets of X. By rarely union
sets (Jafari, 1997) of A we mean {Gi u RGL_ } where each

RGL_ is rare set such that each of G, N Ci[RGL,) is empty.

Definition 7

A subset E of X is said to be rarely almost compact
relative to X (Jafari, 1997) if every cover of & by open
sets ofX, there exists a finite subfamily whose rarely
union sets cover 5. A topological space X is said to be
rarely almost compact if the set X is rarely almost
compact relative to X

Definition 8

A subset K of a space X is said to be g —compact
relative to X if every cover of K by gl —open sets in X
has a finite subcover. A space X is said to be
g1 —compact if X is g —compact relative to X.

Theorem 6

Let f:X — Y be rarely g! —continuous and K be
g1 —compact relative to X. Then f(K) is rarely almost
compact relative to Y.

Proof

Suppose that {1 is an open cover of f(K). Let B be the
setof all V in Q such that V N f(K) # @. Then B is an
open cover of f(K). Hence for each k € K, there is

some V,, € B such that f(k) € V. Since f is rarely
gl —continuous, there exists a rare set Rvk with

v, n ci(R,, ) — @ and a gI —open set Uy, containing k
such that f (U, ) EV, N Ry, . Hence there is a finite

subfamily {Uy },.cn which covers K, where &\ is a finite
subset of K. The family



6504 Int. J. Phys. Sci.

(v,uR, } _also covers f(K). This proves that f(K)
K Ve Jren

is rarely almost compact relative to .

Conclusion

Rarely gI —continuity is a generalization of rarely
4 —continuity.
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