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The existence of solutions for stochastic differential equations under G-Brownian motion (G-SDEs) of
the type X, =X, +J‘;b(v,Xv)dv+J‘(:¢9(V,Xv)d<B>v +J‘(:O'(V,Xv)dBv, te[0,T],in the presence of a

lower solution & and an upper solution [ in a reverse order ([ < ) is established. By the method of

upper and lower solutions in the reverse order, it is shown that the G-SDEs have more than one
solution if the drift coefficients are discontinuous functions.
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INTRODUCTION

Motivated from the risk measures, superhedging in
finance and uncertainties in statistics, the G-Brownian
motion was introduced by Peng (2006). The related
stochastic calculus in the framework of a sublinear
expectation (known as G-expectation) is developed
(Peng, 2006, 2008). He introduced the stochastic
differential equations driven by G-Brownian motion (G-
SDEs) and established the existence and uniqueness of
solutions for G-SDEs with Lipschitz continuity condition
on the coefficients (Peng, 2006, 2008). The G-SDEs with
integral Lipschitz conditions were studied in Bai and Lin
(2010) and with global Carathéodory conditions in Ren
and Hu (2011) and Gao (2009). In contrast to the
aforementioned, here the existence theory for G-SDEs
whose drift coefficients are discontinuous functions is
developed by the method of upper and lower solutions in
the reverse order. The importance of discontinuous
functions is not uncommon. For example, the unit step
function or the Heaviside function g : R — R, defined by,
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0, 1if x<O0;

H(x)=
x) {1, if x=0,

is considered to be a fundamental function in engine-
ering. It mathematically describes the switching process
of voltage in an electrical circuit and arises in many
discontinuous ordinary differential equations (Heikkila
and Lakshmikantham, 1994). The sawtooth function or
the fractional part function {x}: R —[0, 1) is defined by

{x}=x—LxJ,

XER,

where | x | is the floor function (Graham et al., 1994). It

has discontinuities at integers. The importance of this
function is apparent from the use of sawtooth waves in
music and computer graphics. The impressed voltage on
a circuit could also be represented by the sawtooth
function (Zill, 2009).

Furthermore, the method of upper and lower solutions
is a very beneficial technique for the existence theory of
boundary value problems (BVPs) for ordinary as well as
partial differential equations. A vast literature is available

where the lower solution & and upper solution [ is



ordered as usual a< /[ (Agarwal et al., 2003;
Henderson and Kunkel, 2006; Khan and Faizullah, 2009)
and in the reverse order f# < @ (Cabada and Sanchez,
1996, Cabada et al., 2001; Cherpion et al., 2001). Also,
Karatay et al. (2011) and Taiwo and Ogunlaran (2011)
work on some BVPs. However, a very little work has
been done on this method in the stochastic differential
equations. In Faizullah and Piao (2011) we have
established the mentioned method for backward
stochastic differential equations driven by G-Brownian
motion (G-BSDEs). In this paper, we introduce the upper
and lower solutions method for G-SDEs in the reverse
order. The following stochastic differential equation under
G-Brownian motion,

X, =X, +[ b X vt [ 0, X By, + [ v, X ), refaT1, (1)

is studied. The initial conditon X, € R"

constant and {(B),},., is the quadratic variation
process of one dimensional (only for simplicity) G-
Brownian motion {B, } ., . The drift coefficient b(z,x)is a

discontinuous function where 8(t,x) and o(t, x) are

is a given

120"

Lipschitz continuous for allxe R". A process
X, e M (0,T;R")satisfying the G-SDE is said to be

its solution.

This paper is organized as follows: some basic
definitions and concepts of the G-expectation are given,
the method of upper and lower solutions for G-SDEs is
established, the comparison theorem for G-SDEs is
determined and the existence theory for G-SDEs with
discontinuous drift coefficients is introduced.

PRELEMINARIES

The book (Peng, 2010) and papers (Denis et al., 2010;
Peng 2008, 2009) are good references for the material
here.

Let Q be a (non-empty) basic space and H be a
linear space of real valued functions defined on €2 such
that any arbitrary constant c€H and if X e€H,
then| x € u. We consider that H is the space of

random variables.

Definition 1

is said to be a sublinear
ceR and 4>0 it

A functional E : H - R

expectation, if for all X,Y € H,
satisfies the following properties:

1. Monotonicity: if X >Y ,then E[X]>E[Y].

Faizullah and Piao 433

2. Constant preserving: E[c]=c.
3. Sub-additivity: E[x +Yy]<E[X]+E[Y]orE[X]-E[Y]<E[X -Y]-
4. Positive homogeneity: E[AX]=AE[X].

The triple (Q,H,E) is called a sublinear expectation

space. The aforementioned functional E : H— R s

called a nonlinear expectation if it satisfies only the first
two properties, that is, (1) and (2).
Consider the space of random variables H such that if

X,,X,,..X e€H, then X, X,,..,X, )eH for

eachpe C,,, (R"), where C,,, (R") is the space of
linear functions @ defined as the following

Cl.up(Rn)={¢’5Rn — RIACe R",me N

m m

stlox)—e(y)ISc+1xI" +1y")lx—=yl},

for x,ye R".

Definition 2

Two n-dimensional random vectors X and X defined,
respectively on the sublinear expectation spaces
(Q,HE) and (Q, B, E) are said to be identically
distributed, denoted by X ~ X , if

Ele(X)1=Elp(X)], V ¢eC,,, (R".

Definition 3

Let (Q,H,E) be a sublinear expectation space and
X € H with:

6’ =E[X*],0’ =—E[-X"].

Then X is said to be G-normally distributed or
N(0;[2,0°]) -distributed, if Va,b>0 we have,

aX +bY ~Va* +b*X,

for each Y € H which is independentto X and Y ~ X.

G-expectation and G-Brownian motion

Let Q=C,(R"), that is, the space of all R-valued
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continuous paths (w,)
the norm:

with  w, =0 equipped with

teR*

=1
1 2 1 2
pw,w )=Z—k(maxlw, —w; IAl),
= 2% tel0,k]
and consider the canonical process

te[0,), we Q, then for each fixed T € [0,0) we
have:

B, (w)y=w, for

L(Q)={¢AB .8 ....B ): 1,,...4,€[0T],9G 1, (R)neN,,

where L (Q)c L, (Q;) for t<T  and
Lip (Q) = U;:I Lip (Qm)'
For 0:t0<t1<"'<tn<oo’ ¢E Cl.Lip(Rn) and

each X = (B, - B, .B, — B, ....B, —B, )e L, (Q),

~B..B B =Bt —t,E e, —1,,E)].

The conditional sublinear expectation of X € L, (£2,)
is defined by:

E[¢(Bfl _Bfo > sz

BXI1Q]=HuB.B -8B ,..B -B )IQ=WB.B -B...B -B ),

where

l)”(xl"”’xj):E[ﬂxl"”’xj’\[tjﬂ _tjé/'ﬂ’”"\]tn ~t,16)]s
é:i+1 is

independent of (&,&,,...,¢) foreach i=1,2,...,n—1.

such that & is G-normally distributed and

Definition 4

The sublinear expectation E : L, () — R is called

a G-expectation if the corresponding canonical process
{B,}., on the sub-linear expectation space

(Q,L,(Q),E)is a G-Brownian motion, that is, for

0<s<t, itsatisfies the following conditions:

1. B,(w)=0.
2. The
distributed and independent of

increment B,, —B, s N(0,[c°,5%]) -
(B,.B, ,....B, ), for

each ne Z" and 0<r, <...<1 <t.

The completion  of Lip(Q) under the norm

X 0,=(E[IXIPD"" for p=1 is denoted by
Lg(Q)  and  Lr@)cLy@,)cLh@) for
0<t<T <o,

Note that the G-Brownian motion is not based on a
particular probability space. For classical Brownian
motion and probability space (Baten and Kamil, 2010).

It6's integral of G-Brownian motion

Te R*, a finite ordered subset
7, ={t,,t,,....ty } such that O0=1, <1, <..<t, =T is
[0,T] and
Mz )=max{lt, -t 1: i=0,L..,N—1}.

[0, T] is denoted by
) ={t) e}ty } suchthat lim,__ wu(z))=0.
p=1 be

fixed for a given partition 7, ={t,.1,,....¢, } of [0,T],

For any
a partition of
A sequence of partitions of

Consider the following simple process, let

771 (W) = Z_fz (W)I[tl-,tm) (t)a

where &£ ell(Q,), i=0,1,.., N-1. The
collection containing the aforementioned type of
processes, that is, containing 77,(w) is denoted by

MP°(0,T). The completion of M 2°(0,T) under the
norm |77 ll={[;E[I7, 1" 1dv}"? is denoted by M/ (0,T)and

for 1ISp<qg, mr, 7)o Ms0, T).

Definition 5

For each 177, € M2°(0,T),
Brownian motion is defined by:

the It6's integral of G-

N-1
1) = n,dB, = Y £(B, - B,).

i=0

Definition 6

An increasing continuous process
(B), =0, defined by:

{(B),},5, with



N-1
— T _ 2 _p2_ !
(B), = lim > (By —B,)" =B, 2'[0 B.dB,,

i=0

is called the quadratic variation process of G-Brownian
motion. For the details of the following two definitions is in
the work of Denis et al. (2010).

Definition 7

Let B(Q2) be the Borel o -algebra of  and P be a

(weakly compact) collection of probability measures P
defined on (Q,B(Q)), then the capacity ¢(.)
associated to P is defined by:

¢(A)=sup P(A), Ae B(Q).
PepP
Definition 8

A set A is said to be polar if its capacity is zero, that is,
¢(A) =0 and a property holds “quasi-surely” (g.s.) if it
holds outside a polar set. Throughout this paper for
X =(x,,%y,..,x,), Y=(y,,¥55-,Y,), X <Y means

x, <y, i=L2,.,n

THE METHOD OF UPPER AND LOWER SOLUTIONS
Recall (Assing and Manthey, 1995; Halidias and Michta,
2008; Halidias and Kloeden; 2006; Ladde and

Lakshmikantham, 1980) for the concept of upper and
lower solutions in the sense of classical SDEs.

Definition 9

A process f3.€ M;(0,T;R")is said to be an upper

solution of the G-SDE on the interval [0,7] if the

inequality (interpreted component wise):

t t t
B<B+[b0 Bydv+ [ 6. BB, +[ o(v, B B, O<s<I<T,
holds quasi-surely (g.s.)

Definition 10

A process «, € Mé(O,T;R”) is said to be a lower
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solution of the G-SDE on the interval if the

inequality (interpreted component wise):

[0,7]

0 20+ [ v, o)+ [0, )l B), + [ 00, 6B, 0<5 <t <T,

holds g.s.
Assume that &, and f, are the respective lower and
upper solutions of the G-SDE:

dX, =bt, wdt+at,X )d<B>, +o(t, X )dB, te[O,T]_ )

Define two functions p,r :[0,T]xR‘xQ — R¢ by:

p(t,x,w) = min{e, (w),max{S, (w),x}},
r(t,x,w)= p(t,x,w)—x, 3)

and consider the stochastic differential equation:

X, =blt. i +01. X )d<B>+00.X)dB,  1e[0T] )

with a given initial condition X, where

g(t,x, w)=b(t,w)+r(t,x,w),
0 (1, x,w) = 0(p(t,x,w)),
o(t,x,w)=0o(p(t,x,w)),

are Lipschitz continuous. The G-SDE Equation 4 has a
unique solution X, e M (0,T;R")(Gao, 2010; Peng,

2006, 2008).
Remind (Li and Peng, 2011; Nutz and Soner, 2011;
Song, 2011) for stopping times in G-expectation. For the

aforementioned processes X, and «, with the same
initial values and a€ Q" N[0,T), define the following
stopping times:

“=inf{t>a : X, <a,},

7/ =inf{t >7° : X, >}, (5)
q.s.

Similarly, for the processes X, and U, with the same

initial values andae Q" N[0,T), define the following
stopping times:
T =inff2a: X, 24},

7' =inff>7" : X, <}, ©)
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g.s.
Moreover, it is obvious to see that

{t" : aeQ NOD T : acQ NOD}=[0T]

where (" is the set of non-negative rational numbers.

COMPARISON THEOREM FOR G-SDEs
The following lemma will be used in the next comparison

theorem.

Lemma 1

Assume that the respective lower and upper solutions ¢,
and B of the G-SDE Equation 2 satisfy the condition

o 2 for te[0,T] qs. Then &, and f are

lower and upper solutions of the G-SDE Equation 4,
respectively.

Proof

Let S, be an upper solution of the G-SDE Equation 2. As

therefore we have:

B+[B0, frdv+[ 80, BB, +[ o0z A)aB

=B+ [0, W, B)ldy

{60, p A)dB),+[ ot po A)dB,

=B+ tv. web+[ &, BB, +[ o, B)iB > .

Hence, [, is an upper solution of Equation 4. Also,
B <a for tel0, T]
nt, 0)=0. Thus,

yields p(r, @,)=¢, and
o +['bn v+ [ O, @)d(B), +[ 60 o),

=a+ I tv[b(v, w)+r(v, o)ldv

+£9(v, pv, @ )d(B), +IZG(V7 pv, &))dB,

=0+ [ by, wv+[ 6, @)d(B), +[ otv, &)dB,<a,.

Hence, ¢, is alower solution of Equation 4.

Theorem 1

Assume that:

1. The  function b is  measurable  with

t 2
LJE“b(V,.)l ]dV<°°, where 6¢,x) and o(t,x) are

Lipschitz continuous in x .
2. The respective lower and upper solutions ¢, and /3,

of the G-SDE Equation 2 with E[la, I']<e, E[I S I’]<e
satisfy o >p for re[0,T].
3. Also, X,<R is a given initial value with

ElX, Pl<e g0g B<X,<0;

2 . n
Then, there exists a unique solution X, & M;(0.T:R") of
the G-SDE Equation 2 such that g <x <a  for

te[0,T] gs.

Proof

Define the functions 77 J[OTIXRIxQ—RT
Equation 3 and consider the G-SDE Equation 4.
Now, the G-SDE Equation 4 has a unique solution and

by lemma 1if &, and f are lower and upper solutions

of the G-SDE Equation 2, respectively, then they are the
respective lower and upper solutions for the G-SDE
Equation 4. Moreover, it is easy to note that any solution

X of the modified G-SDE Equation 4, such that:

B <X <a, te[0,T], @

g.s. is also a solution of the G-SDE Equation 2. Hence,
we only need to show that any solution X, of the

problem of Equation 4 satisfies the inequality of Equation

7. Assume that there exists an interval (TI’TZ)C[O’T],

such that:

{X‘l'l :ﬂ‘tl’

X, <B., te(r.t,),

where 7, and 7, are arbitrary stopping times. Then,

X,—,b’,:j;l;(v, Xv)dv+J‘;9~(v, Xv)d<B>v+J';5(v’ X, )dB,
_J’;E(v, ﬁv)dv—j;é(v, B)d(B) - J‘;g(v’ B)dB,
:J-;[b(v, W)+, X)ldv+ | B0, plrX,)d(B),
+I;|6(v, p(v.X,))dB, _I;.[b(v’ W)+ (v, B)ldv

[ 6. pv.B)d(B),~[ o p(v.f)dB.



Since S, <a, gives p(t,B)=p and r(t,B)=0,
and X, < vyields p(t,X,) = f,. Thus,
X, =] rev, X dv+[ 60, B)d(B),+[ otv, BB,

v Bydv=[ 6w, B)d(B),~[ ot B)dB,

=[ v, X)av.

But X, <pB for
r(t, X,)=/—X, >0. Hence,

te (7,,7,) implies

X, =B =] rv.X,)dv>0,

this is a contradiction. Hence, X, > S, for e [0,T].
Now we assume that there exists an arbitrary interval
(z,,7,) <[0,T], such that:

X, =,
X, >a,

Then

te (7,,7,).

G-X=[ b, g+ | . kB[ &t
o B X &t X)akB,~[ o X8
=[ b0 vyt ] o B+ ot s )t
A 0 vyt X A pt, X)ekB,~ ot iz X

Similar argument as the aforementioned yields:
t

a,- X, =~ r(v.X,)dv>0,

because r(t,X,) <0, which is again a contradiction.
Hence, X, <¢, for te[0,T].

G-SDEs WITH
COEFFICIENTS

DISCONTINUOUS DRIFT

Now we consider the following G-SDE:

dX, =0t X )dt+81, X )dB), +o(t, X )dB,  t€[QT], (8)
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where the drift coefficient does not need to be
continuous. But suppose that it is increasing, that is, if

x>y, then b(t,x) = b(t,y) (where the inequalities are
interpreted component wise) and 8(¢,x), o(t,x) are

Lipschitz continuous in x.
For the following definition and theorem, the work of
Heikkila and Hu (1993) has the details.

Definition 11

An ordered metric space M is called regularly (resp.
fully regularly) ordered, if each monotone and order

(resp. metrically) bounded ordinary sequence of M
converges.

Theorem 2

If [a,b] is a nonempty order interval in a regularly
ordered metric space, then each increasing mapping
f :la,b] —>la,b] has the least and the greatest fixed
point.

Theorem 3
Assume that:

1. The function b(¢, x) isincreasing in x where (¢, x)
and o(t, x) are Lipschitz continuous in  x.
2. a, and B, are lower and upper solutions of the G-

SDE of with [ E[lb(er,) I’ 1dv < oo,

[JE[Ib(B,)*]dv < oo, respectively and S, < ¢, for
te[0,T].

Equation 8

Then, there exists at least one solution
X, e M}(0,T;R") of the G-SDE Equation 8, such that

B <X, <« for t€[0,T] gs.

Proof

Denote the space of all d -dimensional stochastic
processes by H, that is,

H={X ={X,,te[0,T]}: E[l X, ’]<o} with the

norm Il77ll={[ E[l 7, P1dv}'"* forall te[0,T], which

is a Banach space (Peng, 2006, 2008, 2010). Also see
the work of Xu et al., (2011) for Banach spaces.

Now represent the order interval [),,¢,] in H by K,
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that is, K={X,: X,eHand f<X,<a,} for

te[0,T], which is closed and bounded by the

aforementioned norm. By using the monotone
convergence theorem (Denis et al., 2010), one can prove
the convergence of a monotone sequence that belongs to
Kin H. Thus, K is a regularly ordered metric space with
the aforementioned norm. It is clear that for any process

U ,eK, a, and B, are lower and upper solutions for
the G-SDE

X, =b,U)d+60,X)dB), +0, X)dB,  te[0T]. (9)

Thus, by Theorem 1, for any given initial value
X, e R"with E[I X,P]<o and B, < X, <¢,, the G-
SDE Equation 9 has a unique solution x e M2(0, T; R")
suchthat <X, <¢, for te[0, T] qgs.

by fU,)=X,,
where X, is the unique solution of the G-SDE equation

Define an operator f : K —>K

9. We will use Theorem 2 to show that f has a fixed
point, which is then the required solution. If we show that
f is an increasing mapping, then it has a fixed point.

We have to prove thatif U" and U‘” are stochastic

processes in K such that U" <U* then X <X

for all te[0,T], where xV=fU®") and
X(Z) =f(U(2)).

Let y®<y® for all te[0,7] and define
XV =fwh. X =fUp), where Ul UPek.

Since the drift coefficient bis an increasing function,
therefore X " is an upper solution of the G-SDE:

X =X+ Ui . X ek, +{ ot X )R €0 o)

But this problem has a lower solution «,. Hence, by
Theorem 1, the G-SDE Equation 10 has a solution X

such that X < X <@,. Thus, fis an increasing
mapping and by theorem 2, it has a fixed point
X" =f(X")eK, such that &, <X < qgs.
where

XO =X, +[ b, X )dv+ [ 6, X)(By, + [ otv, XV,

Example

Consider the following scalar G-SDE:

dX,=H(X,)dt+d(B), +dB,, t[0,T]. (11)

Since the Heaviside functon H : R— R is an

increasing function. Hence, 3, =f,+ [ d(B),+[,dB,

and @, =, + [jdv+[,d(B), +[;dB, are the respective

upper and lower solutions of the scalar G-SDE Equation
11, which are shown as follows:

B, =5, +.[jd<B>v +.[dev
=B, + [ dB), + [ aB,

<P+ [ H(B)av+ [ d(B), +] aB,,

where B, = B, + [, d(B), + |, dB, for each fixed s such

that 0<s<t<T. Hence, p =p,+[d(B),+]dB,

is an upper solution.
Similarly,

a, =o,+ I(:dv + I{:d(B>‘, + j(:dB‘,
=a,+[dv+[d(B), +] as,

>a, + I:H(a\,)dv + I{:d(B>\, + j dB,,

where o =a, + [ dv +[,d(B), + [, dB, for each fixed
s such that 0<s<t<T. Thus,
o =a,+[dv+[d(B) +[dB, is the required lower
solution. Hence, by the aforementioned theorem the G-
SDE Equation 11 has at least one solution X” such

that B < X <@, forte [0,T].
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