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In this article, three dimensional fractional partial differential transform method (FPDTM) has been
employed to obtain solutions of a System of nonlinear fractional partial differential equations. This
indicates the validity and great potential of the homotopy analysis method for solving system of
fractional partial differential equations. Fractional differential transform method can easily be applied to
nonlinear problems and reduces the size of computational work. With this method exact solutions may
be obtained without any need of cumbersome work and it is a useful tool for analytical and numerical
solutions. The fractional derivative is described in the caputo sense.
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INTRODUCTION

Mathematical modeling of many physical systems leads
to linear and nonlinear fractional differential equations in
various fields of physics and engineering. The numerical
and analytical approximations of such systems have
been intensively studied since the work of Padovan
(1987). Recently, several mathematical methods
including the Adomian decomposition method (Hosseini
and Jafari, 2009; Lei Wu et al., 2009) variational iteration
method (Noor et al.,, 2008; Odibat and Momani, 2006)
homotopy perturbation method (Jafari and Seifi., 2009;
Hang Xu et al., 2009) and fractional difference method
(Podlubny, 1999) have been developed to obtain exact
and approximate analytic solutions. Some of these
methods use transformation in order to reduce equations
into simpler equations or systems of equations and some
other methods give the solution in a series form which
converges to the exact solution. Among these solution
techniques, the variational iteration method and the
Adomian decomposition method are the most clear
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methods of solution of fractional differential and integral
equations, because they provide immediate and visible
symbolic terms of analytic solutions, as well as numerical
approximate solutions to both linear and nonlinear
differential  equations  without linearization  or
discretization.

In the last decades, fractional calculus has found
diverse applications in various scientific and technological
fields (Podlubny, 1999; Hilfer, 1999), such as thermal
engineering, acoustics, fluid mechanics, biology,
chemistry, electromagnetism, control, robotics, viscoelas-
ticity, diffusion, edge detection, turbulence, signal
processing and many other physical processes.

The differential transform method was first applied in
the engineering domain in (Zhou, 2007). In general, the
differential transform method is applied to the solution of
electric circuit problems. The differential transform
method is a numerical method based on the Taylor series
expansion which constructs an analytical solution in the
form of a polynomial. The traditional high order Taylor
series method requires symbolic computation. However,
the differential transform method obtains a polynomial
series solution by means of an iterative procedure.



Recently, the application of differential transform method
is succesfully extended to obtain analytical approximate
solutions to linear and nonlinear ordinary differential
equations of fractional order (Arikoglu and Ozkol, 2007).
A comparison between the differential transform method
and Adomian decomposition method for solving fractional
differential equations is given in (Arikoglu and Ozkol,
2007). The fact that the differantial transform method
solves nonlinear equations without using Adomian
polynomials can be considered as an advantage of this
method over the Adomian decomposition method.

In this Letter, we are interested in extending the
applicability of differential transform method to systems of
fractional partial differantial equations. Several numerical
experiments of linear and nonlinear systems of fractional
partial differantial equations shall be presented.

FRACTIONAL CALCULUS

There are several definitions of a fractional derivative of
order & >0 (Podlubny, 1999; Caputo, 1967). e.g.
Riemann—Liouville, Grunwald—Letnikow, Caputo and
Generalized Functions Approach. The most commonly
used definitions are the Riemann-Liouville and Caputo.
We give some basic definitions and properties of the
fractional calculus theory which are used further in this

paper.
Definition 1

A real function f(x),x>0, is said to be in the space
C,.u€ R if there exists a real number (p > ), such

that f(x)=x"f,(x), where f (x)e C[0,0), and it
said to be in the space C,; iff f" e C, ,mel].

Definition 2

The Riemann-Liouville fractional integral operator of
ordera 2 0, of afunction f € C,, 2 —1,is defined as

JUf(x)= %J.(x—t)v_l ftydt, v>0,

JOf(x)=f ().
It has the following properties:

For feC,u2-1,a,20and y>1:
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1LJTP F(x) =T f(x),
2JTP F(x)=JPTf (%),

L(7+1) o

3% =———
I'a+y+1)

The Riemann-Liouville fractional derivative is mostly
used by mathematicians but this approach is not suitable
for the physical problems of the real world since it
requires the definition of fractional order initial conditions,
which have no physically meaningful explanation yet.
Caputo introduced an alternative definition, which has the
advantage of defining integer order initial conditions for
fractional order differential equations.

Definition 3

The fractional derivative of f(x) in the caputo sense is
defined as

X

D f(x)=J""D"f(x)= I [Ce=m
0

form—1<v<m, mel, x>0, feC’|.

Lemma 1

If m—l<a<m, mell andf € C/’f,,uz—l, then

DEJf (x) = [ ().
JDIF(0) = f()- 3 10

k
, x>0.
k=0 k!
The Caputo fractional derivative is considered here
because it allows traditional initial and boundary
conditions to be included in the formulation of the
problem. In this paper, we have considered the time-
fractional linear partial differential equation, where the
unknown function u = u(x,t) is assumed to be a causal
function of time and the fractional derivatives are taken in
Caputo sense as follows:

Definition 4

For m to be the smallest integer that exceeds &, the

Caputo time-fractional derivative operator of order & >0
is defined as:
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a%(xz) j( @’M—dé farm-1<o<m

Dixn)=
a’i(x,t)
¥

for o=mell.

THREE DIMENSIONAL DIFFERENTIAL

TRANSFORMATION

We can get on three dimensional differential
transformation through two dimensional differential
transformation .The definition and theorems of three
dimensional fractional differential transform are as
follows:

Definition 1

The differential transformation of three dimensional
fractional partial u(x, y,t) is

Uygfkhim= L35 @)

[dk+ l)ffﬂrﬂ)ff IJ[

2

o)
(3.1)

where:
O<a, ,B, Y <1, Ua,ﬁ,y(k,h,m) = Fa(k)Gﬂ (h)Jy(m)

are the components of u(x,y,t). Now the solution of
u(x,y,t) is

3.0 =3 F 00— Y Gy =3P 1,

o o0 oo

=33 D U, e m)x—=x) “(y= 3, Pt =1,)".

k=0 m=0 =0

(3.2)
Theorem 1
If 406 yt) =05 ) A 1) , den U, ()=, S W, (k.
Theorem 2
i ubsy)=alx ), acR then U, (khm=aV, ; (hn

Theorems 1 and 2 can easily be proven.

Theorem 3
If a2, y) =v(x y, )€ 1), then
m k h
“ﬁy(k,h,n'b mﬁa/(rh Sm—p) 7(k rsp)
p=07=0 s=0
(3.3)
Proof

From the definition of u(x, y,¢) we can conclude that

oSS Kot G SIS e o

000k hm

DI ST ferspoe oy e,

el OrOs0p0

and from three dimensional differential transformation we
have

m k h

mﬁy(k hm= mﬁy(rh S p)%m(k 1,5, )

P=01=05=0

Theorem 4

For the function u(x, y,t) = Df;)v(x, y,1), 0<a <1 the

transform function is

F(a(k+1)+1)

U . (khm=——-"""Ty
apy ol D(ak+1) "

(k+Lhm) (3.4

Proof

Using the definition of u(x, y,t), we have

U= ﬂlmm e ayar ]
e ﬁ;l+1)r(ml)[<w Sty ]
el ;ﬁ;ﬂn 0(k+1)+1)[(’f NGOG ORIESTIIE



Theorem 5
If u(x,y,t)= Dfx(]v(x, v,1), m-1<A<m,me N, then

the transform function for u(x, y,t) is

V. . (k +£,h, m). (3.5)
’ a

Proof

From the definition of the transformation of fractional
derivative diffrentional equations, we have

b Tl Y T

- 1 [ e et Ty I
e o (@) .

Tt ﬁiﬁﬁm o (o) .

TaAH) A

APPLICATION

Example

This is an example of a system of three non-linear partial
differential equations for three unknown functions

u(x,y,t),v(x,y,t) andw(x, y,t). Itis a kind of problem
easy to solve without the disadvantages of traditional

methods when three-dimensional differential transforms
are implemented.

Diju+vw,—vw, =-u,

Df;v twau, +wu =v, (4.2)
Diw+uy, +uy, =w, (4.3)
with the initial conditions as

u(x, y,0)=¢"", (4.4)
v(x, y,0)=e"", (4.5)
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wx, y,0)=¢"".

Taking g =y =1 and applying the generalized three-
dimonsional diferantial transform on both sides of
Equation (4.1). Again by using the three-dimensional
transform assumption for the linear and non-linear terms

and taking the transform of Equations (4.1) - (4.3), we
have

(4.6)

[ atk+D+]) Ry iren
o U, (k+Lhm= ;;;‘gk r+)(h—s+)

k h m
SMk=r-+H).5, Wr s Hm-p+ D D lk—r+l)  (4.7)

1=0 =0 p=0

Xh=sHMrh=s+Ln=pWMk—r+Ls,p)-Ukhm,

I Ak+D+]) Ll
Ty (et = k—r-+I)h—s-+])
Ay =22t

k h m
XWhe=r+0,5, U h=s+Lm=p)=) D D k=r+D) (4.8)

1=0 5=0 p=0

X(h—s+D)Utk—r+1,s, pUk—r+],s, p)
XWr, h—s+1,m—p)+Vik,hm),

k 1! k h m
r(l_(KTZDl;F)V%(kH,hm) =3 (k—r+)-s+])

=0 =0 p0
k h m
sUk—r+H).s, pMrh=sHmp—-Y > Slk=r+) (49

=0 0 p0

Xh=s-+)Wk—r+Ls, plUr,h—s+,m—p)- Wk hm.

Application of the initial conditions Egs. (4.4)—(4.6) into
Equation (4.2) yields
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( X X x3 j
1-——+———+...
1 20 3

S S Wk h 0wy

r=0 s=0

. (4.12)
x(1+1+y—+y—+-~}
1M 2t 3!
Thus from Egs. (4.10)—(4.18)
U@0,0,0)=1, v(0,0,00=1, W(0,0,0)=1, (4.13)
Ua0,0=1, v@,0,00=1, w(,0,0)=- (4.14)
U(2,0,0)= i V (2,0, 0)—i', W(2,0,0)=— (4.15)
U(@3,0,0)=— V(300)——‘, W(3,0,0)=—%, (4.16)
in general, we obtain
Uk, h0)=——, k,h=0,1,2,---, (4.17)
k'h!
(_1)/1
V(k,h,0)= , k,h=0,1,2,---, (4.18)
k'h!
(=D)"
W(k,h,0)= , k,h=0,1,2,---, (4.19)
k'h!

Substituting Equation (4.17) —
(4.9), and by recursive method,

(4.19) into Egs. (4.7) —

10)=———, WQD=——, W)=
U= VD= WD

(4.20)
f(/l +H)'

Ullb—ﬂ V(lll)—% WLl)=——

1
4.21
T (4.21)
1
10Ty

Ul02= , W02=

101(?0&1) , W102=

(4.22)
L'(]R?m])

W222= ,W222= (4.23)

ZZKZO&-DZZTQBH)

, W222= DI

and so on. If we generalize these coefficients, we have

D"

Utk,h,m )_—k'h'r?( if khm=012--y (424
V(khm)z(_—l)h if k,hm=0,1,2,---,  (4.25)
Y 47/1) g 077 S ) B e '
Wikhm=—Y i hm=012-  (a26

’ KA+~ ’ > (426)
Substituting all U(k,h,m)’ V(k,h,m) and Wk, h,m)
into Equation (4.2) yields
U )= ZZZk & Xyt [zk J( ly"J

’ ioomok ML imoet+ 1) L

(4.27)
S AR
X{ng—mﬂ)j_ex M%),
< 1)”
w88 on {55

>{1+ (tﬁ)ﬂ j—é""%(tﬁl

W) ‘ii N th(nﬂH) o {Zf IZ' )ﬁj

X{ @ ] p)

If aa=p=y=1,we obtain
As a result, the exact analytical solution of (u,v,w) is
obtained as

(4.29)

x+y—t _x—y+t —x+y+z)

(u,v,w)=(e ,e ,e (4.30)
which are the exact solutions of the equation system.
The result we have now is the same with which was
found by (Jafari and Seifi, 2009). We also conclude that
our approximate solutions are in good agreement with the
exact values. Both of FPDTM and HAM have highly
accurate solutions, but FPDTM has an easier way than
HAM. We can integrate the equation directly without
calculating the deformation equations. u(x,y,t), v(x,y,t),
w(x,y,t), and shown their graphs in Figures 1 - 6 were
obtained based on the fourth order three-dimensional
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=0.1.

Figure 4. The comparison of v(x,y,t) for B = 0.8,
0.1 with the exact solution of v fory

y=

0.8, y=0.1.

Figure 1. u(x,y,t) for a

1412 1 08060402 O

E

=0.1.

0.8,y

5060402

T2

Figure 5. w (x,y,t) fory

=0.1

=0.1.

Figure 2. The comparison of u(x,y,t) fora= 0.8,y

with the exact solution of u for y:

K

1.412 1 08 nE0.402 0

H

0.8, y=0.1

=0.1

Figure 6. The comparison of w (x,y,t) for y

with the exact solution of w fory:

0.8, y=0.1.

Figure 3. v(x,y,t) for B
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FPDEs approximations solutions.

CONCLUSION

Three-dimensional differential transform have been
applied to non-linear systems of FPDEs. The result for
the example showed that exactly the same solutions
have been obtained with homotopy analysis method. The
present method reduces the computational difficulties of
the other methods and all the calculations can be made
simple manipulations. The results show that FPDTM is
powerful mathematical tool for solving systems of
nonlinear partial differential equations.
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