academicJournals

Vol. 8(36), pp. 1788-1799, 30 September, 2013
DOI: 10.5897/1JPS2013.4028

ISSN 1992 - 1950 © 2013 Academic Journals
http://www.academicjournals.org/IJPS

International Journal of Physical
Sciences

Full Length Research Paper

Magneto hydrodynamic (MHD) squeezing flow of a
Casson fluid between parallel disks

Naveed Ahmed*, Umar Khan', Sheikh Irfanullah Khan"? Yang Xiao-Jun®, Zulfigar Ali Zaidi'?
and Syed Tauseef Mohyud-Din*

lDepartment of Mathematics, Faculty of Sciences, HITEC University, Taxila Cantt, Pakistan.
*COMSATS Institute of Information Technology, University Road, Abbottabad, Pakistan.
3College of Science, China University of Mining and Technology, Xuzhou, Jiangsu, 221008, China.

Accepted 20 September, 2013

Squeezing flow of a Casson fluid is considered between two parallel disks. Upper disk is taken to be
impermeable but capable of moving towards or away from the lower fixed and porous disk. Governing
equations are derived with the help of conservation laws combined with suitable similarity transforms.
Homotopy analysis method (HAM) is then been employed to determine the solution to resulting
ordinary differential equation. Numerical solution is also obtained using R-K 4 method and comparison
shows an excellent agreement between both solutions. Effects of different physical parameters on the
flow are also discussed with the help of graphs along with comprehensive discussions.
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INTRODUCTION

Squeezing flow between parallel disks has been an
active field of research. Its biological and industrial
applications have attracted many researchers towards its
study. Numbers of efforts have been made to understand
such types of flows in more depth. Motion of pistons is
vital for running engines and machines. Squeezing flow
under the influence of moving disk is also involved in
nasogastric tubes and syringes. Better understanding of
these flows leads us to more efficient and effective
machines which may be used for both industrial and
biological purposes.

After the foundational directions provided by Stefen
(1874), many researchers investigated the squeezing
flow problems (Reynolds, 1886; Archibald, 1956; Grimm,
1976; Wolfe, 1965; Kuzma, 1968; Tichy and Winer, 1970;
Jackson, 1962; Hughes and Elco, 1962). As in most of

the cases fluids under consideration are non-Newtonian
hence due to complex nature of these fluids different
mathematical models are used to study their flow. For
blood type fluids Mrill et al. (1965) and McDonald (1974)
depicted a most compatible model known as Casson
fluid.

Later Domairry and Aziz (2009) considered the flow of
an electrically conducting fluid between two parallel disks
of which lower disk is permeable and fluid can enter or
exit through it during suction or injection process; upper
disk is taken to be impermeable and it moves towards
the lower disk with a certain time dependent velocity.
They applied homotopy perturbation method (HPM) to
approximate the solution. Due to inherent nonlinearities in
Navier Stokes equations, exact solution in most of the
cases is unlikely, therefore, different approximation
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Figure 1. Schematic diagram of the problem.

techniques are used to approximate the solution
analytically (Abbasbandy, 2007a, b; Abdou and Soliman,
2005a; Noor and Mohyud-Din, 2007; Abdou and Soliman,
2005b; Asadullah et al., 2013; Noor et al., 2008; Mohyud-
Din et al., 2009; Nadeem et al., 2012). One of these
analytical methods is homotopy analysis method (HAM)
that has been effectively applied by different researchers
to various nonlinear problems (Liao, 2003; Liao, 2004;
Abbasbandy and Zakaria, 2008; Abbasbandy, 2007c; Tan
and Abbasbandy, 2008; Hussain et al., 2012; Zeeshan et
al., 2012; Hayat et al., 2003; Hayat et al., 2004; Khan et
al., 2008; Hayat et al., 2009; Ellahi et al., 2010; Ellahi,
2013; Ellahi, 2012; Ellahi et al., 2012; Hayat et al., 2006).

In this paper, squeezed flow of magneto hydrodynamic
(MHD) flow of a non-Newtonian Casson fluid is
presented. The governing nonlinear partial differential
equations are reduced to a much simpler nonlinear
ordinary differential equation by employing a similarity
transform. The reduced equation is solved by HAM and
effects of emerging parameters are demonstrated
graphically coupled with comprehensive discussions. A
numerical solution is also carried out by using Runge-
Kutta fourth order method to check the validity of
analytical solution. An excellent agreement among the
solutions is observed.

MATHEMATICAL ANALYSIS

2
B, (1— at)]/ is applied perpendicular to the disks. Based on the
assumption of low Reynolds number, the induced magnetic field is
neglected. The upper disk at Z = h(t) is moving with velocity
aH(1-at)"?
2

2=0. The physical configuration is presented in Figure 1.
Rheological equation of Casson fluid is defined as follows (Nadeem
et al., 2012):

towards or away from the stationary lower disk at
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Mg is dynamic viscosity of the non-Newtonian fluid, py is yield
stress of fluid and 77 is the product of component of deformation
rate with itself, that is, 7 = eijeij, where eij is the (i, jth
component of the deformation rate.

We have chosen the cylindrical coordinates system (I‘,¢, Z).

Due to the rotational symmetry of the flow (8/8¢=0), the

azimuthal component v of the velocity V =(U,V, W) vanishes

identically. Thus, the governing equation for unsteady two-
dimensional flow and heat transfer of a Casson fluid are:

Consider MHD incompressible flow of a Casson fluid between oi U ow
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The boundary conditions are (Domairy and Aziz, 2009)
. . dh
—o, w=d 4 z=h(t)
d )

In the above equations, U and W are the velocity components in
the r- and z - directions respectively, O is density, 4 dynamic

viscosity, [5 pressure, v kinematic viscosity and wp is the

suction/injection velocity.
Substituting the following transformations (Domairy and Aziz, 2009):

0= 2(1 at) (77) W__\/i (77) ©)
8O- e

into Equations 2 and 3 and eliminating the pressure gradient from
the resulting equations, we finally obtain

1 1
fralm) = A+s An’ s A’

(e (o

S(3f(s)+sf(s)-2f,(s)f(s))
1, ()116) J“’

O
with the boundary conditions
f(0)=A, f'(0)=0,
1 )

f(1)=5, f'(1)=0.

Where S denotes the squeeze number, A the suction/blowing
parameter and M is the Hartman number, defined as:
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SOLUTION PROCEDURE
Zero order deformation problem

Following the procedure proposed by Liao (2003), it is forthright to
choose following initial guess:

f,(n7) = A+%(3—6A)772 +(-1+2A)n°. (10)

Linear operator is selected as:

O'W low 1ad 0%
oot 7 @
oz ror roz o
4
L, = o - (11)
dz
Above operator satisfies the following property:
L, (C,+C,n+C;*+C,7n%) =0, (12)
where Ci (i :1—4) are the constants. Zero order deformation
problem can now be constructed as follows (Noor et al., 2008):
A-a)L;[f(7.9) - f,(m]=ahN [T (7,9)]. (13)
fo.q=A 7(a=0 T(Lg :%, f't,q)=0, (14)

where  €[0,1] is an embedding parameter and h is nonzero
auxiliary parameter. Nonlinear operator is

N, [f(7,0)]
o*f(na) ( 8 f.a) o fma .z, 8 f(7.9)
T {hﬂH{naf oy O

_Mzazf(n,q)}

on?
(15)

For g=0 and g=0 we have

f(7,0) = f,(n), f(n1)=f@) (16)

f (77, p) can be expressed as a Taylor's series in terms of g, that
is,

17)
. © 10™f(n,
fo.0)=fom)+ X fmGa™, fm(n):—w
m=1 m! on 0-0
Substituting g=1 in above equation we obtain
f(7) = f,00+ Y f.07). (18)
m=1

m™-order deformation problem

m times differentiation of zero order problem depicted by Equation
13 and setting g=0 leads to

L[ (7) = Zn Fa] = hRE (), 19)



10th—order approx

Ahmed et al. 1791

——— 14th—order approx

2.0" : ¥ le)

1.5} : : =

1.0} ': :' <

& Q5 ' E

& 0.0} '. :' o

p : o

—-0.5¢} A ! \:Lh

=T e

S

- ' ' w
& % 2 -1 1 2

Figure 2. h curves for the function f for different orders of approximations.

Where

N Fr) C CRAREL S S RS 3 AR S

1+
(20)
0, m<i
X = (21)
1L, m>1
The general solution of Equation 19 is
f. )=o) +C+Con+Con*+C,n° (22)
where f,; (77) represents the special solution; also
m . m  Of;
Cl =- fm(O), C2 = _ﬁ
N 1o 23)
m L ofr
Cr=-3C, _2C2—3fm(1)+—(’7)
on |,
o (77)

n=1

Above higher order solution can be substituted to Equation 18 to
obtain the final solution.

Convergence of the solution

Obtained series solution given by Equation 18 contains an auxiliary
parameter h.As pointed out by Liao (2003), this parameter is the

key to control convergence of series solution. Acceptable range of
h can be determined by identifying the line segment of so called
h -curves which is parallel to h axis. In our particular problem this
can be achieved by seeing the range in which f''(1) bears the
same magnitude for any value of h within that range. Figure 2 is

displayed to demonstrate convergence region for two orders of
approximations namely 10" and 14™. It clearly shows that the

acceptable region of h is to be between -2.4 and 0.4.

RESULTS AND DISCUSSION

Acceptable range for auxiliary parameter h has been
discussed in previous section. In our analysis and
discussions we use h=-0.9 as an optimal value of h.
After ensuring the convergence of series solution our
concern now is to see the influences of suction/blowing
parameter A, squeeze number S, Hartmann number M
and Casson fluid parameter £ on velocity is examined.
For convenience, we divide our discussions into two
parts; one dedicated to investigate the upshots on
varying physical parameter for the case suction (A>0)
and the other one describes the same effects for the case
of blowing (A< 0).

Suction case

Effects of increasing suction at lower disk on both axial
and radial velocities are displayed in Figures 3 and 4
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Figure 4. Effect of A on radial velocity.

respectively. It is evident that increasing value of A
results in higher absolute values of both the velocities. As
increasing suction allows more fluid to flow near the lower
disk therefore a decrease in boundary layer thickness is
expected.

Influences of squeeze parameter S on axial and radial
velocities are displayed in Figures 4 and 5 respectively.
Here S<O corresponds to the movement of upper disk
towards lower one. On the other hand, S>0 describes
away movement of the same disk. It can be seen from
Figure 5 that for squeezing motion of upper disk

combined with suction axial velocity near the center is
increased while for dilating motion a decrease in axial
velocity is observed. From Figure 6 one can see the
behavior of radial velocity for same variations in S. It is
evident for expanding motion; an accelerated radial flow
is observed near the upper disk however this trend
changes gradually as we move away from it. Somewhere
near the center this trend gets converted into an opposite
one; that is, from that point to lower disk a delayed
motion is observed. For contracting motion of upper disk
combined with suction at lower disk effects of increasing
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Figure 5. Effects of S on axial velocity.
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Figure 6. Effect of S on radial velocity.

absolute values of S are quite opposite to the case of
expanding motion. In this case, radial velocity near upper
disk decreases while near the lower disk an accelerated
radial flow is observed.

Graphical results describing flow behavior under
increasing Hartmann number M are displayed in Figures
7 and 8. From Figure 7, it can be seen that the axial

velocity f(77) is a decreasing function of M. As apparent

from Figure 8, absolute value of radial velocity f'(77)

increases near the disks while in center, it behaves
oppositely. It is also worth mentioning that effect near
upper disk is more prominent as compared to lower one.
Figures 9 and 10 respectively are dedicated to display

behavior of axial and radial velocity for increasing Casson
parameter /3 . Axial velocity is a decreasing function of s
as shown in Figure 9. Effects of g on axial velocity are

more visible in central region as compared to the area
near disks. Furthermore, g— > o gives us the flow of

viscous fluid. Figure 10 shows that the radial velocity
near lower disk decreases with rising 5. However, after

moving some distance away from the lower disk this
behavior changes into an opposite one; that is, after
77 > 0.4 we observe an accelerated radial flow. One may

also see that effects of f near the disks are very slight
as compared to the region far from them.
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Figure 9. Effects of ﬁ on axial velocity.
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Blowing case

Here we discus influences of involved physical parameter
in the case when blowing occur at the lower disk. Figures
11 and 12 declare that the influence on increasing
injection leads to increased absolute values of both axial
and redial velocities. Figures 13-18 show that the effects
of S, Mand £ on both axial and radial flow are opposite

in blowing case as compared to the ones obtained for
suction case. Same problem is solved numerically by
using a well-known RK-4 method. Comparison for is
presented in Table 1. It can be observed that both

numerical and analytical solutions are in excellent
agreement.

Conclusion

Squeezing flow between parallel disks is presented.
Homotopy analysis method (HAM) has been employed to
obtain analytical solution to the problem. Influences of
emerging flow parameters are discussed in detail with the
help of graphs. It is also concluded that the effects of
physical parameter on axial and redial velocities are quite
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Figure 14. Effect of S on radial velocity.
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Table 1. Comparison of HAM and numerical solutions for s =20, A=1.0,M =0.5,h=-0.9, 3 =0.5.

n f(ﬁ)HAM Numerical f'(77) HAM Numerical

0 1.000000 1.000000 0 0
0.1 0.984012 0.984012 -0.303368 -0.303368
0.2 0.942321 0.942321 -0.516753 -0.516753
0.3 0.883192 0.883192 -0.654099 -0.654099
0.4 0.813695 0.813695 -0.725515 -0.725515
0.5 0.740051 0.740051 -0.737995 -0.737995
0.6 0.667911 0.667911 -0.695962 -0.695962
0.7 0.602598 0.602598 -0.601667 -0.601667
0.8 0.549306 0.549306 -0.455454 -0.455454
0.9 0.513283 0.513283 -0.255919 -0.255919
1.0 0.500000 0.500000 0 0

opposite in the cases of suction to the blowing. A
numerical solution using well known R-K 4 method has
also been obtained for the sake of comparison. It is found
that the results agree exceptionally well.
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