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Lithium-ion batteries are widely used in various energy storage systems. In this article, a physics-based
mathematical model of silicon micro-particle (SiMP) anode is developed to identify the principal
reasons of voltage hysteresis occurrence during lithiation and delithiation battery cycling of silicon (Si)
anode-based lithium half cells. Firstly, lithium diffusion, reaction kinetics, thermodynamics and
mechanical stress and strain are selected, and relevant mathematical equations are developed. To
examine the impact of hydrostatic stresses on electrochemical reactions in battery electrodes, a
modified version of Butler-Volmer (BV) kinetics equation including hydrostatic stress induced voltage
term is implemented. For model development, essential parameters are identified and sensitivity
analysis is conducted to figure out the best fitted parametric values. Finally, a physics-based
mathematical model is developed to investigate the impact of key parameters on generated voltage
hysteresis of the SiMP half cells. Using this mathematical model, voltage curves are generated and
fitted with the experimental results. In addition, the model is used to identify performance limitations.
By examining the influence of the key parameters on the voltage curves during battery cycling, the
model exhibits the principal causes of voltage differences during lithiation and delithiation. The detail of
this article will provide more crucial information.

Keywords: Model, parameters, butler-volmer, hydrostatic, stress, voltage, limitations.

INTRODUCTION

Lithium-lon batteries (LIBs) are viewed as the most useful
energy storage medium for different electronic devices
and heavy electric vehicles (Zhang, 2010; Jin et al., 2017;
Tarascon and Armand, 2001; Boukamp et al., 1981). It
has been recommended by the researchers that the
durability of the LIBs can be ameliorated highly if the

E-mail: al-mustasin.hossain@wsu.edu.

graphite anode in LIBs can be replaced with silicon (Si)
made anode. It has been reported that silicon’s energy
density (3579 mAh/g) is almost ten times higher than
graphite’s energy density (372 mAh/g) (Tarascon and
Armand, 2001; Boukamp et al., 1981; Ashuri et al., 2016;
Liang et al., 2014).
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Figure 1. Si electrode failure mechanisms (a) material pulverization; (b) Morphology and
volume change of the entire Si electrode (c) Continuous SEI growth layer (Wu and Cui, 2012;
Di Leo et al., 2015; Verbrugge and Cheng, 2019; Sethuraman et al., 2010; Bower et al., 2011).
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However, researchers discovered some problems in
silicon. The main problem is that it experiences a large
volume expansion (~300%) during lithiation and
contraction during delithiation (Ashuri et al., 2016; Liang
et al., 2014; Verbrugge et al., 2015). In the past,
researchers testified that stress generation coupled with
these large volume changes in Si particle is the major
reason of cracking and pulverization of silicon (Si)
electrodes that leads to loss of electrical conductivity and
capacity fade during battery cycling (Wu and Cui, 2012;
Di Leo et al., 2015; Verbrugge and Cheng, 2019;
Sethuraman et al., 2010; Bower et al., 2011) as shown in
Figure 1. Additionally, a huge voltage gap known as
voltage hysteresis is witnessed during lithiation-
delithiation cycling (Wang et al., 2017). This hysteresis is
very damaging for silicon anode-based lithium-ion
batteries (Baker et al., 2017). To optimize the Si-anode-
battery design, a simple physics-based mathematical
model that can precisely identify this reason behind this
hysteresis emergence in Si is needed. Earlier, model
developers and researchers worked with silicon anode
based mathematical model (Jin et al., 2019; Song et al.,
2016; Lu et al., 2016). But none of them validated their
mathematical modeling with any experimental data. In
addition to that, no one has taken volume expansion
phenomena of silicon spherical particle into their account
while developing their mathematical model. Li et al.
(2014) reported that charging and discharging rates of
lithium-ion battery electrodes should be evaluated

separately due to the asymmetric effects in the chemical
diffusion co-efficients during lithiation and delithiation.
They also noticed that the value of diffusivity in
delithiation cycle is always higher than lithiation cycle as
shown in Figure 2. The reason behind the phenomenon
is that Si goes through compressive stress upon lithiation
and tensile stress under delithiation and the stress
fluctuation is approximately 2.0 GPa which is quite high.
Nobody considered this asymmetric diffusivity
phenomenon in their mathematical model development.
In the current work, a physics-based mathematical half-
cell model is developed which can forecast the reason
behind this voltage hysteresis generation. The model
development was started with one dimensional single
spherical particle model. Because of having volume
inconsistency in silicon, state of charge (SOC) dependent
radius equation is used in this work. Then unequal
diffusivity is used as Li et al. (2014) reported diffusivity
cannot remain constant throughout battery cycling. In
addition to that, asymmetric exchange current density is
included of which nobody has ever reported. To the best
of the researcher’s knowledge, the researchers are the
first in this field to add all these features in battery
modeling. A modified version of Butler Volmer (BV)
equation including stress induced voltage term likewise
Jin et al. (2019) is used here. Earlier, Verbrugge and
Cheng (2018) at their work experimented stress
evaluation during lithiation and delithiation cycling. They
developed an analytical solution to measure the influence
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Figure 2. Chemical diffusion co-efficients of Li in Si at different SOC values

measured by PITT (Li et al., 2014).
Source: Author 2022

of surface mechanics on diffusion induced hydrostatic
stresses within spherical nanoparticles. The analytical
solution developed by Cheng and Verbrugge (2018) is
applied here to calculate stress induced voltage.

In this work, literature surveys were performed to
identify the crucial parameters which are highly essential
for battery model development. Next, the best parametric
ranges were found, and sensitivity analysis was
accomplished. After that, the best fitted value for the
parameters for the model development were discovered.
Then, voltage vs. specific capacity curves were produced
with our own developed mathematical model. Wang et al.
(2013) demonstrated self-healing chemistry of silicon
active materials and conducted lithiation-delithiation
cycling experiments at different C-rates. Experimental
data generated by Wang et al. (2013) was used to
validate our own built mathematical model. Next, we
figured out the impact of the key parameters on voltage
hysteresis. By including hydrostatic stress induced
voltage term in the Butler-Volmer (BV) equation voltage
differences were successfully captured. Finally, the main
reason behind voltage hysteresis occurrence in the
lithiation-delithiation cycling is identified. We figured out
by controlling diffusivity and exchange current density
values, voltage curves’ shape can be changed. Further
study will provide elaborate more explanation.

EXPERIMENT
Battery cycling test

This test was conducted by Wang et al. (2013) in their study. Their
experimental data was used here to validate the results generated
by our model. Self-healing chemistry of silicon active materials and

lithiation-delithiation cycling experiments at different C-Rates were
demonstrated by Wang et al. (2013).

They manufactured self-healing silicon electrodes by sealing
SiMP’s inside an SHP/CB composite layer. Coin cells with metallic
lithium counter electrodes were employed to evaluate the
electrochemical performance of the electrodes. On deep galvano-
static cycling between 0.01 (V) and 1 (V), the lithiation capacity
reached 2,617 mAh/g for the first cycle at a current density of 0.4
Alg which is about six times higher than the theoretical capacity of
graphite shown in Figure 3a and b. The electrode showed good
cycling stability.

Side reaction correction

During battery cycling test, each time capacity offset was noticed
between beginning and closing point of the cycle as shown in
Figure 4a and b. This capacity gap was generated because of side-
reaction formation. Some by-products were produced when TAFEL
chemical kinetics appeared at the anode-electrolyte interphase. As
reported by Sethuraman et al. the appearance of TAFEL chemical
kinetics can partially lead to voltage hysteresis in lithium-lon
batteries (LIBs) (Sethuraman et al., 2012; Hossain et al., 2020g;
Pharr et al., 2013). The authors pointed out that the stress can also
contribute to the open circuit potential (OCP) behavior to open
circuit potential. Therefore, correction of side reaction is essential
for battery development. It was reduced by applying side-reaction
(SR) correction formula on the exchange current density
(Sethuraman et al., 2012; Hossain et al., 2020; Pharr et al., 2013).
Sethuraman implemented TAFEL regime formula for side-reaction
correction in their work (Sethuraman et al., 2012; Hossain et al.,
2020b; Pharr et al., 2013). Here same formula (Equationl) was
applied for the SR correction on the exchange current density.

, . aspF
lo,sr = o €Xp w- USR)> €Y
( R,T

The transfer coefficient for the side reaction, asg, was selected as
0.5 (Sethuraman et al., 2012; Hossain et al., 2020b; Pharr et al.,
2013). While Tafel kinetics did not give a specific equilibrium
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Figure 3. (a) Lithiation-delithiation cycling experiment conducted by Wang et al. (2013) at four different C-rates: C/10 (Red dots);
C/5 (Blue dots); C/3 (Green dots); C/2 (Black dots); (b) Voltage vs Normalized Capacity Curve for all four different C-rates. These

data are used in the validation of Mathematical Model.
Source: Author 2022

C\ CHM0: Voltage [V] vs Normalized Capacity

. Lithiation ¢/10
08 .
. Capacity Difference

Delithiation &/10 4

L 1 I L

0 A L 1 L L
0 0.1 02 03 04 05 06 07 08 0.9 1

Mormalized Capacity

(@)

Micro-porous si c/10 (SR, iU= -1.99859E-6 Alcm Z]

Q—:L\ Gap reduced after Intero Delithiation |

: side reaction Inzne Average
o0& b i correction 1

\

H iy

Interp Lithiation

0 L L s L L
0 0.1 02 0.3 04 05 0.6 0.7 08 0.9 1

Mormalized Capacity

(b)

Figure 4. Lithiation-Delithiation cycling experiment of C/10; Voltage curve generated (a) Before side-reaction correction; (b) After
side-reaction correction; Red dotted lines denote lithiation cycle, whereas blue dotted line shows delithiation and black dotted line

display interp curve.
Source: Author 2022

potential (i, and U are related), we adopted a value of Usy = 0.8 vs.
Li/Li* to estimate iosr (Sethuraman et al., 2012; Hossain et al.,
2020b; Pharr et al., 2013). This side-reaction current, iy sz was then
calculated through the cycle considering an i, such that the
marching was excluded from the cycling data. The voltages we got
from the experiment were implemented in this study.

Side-reaction correction technique of the battery cycling test of

SiIMP at C/10 C-rate was demonstrated. In Figure 4a, from the
voltage vs. normalized capacity graph, capacity difference at the
end of the cycling before the side reaction correction is seen.
Whereas in Figure 4b, voltage vs. normalized capacity graph
depicts the cycling scenario after side-reaction correction. For C/10,
iosr value was calculated to be -1.99859x10° A/cm?. The black
dots in the Figure 4b are defined as the average of lithiation-
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delithiation plots which was used as open circuit voltage curve in
our simulation model as well. In this way, side-reaction was
corrected for different C-rates such as C/5, C/3 and C/2. As various
scientist (Sethuraman et al., 2012; Hossain et al., 2020b; Pharr et
al., 2013) reported silicon anode has the tendency to exhibit OCP.
Therefore, with side reaction correction, OCP can be minimize a bit.
Pan et al. (2014) mentioned that much lower C-rates exhibits more
OCP than the ones with higher C-rates. Therefore, in this work, four
moderately ranged C-rates have been chosen to generate lithiation-
delithiation curve.

Mathematical model development

Our main aim in the research work is to mathematically investigate
the reason behind this voltage hysteresis phenomenon by
parametric study. Therefore, a physics based mathematical model
was developed to scrutinize the cause of voltage hysteresis
occurrence. We wanted to make our model as simple as possible.
So, we started development of the model considering one
dimensional single particle half-cell model. The key feature in our
model includes state of charge (SOC) dependent radius equation,
usage of asymmetric diffusivity and asymmetric exchange current
density.

Mass balance equation

Since our model is a single particle one-dimensional half-cell
model, the model developed in this study assumed the silicon
particle to be a single phase, rather than a two-phase system. A
porous electrode model that reflects this schematic was developed
to estimate the reaction distribution across the electrode. The
governing equations and boundary conditions (Table 1) for this
model is discussed in the literature. These equations are composed
of mass balance in the solid phases and the modified Butler-Volmer
(BV) equation including hydrostatic stress. These equations are
used to describe the electrochemical reaction at the interface. The
hydrostatic stress in the surface layer due to surface effects is
composed of two parts. One depended on the average
concentration ¢4, which means that the diffusion induced
deformation. The other one is concentration, ¢, dependent. To
estimate diffusion coefficients in the particle using data, Fick's law
(Equation 2) was numerically solved in spherical coordinates.

9cs _p 9%cs Ds dcs 2)
at S ar2 r or

The boundary and initial conditions are set as shown in Figure 5.

dcs _ lapp | _
Dy == i forr =R 3)
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Where R is defined as the particle radius (m), ¢, is denoted as the
lithium concentration (mol/m?), ¢, is the initial lithium concentration
(mol/m®), Dy is the diffusion coefficient (m?s), iapp IS the current
density (A/m?), a, is the surface-to-volume ratio (1/m), L is cell
thickness (m), and F is the Faraday’'s constant (C/mol). In
estimating the diffusion coefficients, both particle volume changes
and stress effects were ignored.

Pharr et al. (2013) studied surface cracking at the electrode.
Surface cracking is directly related with surface-to-volume ratio.

Surface-to-volume ratio could be calculated as follows:

2
ay = N=*4TR — 3€ (6)

InsdnR3 R
€ 3

Where, € is volume ratio of silicon, N is the number of particles,
here N = 1. Surface-to-volume ratio is an important parameter
related with exchange current density. R is the particle radius as a
function of state of charge (SOC) (m).

Modified Butler-Volmer equation

In the model, hydrostatic stress induced voltage term was included
in Butler-Volmer (BV) equation. The electrode particle goes through
the volumetric strain during the lithiation-delithiation battery cycling
of lithium-ions as shown and results in stress generation inside the
particle. This stress generation due to lithiation-delithiation in the
spherical electrode particle was calculated by the hydrostatic stress
as reported by Cheng (2018). Therefore, the modified Butler-Volmer
(BV) equation can be expressed as:

in {exp [F(V U)- ahn] exp [_ F(V—U)—ahﬂ]} (7)

2RgT
jn is net flux (mol/m?/s). It can be defined as:

. ig,
=i ®

So, Equation (7) can be expressed as follows:

lapp _ %{exp [(1 — ) F(V—U)—ahﬂ] —exp [_a F(V—U)—ahﬂ]} @)

ayLF RyT RyT
Where, g, is hydrostatic stress at the surface layer of electrode
(N/m?), 0 is the partial molar volume (mol/m?), « is the symmetric
coefficient, iy is the exchange current density (A/m?), Ry is the
universal gas constant (J/kg/K), T is the temperature (K). If we use
a = 0.5, Equation (9) can be written as (full derivation is given in the
Appendix).
_ ﬂ lapp

V=U+ + 2% sinh- (Zioavw) (20)
Cheng and Verbrugge (2018) developed analytical model for
hydrostatic stress calculation. Hydrostatic stress equation is
expressed as:

on (1) = = [S1€av(10) — ()] + S, (11)

9(1 v)

Here, S, and S, are the constants. These two can be written as:
KS(1+v)
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Where, K° is the surface modulus (N/m), z° is the deformation-
independent surface tension (J/m?), E is denoted as Young's
modulus (GPa), v is Poisson’s ratio.

Average surface concentration, c,, (mol/m® as a function of time
is calculated developing following equation:

J-tlapp(t) ©
0 H,GVaFL t Lapp dt (14)

Cav(t) = CO =Co +f
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Table 1. Governing equations and boundary conditions for porous electrode (half-cell) model.

Governing equation

Boundary condition

Mass balance in solid phase (spherical coordinate) (cs: lithium concentration)

dc d%c; D 0c
—=p——t2=_
ot sarz 4T ar
Average concentration profile in solid phase
degy(t) _ .
Zut = lapp(t)

Modified Butler-Volmer voltage equation

opl  2R;T lapp
0o B )
V=U+ F + 2 sin Zioay LF

eFL

ac.
Ds==|p—p = —

lapp | D dc
S ar

ayLF’ S or

lr=0 =0

Source: Author2022
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Schematic Diagram

Figure 5. Schematic diagram of a spherical particle
(24,28)
Source: Author2022

Here, c, is denoted as the initial molar concentration (mol/m®) and
the other parameters are the same as before. This parameter is
used in hydrostatic stress calculation.

Particle radius as a function of SOC

During lithiation cycling, silicon particle in the anode experiences
(~300%) volume expansion. In this regard, spherical particle’s
radius will also expand during lithiation. We wanted to make our
model more realistic. Therefore, an important feature is added in
our model development. A particle radius equation as a function of
state of charge (SOC) is developed here. The equation is
expressed as follows (full derivation is given in the Appendix):

R=r[1+ (2506)]§ (15)

Here, roisinitial particle radius (m). State of charge (SOC) is defined
as follows:

Avergae Concentration C
soc = 29 = (16)

Maximum Concentration Cmax

Since we considered 300% volume increment during lithiation,
spherical particle radius cannot remain constant throughout the
cycling. Therefore, particle radius will also change during lithiation-
delithiation cycling experiment.

Particle Size Variation vs SOC
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Figure 6. Working principle of particle radius as a function of
SOoC
Source: Author 2022

At unlithiated condition, when SOC = 0 the volume is constant and
defined as 1. As SOC progresses, volume keeps increasing, and at
fully lithiated condition when SOC = 1, particle experiences ~300%
volume expansion means volume of the particle enlarges 3 times
the initial volume.

Therefore, at fully lithiated condition, the ratio of @ becomes
(o

3. 15(50C) can be denoted as R.

Similarly, rﬁ is 1 at unlithiated condition. When SOC progresses and
0

becomes 1, the particle radius ratio becomes 1.45 as shown in the

Figure 6.

Asymmetric solid diffusivity and exchange current density

Another new feature added in our model is the usage of asymmetric
solid diffusivity. In the past, previous researchers used constant
value for solid diffusivity throughout the model. Li et al. (2014)
reported lithiation and delithiation rates of lithium-ion-battery
electrodes should be evaluated separately due to the asymmetric
effect in the chemical diffusion coefficients during lithiation and
delithiation cycling. Therefore in our work, instead of using constant
values thought, two different values for solid diffusivity were used,
one for lithiation cycle and another one for delithiation cycle.
Likewise, asymmetric solid diffusivity, for the case of exchange
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current density, two different exchange current density values was
used. One for lithiation and another one for delithiation. In our case,
we used unequal values as provided new insight into determining
the rate-limiting component in lithium-ion batteries and identifying
candidate electrodes for high-power applications. According to our
knowledge, we are the first one in this field to include these unique
features in modelling development.

Solution procedure

All the mathematical model equations were solved by a finite-
element package COMSOL Multiphysics 5.6. Model parameters
such as electrode design, thermodynamics, transport, kinetics, and
mechanical properties are listed in Table 1. The experiments were
conducted at Standard condition such as 25°C (room temperature)
by Wang et al. (2013). Since we used their experimental data to
validate our work, we also used similar four different C-rates such
as C/10, C/5, C/3 and C/2 to validate our mathematical model. The
validity of the parameter choice was checked by comparing the
physics model to experiments, as shown in Table 2.

RESULTS AND DISCUSSION

In analyzing electrodes at high C-rates, relatively thin-
layer electrodes are regarded as an ideal design because
the transport limitation in the electrolyte phase is ignored.
We considered ideal electrode using the porous electrode
model. In addition, as Pan (2014) mentioned that low C-
rates have in Si anode LIBs have the tendency to
generate OCP, which is detrimental to battery. Therefore,
to avoid complexity in the model development, we chose
average of lithiation and delithiation voltage values for all
our C/10, C/5, C/3 and C/2 C-rates as open-circuit
potential values. OCP values helped the model generated
curve to follow a plot trend similar to experimental curves.
Before developing our own mathematical model, we
conducted literature surveys (Hossain and Kim, 2020b;
Tanim et al., 2015; Sikha et al., 2014; Christensen and
Newman, 2006; Safari and Delacourt, 2011; Jagannathan
and Chandran, 2014; Chandrasekaran et al., 2010;
Zhang et al., 2007; Hossain et al., 2020; Masud et al.,
2021; Hossain et al., 2022a; Hossain et al., 2022b; Ojeda
et al.,, 2022) figured out the parameters required to
develop a battery model. Next, the best possible ranges
were discovered for those parametric values. Next, key
parameters which have impact on voltage hysteresis
were found, and sensitivity analyses were conducted with
all four different C-rates.

Impact of sensitivity analysis

From our literature surveying we noticed solid diffusivity,
exchange current density, partial molar volume, Young’s
modulus and Poisson’s ratio can be identified as the main
parameters which have influence on voltage hysteresis.
Using our mathematical model, sensitivity analysis with
these key parameters was performed by generating
voltage curves at C-rates of C/10, C/5, C/3 and C/2. The

proceedings were started with five different values of
solid diffusivity, D, in lithiation cycle. The limits of solid
diffusivity in both lithiation and delithiation cycle were
selected from 1.0x10™ m%s to 1.0x10™ m“s. These
ranges were selected by reviewing several papers. Once
the best fitted results were found, we moved to solid
diffusivity, D, in delithiation cycle and executed the
identical procedure. Next, we focused on exchange
current density in lithiation cycle, i,; and then
concentrated on delithiation cycle, i, 4. For the exchange
current density, parametric ranges were chosen between
0.0001 and 10.0 A/m For other crucial parameters such
as partial molar volume, we used constant values during
the lithiation-delithiation cycling and the limit was selected
from 1.0x107 to 1.0x10° mol/m® and for other two
parameters, Young's modulus, E and Poisson’s ratio, v
the parametric ranges were chosen as from 50 to 250
GPa and from 0.10 to 0.45 correspondingly.

Here, Figure 7 depicted the outcomes of the sensitivity
analysis for C-rate of C/10. From Figure 7a we can see,
when solid diffusivity values in lithiation were cycle
changing, curves pattern were also changing significantly.
Same cases were witnessed in delithiation cycle as
shown on Figure 7b. Therefore, it can be stated that solid
diffusivity has impact on voltage hysteresis. Once best
fitted values were found for both the diffusivities,
sensitivity analysis was conducted with exchange current
density, first we started with lithiation cycle and it was
noticed, bottom lines in the curves were fluctuating in
vertical y-direction when the values were changing. It
shows voltages were changing heavily as shown in
Figure 7c. Once the best values for exchange current
density in lithiation cycle were found, our focus were
moved to delithiation cycle and same techniques were
implemented.

As shown in Figure 7d, voltages were changing in
vertical y-direction. This time bottom lines were fixed;
only upper lines were moving when the values of iy,
changed. It can be seen, from Figure 7c and d, voltage
values were changed, when exchange current density
values were fluctuated. So, it can be said from the
observation that exchange current density is a source of
voltage hysteresis. Next, sensitivity analysis with partial
molar volume, 2 was conducted. In case of 2, constant
values were used throughout the lithiation-delithiation
cycling. Some impacts from 2 were seen, but this
parameter is also connected with diffusivity as reported
by various researchers at their work (Verbrugge et al.,
2015; Verbrugge and Cheng, 2019; Sethuraman et al.,
2010; Sethuraman et al.,, 2012; Hossain et al., 2020b;
Hossain, 2021), so again it suggests that solid diffusivity
has influence on voltage hysteresis.

Likewise, partial molar volume, for Young’'s modulus, E
and Poisson’s ratio, v, constant values were used for the
entire cycling. For both the cases, very little effect from
these parameters on voltage hysteresis was observed.
The above-mentioned strategies were implemented for



Table 2. List of model parameters used in the study.
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Parameter Value Units Reference/remarks
Columbic capacity, ¢ Calculated from experiment ~ mAh/g Measured; used here
C-Rate, Crate Calculated from experiment  1/h Measured; used here
Deformation-independent surface tension, 1o 1 Jim? Jin et al., 2019; Hossain and Kim, 2020a;
Density of silicon, p 2330 kg/m3 Hossain, 2021; Pal et al., 2014; Hossain and Kim, 2020b;
8.46 x 10”7 Sethuraman et al., 2012
L 12.6 2 Wang et al., 2017
Exchange current density, io 1.0 x 10° Am Hossain et al., 2020a; Chandrasekaran et al., 2010
0.1 Hossain et al., 2020b
Exchange current density for lithiation, iq 0.006 Alm? Measured; used here
Exchange current density for delithiation, ioq 0.008 Alm? Measured; used here
Faraday constant, F 96487 C/mol Hossain, 2021, Pal et al., 2014; Hossain and Kim, 2020a
Initial concentration, co X0 X Cmax mol/m® Pal et al., 2014; Hossain and Kim, 2020a
Initial particle radius, ro 2.1 x10° m Wang et al., 2013
Initial SOC of silicon 0.000, xo 0.0001 Pal et al., 2014; Hossain and Kim, 2020b
Mass of the cell, m 1.043798 x 10°° kg Measured
Maximum concentration, Cmax pX C(;pa mol/m?® Measured; used here
4.5x10° Pal et al., 2014; used here
Partial molar volume, Q 4.625 x 10° m*/mol Jin etal., 2019
’ 5.0 x 10° Hossain and Kim, 2020a
1.0 x 10° Hossain and Kim, 2020b
0.20 Hossain and Kim, 2020a
Poisson’s ratio constant, v 0.28 Pal etal., 2014; used here
’ 0.27 Jinetal., 2019
0.45 Hossain and Kim, 2020b
2.0x 10" Jin et al., 2019
S e 3.0x10™"® 2 Wang et al., 2017
I ff ty, D
Solid diffusivity, Ds 1.0 x 10V m°/s Jagannathan and Chandran, 2014
1.18 x 108 Safari and Delacourt, 2011
Solid diffusivity for lithiation, D 2.0x 10" m?/s Measured; used here
Solid diffusivity for delithiation, Dq 5.0x 10™ m%/s Measured; used here
Surface modulus, K* 5 N/m Hossain, 2021; Pal et al., 2014; Hossain and Kim, 2020b;
Temperature, T 298 K Hossain, 2021; Pal et al., 2014; Hossain and Kim, 2020b;
Thickness of electrode, L 116 x 10°® m Hossain, 2021; Pal et al., 2014; Hossain and Kim, 2020b
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Table 2. Cont'd

Universal gas constant, R 8.314 J/mol/K  Hossain, 2021; Hossain et al., 2022a; Hossain et al., 2022b

Volume ratio of silicon, & 0.6517 Hossain and Kim, 2020a
90 Pal et al., 2014; used here

Young’s modulus constant, E 100 GPa Jinetal., 2019
120 Wang et al., 2017
150 Hossain and Kim, 2020b

Source: Author2022
other C-rates like C/5, C/3 and C/2. In all the with the experimental results. Form the with the addition of hydrostatic stress. By inserting

cases, large impact from the solid diffusivity and
exchange current density on the voltage
hysteresis were spotted. Even though initially we
used asymmetric values for 2, E, v, it did not
make any difference in the voltage curve.
Therefore, for these three parameters, constant
values were chosen throughout the entire cycle.
Apart from Dy, Dy, io;, ioq,42, E and v changing
the values of other parameters did not make any
difference to voltage curves. Therefore, it can be
said solid diffusivity, exchange current density,
partial molar volume, Young’s modulus and
Poisson’s ratio are the key parameters which can
be used to analyze voltage hysteresis emergence
on silicon anode based lithium half cells.

Best fitted result

The best fitted values for the parameters were
found after completing sensitivity analysis. Then,
all the same parameters were used in our
mathematical equations to generate simulation
results. Apart from specific capacity of the
experimental results, the exact same parameters
were used for all for different C-rates. From Figure
8, it can be seen that the simulation results
generated by mathematical models were matching

observation, it is to be observed, D, = 5.0x10™"°
(m?/s) is higher than D, = 2.0x10™ (m%/s).

Li et al. reported it that silicon (Si) goes through
compressive stress during lithiation and tensile
stress during delithiation (Li et al., 2014).
Similarly, it is observed that delithiated exchange
current density (ip 4, = 0.008 A/m2) is also higher
than lithiated exchange current density (ip; =
0.006 A/m?. We understand that it could be
because of solid electrolyte interphase (SEI) layer
formation across the silicon (Si) spherical particle
during lithiation-delithiation battery cycling.

As stated earlier, Si undergoes volume
expansion during lithiation, therefore, more surface
crack generation will appear on the surface of the
spherical particle, as a result fresh surfaces will be
revealed. In consequence, more side reactions
will take place because of chemical kinetics.
Therefore, more effect from the exchange current
densities will be noticed. At the same time,
matching of simulation results and experimental
results suggested that our mathematical model
development is correct.

Influence of stress induced voltage

Here, Butler-Volmer (BV) equation is modified

hydrostatic stress term in the Butler-Volmer (BV)
equation, maximum of 0.0018 (V) voltage was
captured for all four different C-Rates as it showed
in Figure 9.

Figure 9 shows stress induced voltage values
are significantly low to have solitary impact on
voltage hysteresis generation. On the other hand,
significantly high influence from asymmetric
diffusivity and asymmetric exchange current
density on the voltage hysteresis was witnessed.
So, it can be said that diffusivity and exchange
current density are equally essential for voltage
hysteresis occurrence on silicon anode-based
lithium half cells.

Conclusion

In this work, the cause of voltage hysteresis
occurrence during lithiation-delithiation cycling of
Si anode-based lithium half cells by combining
experimental and modeling techniques is
thoroughly investigated. Voltage hysteresis is
identified during lithiation-delithiation  battery
cycling. A physics-based mathematical model is
developed to define the main reason behind
voltage hysteresis. Earlier model developers
thought that hydrostatic stress generation is the
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Figure 7. Sensitivity analysis test conducted; (a) Diffusivity in lithiation cycle; (b) Diffusivity in delithiation cycle; (c)
Exchange current density in lithiation cycle; (d) Exchange current density in delithiation cycle; (e) Partial molar
volume in both cycles; (f) Young’s modulus in both cycle; (g) Poisson’s ratio in both cycles. Set-1 parametric
values are: D;= 1.0E-11 (m?/s), Dy = 1.0E-11 (m%s), ig = 0.001 (A/m?), ica = 0.001 (A/m?), Q = 1.0E-7 (mol/m®), E =
50 (GPa), v = 0.10; Set-2 values are: D,= 1.0E-12 (m?%s), Dy= 1.0E-12 (m?/s), in = 0.01 (A/m?), isg= 0.01 (A/m?), Q
= 5.0E-7 (mol/m®), E = 100 (GPa), v = 0.20; Set-3 values are: D, = 1.0E-13 (m?/s), Dg = 1.0E-13 (m%s), i = 0.1
(A/m?), iog = 0.1 (A/m?), Q = 1.0E-6 (mol/m®), E = 150 (GPa), v = 0.30; Set-4 values are: D;= 1.0E-14 (m?/s), Dg=
1.0E-14 (m?/s), ia= 1.0 (A/m?), ioa = 1.0 (A/m?), Q = 5.0E-6 (mol/m®), E = 200 (GPa), v = 0.40; Set-5 values are: D
= 1.0E-15 (m?/s), Dg = 1.0E-15 (M%/s), i = 10.0 (A/m?), ioa = 10.0 (A/m?), Q = 1.0E-5 (mol/m?), E = 250 (GPa), v =

0.45.
Source: Author 2022
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Figure 8. Best fitted validated results of Voltage vs. Specific Capacity graphs at different C-rates: (a) C/10 (b) C/5 (c)
C/3 (d) C/2; Exact parameters are used for all different C-rates except specific capacity.

Source: Author 2022

diffusivity is used because of tensile-compressive stress
generation during battery cycling. In addition to that,
asymmetric exchange current density is implemented
because of surface crack generation at the surface of the
particle. Most importantly, experimental data is used to
validate simulated results generated by mathematical
model. Literature surveys were performed to find best
fitted parametric values. Key parameters are identified
which can control the voltage curves for four different C-
rates. It is observed that diffusivity and exchange current
density values are higher in delithiation cycle, then
lithiation cycle. Stress induced voltage curves are
generated as well to check the solitary impact on voltage
hysteresis generation. The values are found to have small

impact on voltage hysteresis. Whereas, by controlling
diffusivity and exchange current density, shape of the
curves can be controlled to have a good fit with
experimental voltage curves. Therefore, it can be said
that not only hydrostatic stress, but also solid diffusivity
and exchange current density are equally essential for
voltage hysteresis emergence during battery cycling in
silicon anode-based lithium half cells.

SYMBOLS
iepp. Applied current density (A); ¢,y average
concentration  (mol/m®;L, cell thickness (m);to,
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Figure 9. Stress induced voltage vs. specific capacity graphs generated at different C-rates: (a) C/10 (b) C/5 (c) C/3 (d)
C/2. Maximum stress induced voltage of 0.40 (V) was to capture by this model.

Source: Author 2022

deformation-independent surface tension (J/m?); iod,
exchange current density for delithiation (A/m?); iog,
exchange current density for lithiation (A/m?); iosr
exchange current density on side-reaction (A/m?); F,
Faraday’s constant (C/mol); S, hydrostatic constant™; S,
hydrostatic constant?; a;,, hydrostatic stress (MPa); c,,
initial lithium concentration (mol/ms); To, initial particle
radius (m); c,, lithium concentration (mol/m3); Jn, net flux
(mol/m?s); N, number of particles; Ug;q4., OpeN circuit
potential on side-reaction (V); 2, partial molar volume
(m*mol); R particle radius as function of SOC (m); v,
Poisson’s ratio; Cgqe, rate of charging/discharging; D,
solid diffusivity for delithiation (m?/s); D,, solid diffusivity
for lithiation (m2/s); SEI, solid-electrolyte interphase; SOC,
state of charge; K*, surface modulus (N/m); ay, surface-
to-volume ratio; T, temperature (K); ag, transfer co-

efficient for the side-reaction; Ry, universal gas constant
(J/mol/k); Vv, voltage measured during experiment (V); &,
volume ratio of silicon; E, Young’s modulus (GPa).
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APPENDIX

Modification of Butler-Volmer (BV) Equation: For battery modeling, Butler-Volmer (BV) Equation is one of the most
essential parts. Here we included the modified version of BV equation (3) where stress induced voltage part is included.

iapp _ o _ (Fw-U)-o0p0] __F(V-U)-0pQ
Py F{exp [(1 a)—RgT ] exp[ a—RgT ]} (A1)

Here, 0,Q is called the stress induced voltage. Cheng and Verbrugge (2018), Jin et al. (2019) and Hossain (2021) and
Zhang et al. (2007) all indicated how important it is to include this additional term in BV equation. i, is called the
exchange current density. The following equation is generally used to calculate this value:
iO = FkOCll,_a(Cmax - Csurf)l_acgurf (AZ)
Where kg is known as Rate constant and cg, ¢ ¢, are known as surface concentration (mol/m3) and concentration of
electrolyte (mol/m®). But, in our model, we used asymmetric exchange current density values instead of going with
Equation (A2).

Butler-Volmer equation can be derived as follow, for lithium insertion into the silicon:
LiSi > Lit +e™ + Si (A3)
The OCP, U can be expressed as:
FU = pf; + pg; — pyisi (A4)
The electrochemical potential y,;5; can be expressed with the mechanical stress as:

Huisi = Hiisi + RyT Inax + Qoy, (45)

Where pya constant value at reference state is, R, is the gas constant, T is the temperature, a is the activity coefficient,
x is the mole fraction, and gy, is hydrostatic stress. So,

FU = pup; + psi — Uiisi — RyT Inax — Qoy, (A6)
Therefore, we may have shift in the OCP by the mechanical stress, and the OCP with mechanical stress, Us;
Uge = U + 222 (A7)

Then, in the cell-level modeling, this can be included in the Butler-Volmer equation:

. _I._Q _ F(V=-U)-opQ2 _ _ F(V=-U)-orQ2
Jn = F{exp [(1 a')—RgT ] exp[ a—RgT ]} (48)

If the symmetric coefficient a = 1/2

InF _ oy FO=0=00 (A9)

2ig 2RgT

Or

R (A10)
0

Putting the value of flux value j, the above equation can be written as,

V=U+22 4+ 28 sinht (‘&> (A1)

F 2igay LF
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Here, V is the Voltage (V) and other parameters have been discussed. We used this Equation (Cheng and Verbrugge,
2018) in our model to generate several results.

Development of radius equation as a function of SOC: This is the most important feature of our model. As it was
mentioned earlier silicon particle experiences ~300% expansion during lithiation and contraction during delithiation.
Therefore, the radius of the particle also experiences a change of radius as the state of charge (SOC) progresses.
Derivation of particle radius has been discussed here. When the particle is fully delithiated, the SOC is 0, we considered
the particle volume as V = V. Since, silicon experiences ~300% volume expansion during lithiation. At fully lithiatied
condition, when SOC=1, Final particle volume becomes as V = 3V,.

Since, we are considering spherical particle. Therefore, we considered volume equation asV = gnr? Following
schematic diagram shows the working principle:

T 1
) !

SOC=0 sOoc=1

Here, When SOC =0, V; =V, and at SOC =1, V= 3V,. The volume equation is developed as shown:

V(s0C) =V, +S0C(Vy — V;)

=> V(S0C) =V, +S0C(3V, —V,) (Atfully lithiated state)
=> V(S50C) =V, + S0C(2V,)

=> V(50C) = V,(1 + 250C)

4 4
=> 57‘[7‘3(50C) = 57‘[1‘03(1 +2500C)

r(S0C) = 1,3/(1 + 250C)

Therefore, our own developed equation can be written as follows:

R = ry[1+ (2500)] (AL2)

Here, r, is defined as initial particle radius. SOC is regarded as the State of Charge. ro(SOC) is defined as the particle
radius equation as a function of SOC. ry(SOC) can be denoted as R. We are the first one to include this feature in
mathematical battery model development.



