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In the present paper, we study slant submanifolds of a Lorentzian para (LP)-Sasakian manifold. We
consider M as a totally umbilical proper slant submanifold of an LP-Sasakian manifold and show that
every totally umbilical proper slant submanifold of an LP-Sasakian manifold M is either totally geodesic
or if it is not totally geodesic in M, then we derive a formula of its slant angle and give an example.
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INTRODUCTION

Slant submanifolds of an almost Hermitian manifold were
defined and studied by Chen (1990) as a natural
generalization of both holomorphic and totally real
submanifolds. Later, many research articles appeared on
slant submanifolds in different known spaces. Lotta
(1996) introduced the notion of slant immersion of a
Riemannian manifold into an almost contact metric
manifold and he has proved some geometirc properties
of such immersions. He also studied the intrinsic
geometry of 3-dimensional non-anti-invariant slant
submanifolds of K-Contact manifolds (Lotta, 1998). Later,
Cabrerizo et al. (2000) investigated slant submanifolds of
a Sasakian manifold and obtained many interesting
results. Recently, Khan et al. (2010) defined and studied
slant submanifolds in Lorentzian almost paracontact
manifolds.

Recently, Sahin (2009) studied totally umbilical slant
submanifolds of Kaehler manifold. In this paper, we
studied a special class of slant submanifolds which are
totally umbilical. We proved that for a totally umbilical

slant submanifold, the mean curvature vector H of M is
in L, where [ is an invariant normal subbundle under ¢.
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Finally, we proved that a totally umbilical proper slant
submanifold M of an LP- Sasakian manifold M is either

totally geodesic in M or if it is not totally geodesic, then,

the slant angle is gz 3y for any

8 = tan—1
an” " |Fmen

X, YETM

PRELIMINARIES

Let M be a 1 dimensional differentiable manifold. An LE-
Contact structure (¢, &, 7, 9) on M consists of a tensor
field ¢ of type (1,1), a vector field &, a 1-form 17 and a

Lorentzian metric g with signature (—, +,+, -, +) on M
satisfying (Matsumoto, 1989):

O X=X +9X)EnE)=-10()=0n29=0 ()

and

g9(9X,8Y) = g(X,¥) +n(Xm(Y)n(X)=g(XO) (@

forany X,¥ € TM.

Moreover, if on M the following additional conditions
hold:



(Vi)Y = g(X,Y)E +n(Y)X + 2n(X)n(Y)E  (3)
Vil = ¢X, (4)

for any vector fields X,¥ € TM, then M is said to be an
LP-Sasakian manifold (Matsumoto, 1989).

Now, let M be a submanifold of M with Lorentzian
almost paracontact structure (@, &, 7, g). Let the induced
metric on M also be denoted by g and let TM and T~ M
be the Lie algebra of vector fields tangential to M and
normal to M, respectively and V be the induced Levi-

Civita connections on M, then the Gauss and Weingarten
formulae are given by:

V¥ =V.¥ +h(X,Y) )
VoV =—A,X+ ViV (6)

For any X, Y ETM and V € T—M, where V~ is the
connection on the normal bundle T=M, h is the second
fundamental form and Ay is the Weingarten map
associated with V€ T, M as:

g(‘qVXrY] = g(h(‘j{r ervj (7)
Forany x € M and X € T,.M, we write:
pX =TX + FX (8)

where TX €T_M and FX € T_M. Similarly, for any
V €T M, we have:

gl =tV + nl’ 9)

where tV (resp. nV) is the tangential component (resp.

normal component) of @V
From Equations 1 and 8, it is easy to observe that for
each x € Mand X, Y € T M:

g(TX,Y) = g(X,TY). (10)

The covariant derivative of the morphisms T and F are
defined, respectively as:

(VeT)Y = V,TY — TV, V¥ (11)
(V,F)Y = VEFY — FV,¥ (12)

forany X, ¥ € TM,
Throughout, the structure vector field £ is assumed to
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be tangential to M, otherwise M is simply anti-invariant.

For any X, ¥ € TM on using Equations 4 and 5, we may
obtain:

(a)V, ¢ = TX, (b)h(X,§) = FX. (13)

On using Equations 3, 5, 6, 7, 9, 11 and 12, we obtain:

(VeT)Y = g(X, V)¢ + (V)X +29(Xm(V)E + AnX +tR(X,Y)  (14)
(V. F)Y = —h(X,TY) + nh(X,Y). (15)

A submanifold M of an LP-contact manifold M is said to
be totally umbilical if:

h(X,Y) = g(X,Y)H, (16)

for any X,¥Y € TM, where H is the mean curvature
vector. Furthermore, if R(X,¥) =0 for all X,¥ € TM,
then M is said to be totally geodesic and if H = 0, then
M is minimal in M.

SLANT SUBMANIFOLDS

Here, we consider M as a proper slant submanifold of a

Lorentzian para-Sasakian manifold M. We always
consider such submanifolds tangent to the structure

vector fields £.

A submanifold M of an almost contact metric manifold
M is said to be a slant submanifold if for any x € M and
X €T ,M— (), the angle between @X and T, M is
constant. The constant angle & € [0, /2] is then called

slant angle of M in M. The tangent bundle TM of M is
decomposed as:

™™ =D @ ({)

where the orthogonal complementary distribution D of
{£) is known as the slant distribution on M. If i is
¢ —invariant subspace of the normal bundle T~ M, then:

T-M=FTM @ pu. a7
For a proper slant submanifold M of an LP-contact

manifold M with a slant angle &, Khan et al. (2010)
proved the following theorem.

Theorem 1

Let M be a submanifold of an LP-Contact manifold Af
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such that € € TM. Then, M is slant submanifold if and
only if there exists a constant A € [0,1] such that:

T?=AI+n®%). (18)
Furthermore, if @ is slant angle of M, then 4 = cos?#.

The following relations are straight forward
consequence of Equation (18)

g(TX,TX) = cos®8[g(X,Y) +n(X)n(Y)] (19)
g(FX,FY) = sin8[g(X, ) + n(X)n(¥)] (20)

forany X, ¥ € TM,

In the following theorems we consider M as a totally
umbilical proper slant submanifold of an LP-Sasakian
manifold M.

Theorem 2

Let M be a totally umbilical slant submanifold of an LF-

Sasakian manifold M, then the following statements are
equivalent:

1. Hepu
2. Either M is trivial or invariant submanifold of M.
Proof

Forany X,¥ € TM, then from Equation 14, we have:

(VT)Y= A X +th(X,Y) + g(X,V)E £ n(Y)X+ 2(Xm(V)E. (22)

Taking the product in Equation 21 with €, we obtain:

g(V¢TY,§) = g(h(X,$),FY) + g(th(X,Y),§) — g(X.Y)
+n(X)n(Y) — 2n(X)n(Y).

As M is a totally umbilical slant submanifold of M, then
from Equation 16, the above equation takes the form:

~§(T0y8) = glH, FY)CE) + (R 1)g(tH,) - g(HY) -n(Xn(?).

Using Equations 13 and 19, we get:

cosB[g(X,Y) +n(X)n(¥)] = ~g(H, FYn(X) + g(X.¥) + n(X)n(Y),

The above equation can be written as:

sin®8[g(X,Y) +n(X)n(¥)] = g(H,F¥)n(X). (22)

If H € u, then from Equation 17, the right hand side of
Equation 22 is identically zero, hence (i) holds.
Conversely, if (i} holds then from Equation 22, we get
H € p. This completes the proof of the theorem.

Theorem 3

Let M be a totally umbilical proper slant submanifold of
an LP-Sasakian manifold M such that ‘FéH £ wu, for all
UeTM. Then,

1. either M is totally geodesic,

2. or, the slant angle @ = tan™? _9EY) 3 tor an
g e ( facomm’ y

XYeTM

Proof

Forany X, ¥ € TM, we have:

VipV — ¢V, ¥ = g(X, V) + n(Y)X + 2n(X)n(Y)E.

From Equations 5 and 8, we obtain:

TTH T - O(FpH +h(LT)) = gLV +a(E)E+ (A (E)

Again using Equations 5, 6 and 8, we get:

SO M O =TT HHLTY) - A VAP
—TV,Y — FV,Y — ¢h(X,Y).

As M is totally umbilical proper slant, then:

OIS V) + (XYY = VTV 4 g(KTV)H - Ay 4 T3FY
—TV,Y — FV, Y — g(X,Y)¢H. (23)
Taking the product in Equation 23 with ¢H, we obtain:

9(X.TY)g(H,0H) + g(VxFY,0H) = g(FV,Y,0H) + g(X,Y)g(0H, oH).

Using Equation 2 and the fact that H € i ( Theorem 2),
we get:

g(VEFY, H) = g(X,Y) | H I°.



Then, from Equation 6, we derive:

Now, for any X € T M, we have:
(Vy@)H = V,pH — ¢V H.

Using Equation 3 and the fact that H € p, we obtain:
0=V,¢pH— ¢pV,H.

Using Equations 5, 6, 8 and 9, we obtain:

—AyyX +VyoH = —TA X —FA X +tVyH +nVyH. (25)

Taking the product in Equation 25 with FY for any

Y eTM and using the fact nVzH € u, the above
equation gives:

g(Vz@H,FY) = —g(FALX,FY).

Using Equation (3.4), we obtain that:

9(V4FY,0H) = sin?0[g(AyX,Y) +n(4zX)n(V)],
that is,

g(VFY,0H) =sin®8[g(X,Y) + n(X(NT I HI*.  (26)
Thus, from Equations 24 and 26, we derive:
[cosg(X, V) — sin®Bn(Xn(V)] 1 H I*=0. (27)

Since M is a proper slant submanifold, then it follows
from Equation 27 that either H = 0, that is, M is totally

geodesic in M or as 6 is acute angle, then
- GLEY) .
f =tan™( |',‘—,:]. This proves the theorem
A n(X]In(Y)
completely.

Now, we give an example of slant submanifold of an
LP-contact manifold.

Example 1

Consider a 3-dimensional submanifold of B* with its
usual structure defined as:

d

g =— (i =
¢(a_xl - ax[.! [:I' 112:]1

a d .
¢(a - ar - 112]1
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_48
dt

n=dt =
qb[ail_) =0andg=dx?+ d}rjz —-n®@n.
Now, for any 8 € [0, /2],

x(u, v, t) = 2(ucosf, usinf, v, 0, t).

If we denote by M a slant submanifold, then its tangent
space T'M span by the vectors:

3 2 3 3 : 3 28
e; =——+ 2cosflv_-= c059(2(§+y1§]] +sinf (2(;=+ ¥

0 52 o —_2_g
Au gyt 3 at )

Moreover, the vector fields:

el = —sinf (2 + ¥ 2)) + cosB(2(5 + ¥* 2)),

e

Ba W

a
= 7 —
By

form a basis of T—M. Furthermore, using Gauss formula,
we get V_e; = 0, for i = 1,2, Thus, we have:

h(ey,e;) = 0,h(e;.e;) = 0,h(ey,e,) =0

and hence, we conclude that M is totally geodesic.
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