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Extension of a computational method for solving a special kind of singular system is the novelty of 
this paper. These systems are called systems of Abel Volterra integral equations. This method is 
based on the application of Legendre wavelets, as a basis functions for numerical solutions. Some 
examples are presented to illustrate the efficiency and the simplicity of the method. 
 
Key words: Systems of Abel Volterra integral equations, Legendre wavelets method, operational matrices.  

 
 
INTRODUCTION 
 
Mathematical modeling of many physical systems leads 
to functional equations in various fields of physics and 
engineering. In recent years some methods have been 
used by many authors to obtain approximate solutions 
(He, 1999; Biazar et al., 2003, 2009; Faraz et al., 2010; 
Khan and Faraz, 2011). System of Volterra integral 
equations arise in mathematical modeling of many 
phenomena (Delves and Mohamed, 1988; Jerri, 1999; 
Linz, 1985) and several methods have been proposed in 
the literature to solve these systems. These systems 
have been solved by Adomian decomposition method 
(Biazar et al., 2003), homotopy perturbation method 
(Biazar et al., 2009), variational iteration method (Biazar 
and Ebrahimi, 2010) and radial basis function networks 
(Golbabai et al., 2009). 

In the present paper, special kind of singular systems 
of Volterra integral equations, called systems of Abel 
integral equations are studied. Historically, Abel is the 
first person who had studied integral equations, during 
the 1820 decade (Jerri, 1999; Linz, 1985). He obtained 
the following equation, when he was generalizing the 
tautochrone problem.  
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function which could be determined. This equation is a 
particular case of a linear Volterra integral equation of the 
first kind. The kernel of Abel integral equations has weak 
singularity and Abel integral equations are somewhat ill-
posed and any small changes in the measurement data 
may cause unpredictable huge errors in the numerical 
approximate solutions. 

Some methods for solving the system of Abel integral 
equations are known. The idea of the fractional calculus 
has been used for a special kind of these systems 
(Mandal et al., 1996), an operational matrix method 
based on block-pulse functions for singular integral 
equations has been introduced (Maleknejad and Salimi, 
2008). In Pandey and Mandal (2010), Bernstein 
polynomials have been used for numerical solutions of 
systems of generalized Abel integral equations. 

The method introduced in this paper consists of 
reducing a system of Abel integral equations into a 
system of algebraic equations, by expanding the 
unknown functions, as a series in terms of Legendre 
wavelets with unknown coefficients (Maleknejad and 
Sohrabi, 2007; Mahmoudi, 2005; Yousefi, 2006; Biazar 
and Ebrahimi, 2010). The general form of these systems 
is considered as the following. 
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where 0 1x≤ ≤ , 0 1
i j

α< < , and also 

( ) , 1, 2 ,..., ,
i

f x i n=  are known functions. 

This paper is organized as follows: Legendre wavelets 
method is explained, applications of the method for 
introduced systems are studied, numerical examples are 
presented and conclusions are given, finally. 
 
 
LEGENDRE WAVELETS METHOD 
 
Wavelets constitute a family of functions constructed from 
dilation and translation of a single function called the 
mother wavelet (Daubeches, 1992; Christensen and 
Christensen, 2004). When the dilation parameter a  and 

the translation parameter b , vary continuously the 

following family of continuous wavelets will appear:  
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Legendre wavelets are defined on the interval 0 1[ , ] as 

follows: 
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where
1

1 2 2
kn −= , , ... , , k  is any positive integer, m  is 

the degree of Legendre polynomials, 0,1,..., 1m M= −  

and t  is the normalized time. ( )mP t  is the famous 

Legendre polynomial of order m . These polynomials are 

orthogonal with respect to the weight function 1( )w t = . 

The set of Legendre wavelets are an orthonormal set. 

A function 
2

0 1( ) [ , ]∈f x L  may be expanded as 

follows: 
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where ( )( ) , ( )nm nmc f x xψ= , stands for the inner 

product of ( )f x  and ( )nm xψ . Let’s consider truncated 

series in Equation 5, as the following. 
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where C  and ( )xψ  are 
1

2 1
k

M
−

×  matrices given by: 
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Also, a function 
2 2

0 1( , ) [ , ]∈f x y L  can be 

approximated by: 
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The integration of the vector ( )xψ , defined in Equation 

8, can be achieved as the following. 
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x
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where P  is the 
1 1

2 2
k kM M− −× operational matrix for 

integration (Razzaghi and Yousefi, 2001).  
The following property of the product of two Legendre 

wavelet vector functions is well known as: 
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where    Y       is     a    given    vector     and    Y%     is    a  



 

 
 
 
 

1 1
2 2

k kM M− −×  matrix. This matrix is called the 

operational matrix of product.  

 
 
SOLUTION OF SYSTEMS OF ABEL VOLTERRA 
INTEGRAL EQUATIONS 

 
Here, two cases of these systems will be studied. 

 
Case 1 

 

Consider the system (Equation 2) with the limits 0  and 

x for integral signs. To solve this system by Legendre 
wavelets method, unknown functions, 

1 2( ), , , ... ,iu x i n=  are considered as a linear 

combination of these wavelets as the following. 
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Other terms also will be considered as the following 
general expansions: 
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where iF  are the 
1

2 1
k

M
−

×  matrices and i jX  are 

the 
1

2 1
k

M
−

×  matrices with the entries which are in 

terms of the components of the vectors iC  for 

1 2 1 2, , ... , , , , ... ,i n j m= = . 

By substituting Equations 13 and 14 into the system, 
one gets: 
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where i j kA  and ( )i j

kZ x
α

 can be determined by the 

following formulas: 
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Substitution of Equation 18 into the system (Equation 15), 
leads to the following system: 
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Multiplying ( )
T xψ , in both sides of the system 

(Equation 19) and applying ( )
1

0
dx∫ . , a linear or non-

linear system in terms of the elements of  
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1 2iC i n=, , , ... , , will be obtained. 

 
 
Case 2 
 

If in Equation 2, limits of integral are different from 0  and 

x , then the formula (Equation 17) would not be 
applicable, and another approach should be considered.  
One can write the kernels as: 
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where 
i j

K
,

 are 
1 1

2 2
k k

M M
− −

×  complex matrices 

with the entries according to the Equation 10. In 
applying Legendre wavelets method, obtained solutions 
will be complex, because of complex entries of matrices 

i jK , and the real parts of the solutions can be 

considered as approximate solutions.  
Since the truncated Legendre wavelets series are 

approximate solutions of system (Equation 2), one has 

an error function ( ( ) )ie u x as follows: 
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If one set = jx x , where 0 1[ , ]∈jx , the error values can 

be obtained. Therefore we can check the accuracy of the 
method by using error functions. 
 
 

NUMERICAL EXAMPLES 
 
To illustrate the method, some systems are considered 
and solved by the proposed method. 
 
 

Example 1  
 
Consider the following system of Abel integral equations 

on [0,1] : 
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The exact solutions are 
2

( ) 1,u x x= +  and 

3
( )v x x= . This system is of the case 2. Let’s write 

the system (Equation 22) as the following. 
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Figure 1.  The exact and approximate solutions of Example 1 (a1 and b1). 
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Substituting into the system (Equation 23) and solving the 
obtained system, the following results will be achieved.  
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Since entries of the matrices 
1

K  and 
2

K  are complex, 

the real parts are considered as approximate solutions. 
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Plots of the exact and approximate solutions are shown 
in Figure 1, and plots of error functions are shown in 
Figure 6. 

 
 
Example 2  

 
Consider the following linear system of Abel integral 

equations, with the exact solutions ( )u x x= , and 

( )v x x=  on [0,1]  (Maleknejad and Salimi, 2008). 
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In Maleknejad and Salimi (2008), the authors obtained 
Laplace transforms of this system, and then found 
inversion of Laplace transform by operational matrices. 
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Therefore, the following system will be obtained: 
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Elements of vectors 1C  and 2C  are computed by 

solving a linear system, with twenty equations and the 
same number of unknowns, as follows: 
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Therefore, the following approximate solutions will be 
resulted: 
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Plots of the exact and approximate solutions are 
presented in Figure 2. Error functions are plotted in 
Figure 7. 
 
 

Example 3  
 

Consider the following non-linear system of Abel integral 
equations: 
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With the exact solutions, 
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Applying the Legendre wavelets method for 1k =  and 

6M =  results in the following. 
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Therefore, one gets the following approximate solutions: 
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Figure 2. The exact and approximate solutions of Example 2 (a2 and b2). 
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0 2810653885 10 0 9999999981

0 1508736445 10 0 4641165416 10

( ) . .

. .

. . ,

u x x x

x x

x

− −

−

− −

= × − ×

+ × +

+ × − ×

 

8 5 8 4

3 9 2

9 9

0 1767111437 10 0 2073318451 10

0 9999999981 0 458286971 10

0 1405246551 10 0 18 10

( ) . .

. .

. . .

v x x x

x x

x

− −

−

− −

=− × + ×

+ + ×

+ × − ×

 

 
Plots of the exact and approximate solutions are plotted 
in Figure 3 and error functions are shown in Figure 8. 
 
 
Example 4  
 
Consider the following non-linear system with the exact 

solutions 
3

( ) 1u x x= −  and ( )v x x= . 

( )

2 3 6 3

30

5/2

2 23/4

40

11/4

1
( ) ( ) 2

32
1,

5

1 32768
( ) ( ) ( )

100947

128
,0 1.

231

x

x

u x v t dt x x

x t

x

v x u t v t dt x x
x t

x x


+ = −

−

 − +



− = −
−


+ ≤ ≤

∫

∫

       (27)                      

Let’s consider 1k =  and 5M = . Entries of the vectors 

1C  and 2C  can be computed as the following. 

 

1 0 1 1

1 2 1 3

9
1 4 2 0

10
2 1 2 2

10
2 3 2 4

0 7500000001 0 2598076212

0 1118033985 0 011889822359

0 1532165690 10 0 4999999999

0 2886751347 0 1136139673 10

0 1068365696 10 0 39787126

, ,

, ,

, ,

, ,

, ,

. , . ,

. , . ,

. , . ,

. , . ,

. , .

−

−

−

= − =

= =

= × =

= = − ×

= − × = −

c c

c c

c c

c c

c c
11

70 10 .
−

×

 

 
The approximate solutions are: 

 
7 4 3

7 2 8

9 4 8 3

7 2 9

0 3217547949 10 0 9999999324

0 4136847363 10 0 5692994140 10 1

0 8355296607 10 0 1105733333 10

0 3786925712 10 0 3717337006 10

( ) . .

. . ,

( ) . .

. . .

u x x x

x x

v x x x

x x

−

− −

− −

− −

= × +

+ × − × −

= − × + ×

− × + − ×

 

 
Plots of the exact and approximate solutions are shown 
in Figure 4 and plots of error functions are shown in 
Figure 9. 
 
 
Example 5 
 
Consider the following system of Abel Volterra integral of 
the first kind: 
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Figure 3. The exact and approximate solutions of Example 3 (a3 and b3). 

 
 
 

   
 
Figure 4. The exact and approximate solutions of Example 4 (a4 and b4). 

 
 
 

0

0

1
( ( ) ( )) ,

2

1
( ( ) 2 ( )) 3, 0 1.

x
x

x
x

x
u t v t dt e

x t

u t v t dt e x x
x t


+ = +

−

 − = − − ≤ ≤
 −

∫

∫

    (28) 

With the exact solutions ( )
( )

x
e e r f x

u x
π

=
 and 

1
( )

x
v x

xπ

+
=  
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Figure 5. The exact and approximate solutions of Example 5 (a5 and b5). 

 
 
 

 
 
Figure 6. Plots of error functions of Example 1. 

 
 
 

By applying the Legendre wavelets approach for 1k =  

and 10M = , the following solutions would be obtained.  

9 8

7 6

5 4

3 2

226 0149470 1063 703653

2122 157100 02339 491704

1558 306153 645 2812734

165 6773181 25 68774288

3 275655345 0 03104332440

( ) . .

. .

. .

. .

. . ,

u x x x

x x

x x

x x

x

= −

+ −

+ −

+ −

+ +

 

 

9 8

7 6

5 4

3 2

42845 65844 198904 9387

389906 1701 419870 7757

270634 2637 106685 4261

25219 19223 3360 406582

223 3096447 6 535131213

( ) . .

. .

. .

. .

. . .

v x x x

x x

x x

x x

x

= − +

− +

− +

− +

− +

 

 
Plots of the exact and approximate solutions and error 
functions are shown in Figures 5 and 10. 
 
 

Conclusion 
 

In this paper, the Legendre wavelets method is used to 
find approximate solutions of systems of Abel Volterra 
integral equations. It is observed that the solution 
obtained by this method converges rapidly to an exact 
solution and plots confirm it. Research for finding more 
applications of this method and other orthogonal basis 
functions is  one  of  the  research  fields in  our  research 
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Figure 7. Plots of error functions of Example 2. 
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Figure 8. Plots of error functions of Example 3. 
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Figure 9. Plots of error functions of Example 4. 

 
 
 

 
 
Figure 10. Plots of error functions of Example 5. 

 
 
 
group. The computations associated  with  examples  are  



 

 
 
 
 
performed using the package Maple 13. 
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