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In this paper, we extend the concept of k-uniform convexity. Making use of the principle of
subordination and a family of integral operators, we introduce and investigate some new subclasses of
analytic functions. Several inclusion results with some interesting consequences are proved. The rate
of growth of Hankel determinant for the functions in these classes is also studied.
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INTRODUCTION

Let A denote the class of functions f(z) of the form:
f@Q=z+Y a7, (1)
n=2

which are analytic in the open unit disc E={z:|zI<1}.
Let S be the subclass of A which consists of functions
which are univalent in E. Also let S(») and C(¥) be
the subclasses of S which contain starlike and convex
functions of order ¥ (0 < ¥ <1) respectively.

In Komatu (1990), the following two parameter family of
integral operator Q7 for f € A, is defined by:

o . o-1
07 f(D)= oy [ 1 (bgf) fd., @

[(o)z""

where ze E, a>0, 020, see also Chun and
Srivastava (2004).
If f(z) is given by (1), then from (2), we can write:

*Corresponding author. E-mail: khalidan@gmail.com.

fo(z)=z+i( =

]a,,z", (a>0,020). (3)
—\a+n-1

Some special cases of Q7 have been discussed; for

example, see Flett (1972), Goodman (1983) and Jung et
al. (1993). From (3) we can easily derive the following:

’

(077 f(2)) =aQf f(2)=(a=1)Q7" f(2). (4)

In this paper we shall use the operator Q7 to introduce

the generalized concept of k -uniformly convexity.
For ke [0,00), the domain €, is defined as follows
(Kanas, 2003):

ka{u+iv:u>k«/(u—l)2+v2 1. (5)

For fixed k, €2, represents the conic region bounded,
successively, by the imaginary axis (k =0), a parabola
(k =1), the right branch of hyperbola (0 < k <1) and an
ellipse (k >1). Also, we note that, for no choices of
k(k>1), €, reduces to a disc. We define the domain

Qk,y as follows (Noor et al., 2009):



Q,,=(1-pQ+y, (0<y<D. 6)

The following functions, denoted by pk,y(z), are

univalent in E and map E on Q such that

P, (0)=1and p; (0)>0:

k.y

W29z (o
1z
L2 ;a( 1+JEJ e
_ ﬂ/z (7)
P, A= A )
1+—siﬂ12[(mk)mtahx/2} (O<k<])
& T
(1 7) <2 1 (1= 7)
k>1
e (Zl’i'(r)r N } e P

where u(z)= Z_\/\/i,
—A/tZ

chosen such that k=cosh(

te(0,1), ze E and z is

ﬂR,(t)J, R(t) is the
4R(1)

Legendre’s complete elliptic integral of the first kind and
R’(t) is complementarily integral of R(f), (Kanas et al.,

1998, 1999; Noor at el., 2009). The function pw(z) is

continuous as regard to k and has real coefficients for
k€ [0,0).
We now define the following subclasses of analytic

functions related with the class P of Caratheodory
functions (Noor, 2011).

Definition 1.1: Let P(p,,)C P denote the class of
functions p(z) which are analytic in E with p(0)=1

and which are subordinate to pk,y(z), written as

P = Pry P, (2)
p(E) c pk,y(E)‘
We note that P(p,,) =P and P(p, )= P(y), where

where is given by (7) and

pe P(y) implies Rep(z)>7%, z€ E. It can easily be

verified that P(Pk,},) is a convex set.

We extend the class P(p, ) as follows:

Definition 1.2: Let p(z) be analyticin E with p(0)=1.
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Then pe Pm(pk’y) if and only if, for m>2, 0<y<l,
ke [0,0), ze E, we have:

1 1
m, 1 m_1 8
p(z)= ( 1 2jpl(z) ( 1 ijz(z) p-p,€P(p,,). (8)

From (18), it can easily be seen that the class P, (p, ,)
coincides with the class P(p,,) for m=2. Also
P, (p,,)=F,(y), see Noor (2011).
P.(p,,) =F,, we refer to Goodman (1983).

For the class

Related to the class F,(p, ,), we define the following

function classes. For these classes we assume that
m=22, kel0,0), 0<y<1and ze E.

k—uRm(}/)z{f: feA and Zj: , )}, (9)
k-uVm(7)={f: feA and (Z]f:)'empk,n}, (10)
and, for o > 0,

k=M, (= {f feAad {(1 & W(Z? ) }E},)n(pk’y)}. (11)

For k=0, these classes reduce to the known classes

R (), V. (¥), and M (¥) which, respectively, contain

the functions of bounded radius, bounded boundary and
bounded Mocanu rotation of order ¥, see Goodman

(1983) and Noor (2011).
We now define some new subclasses of A.

Definition 1.3: Let f € A. Then fe k—UR (7,0,a) if
Q’fek—UR (y) for ke[0,),
0<y<l, m22, a>0, 020 and ze E. The class

k—UV (y,0,a) can be defined by the relation given
as:

and only if

fek—-uV (y,0,a) ifand only if
7f’ e k—UR (y,0,a). (12)

It can easily be seenthat fe k—UV, (¥,0,a) if and
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onlyif oo recx-uv, ().

Definition 1.4: Let f€ A. Then fe k—UM:(y,0,a)

if and only if Q7fek—-UM:(y) for z€ E. For

different permissible choices of parameters, we obtain

several known as well as new subclasses of A as
special cases.

PRELIMINARY RESULTS

The following lemma is a generalized version of a result
proved in Kansa (2003).

Lemma 2.1: Noor (2011). Let 0<k <oo and let B, ¢

be any complex numbers with fS#0 and

Re(%+ 5j> y. If h(z) is analytic in E, h(0)=1
+

and satisfies:

7h'(2)

{h(z” Bh(2)+0

}_< ka/(Z)7 (13)
and qk,y(z) is an analytic solution of:

2q(2)

{qk,y(Z)‘Fm}:pk’y(Z), (14)
ky

then g, ,(z) is univalent, h(z)< ¢, (2) < p, ,(2), and
4y.,(2) is the best dominant of (13).

Lemma 2.2: Miller (1975). Let
v=v,+iv, and let ¥(u,v) be complex-valued function

satisfying the following conditions:

u=u,+iu, and

(i) w(u,v) is continuous in a domain D <[] ?,
(i) (1,0)e D and y(1,0) >0,
(iii) Rewy(iu,,v,) <0 whenever (iu,,v,)e D and

v S—%(1+u§).

fhiz)y=1+ i c 7" is a function analytic in E such that

n=2

(W(z),72l(z))e D, and Re[w(h(z),zh'(2))]>0 for
z€ E, then Re(h(z)) >0 for z€ E.

Lemma 2.3: Let h(z) be analyticin E with 2(0)=1 and
let:

7 (2)

{h(Z) i h(z)+p

}e P(y), ze E. (15)

Then he P(y,), where ze E and Y, is given as:

{ 228y+1) }
%= . (1)
(2,3—27/+ 1)+\/(2,[5’—2}/+1)2 +8(2,3}/+1)

Proof: We shall use Lemma 2.2 to prove this result. Let
Mz)=A=7y)H(2)+7. (17)

Then h(z) is analytic in E with h(0) =1. From (17), we
have:

H(2)
hz)+pB

(1-%)zH'(2)

h(z)+ R
@ (=) H@+(B+70)

=(1-nH@)+y+

and from (15) it follows that:

A=R)H ) } in E.
(1-)H)+(B+7)

Re{(l—}/l)H(z)+(7l -+

We form the functional ¥ (u,v) by taking u= H(z),
v=zH'(2) as:

(1_71)V )
(1_7/1)”+(ﬁ+71)

v, v)=>0-y)u+y, -y +

The first two conditions of Lemma 2.2 are easily satisfied.
We verify condition (iii) as follows:

A=),
(A=Riw,+(B+x)
(B+y)A=%v,
A=3)1i+(B+7)
Bp=p)itw) o +i)
A (-wrw+B+yy | ’

Re w(iu,,v)=(%—-7)+Re

=(h-1+

<=7

_A+Bu;
2c 7

where

A=2(1-(B+1) = (B+7)A-7),



B=2(3,— (-1 =(B+r)A-7), and
C= [(1— ¥ u; +(B+ 71)2} >0. It
observed that Re ¥(iu,,v,) <0 if and only if A<0 and
B<0. From A<0, we obtain ); as given by (16) and

can easily be

B <0 givesus 0< ¥, <1. We now apply Lemma 2.2 to
obtain Re H(z)>0 and this implies he P(y,) for
z€ E. This completes the proof. L

Lemma 2.4: Kanas (2003). Let 1<k <oo and let p(z)
be analytic in E, p(0)=1 and p(z) satisfies (2.1).
Then:

p(2) < & ~7 (18)
{(Z—k)log(l—kﬂ
and
1
Re p(z) > S (19)
(k+1)10g(1+kj

For the following two results, we refer to Noor (1992).

Lemma 2.5: An analytic function feV (p) if and only if

there exists f, €V such that:

f@)=(f ().

(')
@
with (2 = 1+i ¢ - Then for z=re”, ze E

n=1

Lemma 2.6: Let feV (p) and let h(z)=

(i) L Mlh(i’em)ldeS 1—{m2(1—p)2_1}r2 ’
27 Yo 1/

i 16 m(l—p)

(ii) —J' yldo<———F7 -

Lemma 2.7: Goluzin (1946).
and0<r<I.

Let f(z) be univalent
Then there exists a number z; with

| z, =7 such that for all z, |zI=r, we have:
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2 2
Iz—zlllf(z)lsl_r >

MAIN RESULTS

Theorem 3.1: Let 020, y<[0,1), a>7+ﬁ and
+

k €[0,0). Then:

k—UR (y,0,a)ck—UR (y,0+1,a).

Proof: Let fe€ k—UR (y,0,a). Set

WO @) (

———|h, (20)
07" f () jm) ( 2) @

Using (1.4), we obtain:

= {h(z)+

a—1+n

70 (2)

207 f(2))
h(z)+a-1

P(p,)in E. (21
07 f(2) }e n(Per)

n

Zz". Then using convolution

Define ¢(z) = z

technique, we obtaln from (20):

o) o)

where symbol * denotes convolution. This gives us:

h(z)+7Zh,(Z) :(m+lj{hl(z)+Zh‘(Z) ]
h(z)+a-1 4 2 h(z)+a-1
_(m_lj[hz(z)+zw>}
4 2 h(z)+a—1

Using (21), we have:

{hi(z) +

We now apply Lemma 2.1 with S=1,

zh/ (2)

—= , =12 22
h,-(z)+a—1} Prr ! @

d=a-1,

a> ;/+L and obtain:
k+1

h(2)=<q,,(2)<p, (2,
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where qk,y(z) is the best dominant of (22) and is given
as:

qk,y(z): —(a—l),

1
8:,(2)

1 1z —1 -
gy (2) = {Io(exp J., %dujdt} .

h e P(pk,y), i=1,2 and
Consequently he€ B, (p,,) in E, and the proof is

This  implies ze E.

complete.

We have the following special cases:
Corollary 3.1: For k=0, a >0, we derive the result for
R () by using Lemma 2.3 with f=a—1.
that, if fe0-UR (y,0,a), then
f€e0-UR (y.,0+1,a), for ze E and

It follows

v - 2027(a-1)+1)
ol @a-2y-D+J2a-2y -1 +8Qya-1+1) |

When a=1, Q°fe€ R, (y) and from Theorem 3.1 it
follows that Q"' f € R, (¥,) in E with

2
_[(1—27)+\/(1—2}/)2+8

and a=1, o=1, y=0 gives us an interesting result

that f eV implies fe R (¥,), 7, :%. This

2
1+\/§

leads to a well known result, for m =2, that a convex

function is starlike of order —

Corollary 3.2: For k=1, a=1 and y =0, we note that

{h()+Z (Z)}egl, i=1,2.
h(z)

Then, using Lemma 2.1, it follows that

,1++/z
1-~z°

2
h(z) < p,(z)=1+ Flog

The branch of +/z is chosen such that thZ >0 and

1
Pro(=1D) =5 Thatis, he P,(p, ).
Q7 fe1-UR, (0)

T fel-UR, (). In
fel-UR (0,0,1)= fel-UR, (¥,,0+1]1),

Therefore, implies

other words,

where ¥, =—

Corollary 3.3: We take y=0, k>1, a=1. Let

fek—-UR (0,0,1). Then, i=1,2,
U

{ (2 )+Zh ((ZZ))} Pro(2)s

which, on using Lemma 2.4, gives us h(z) < g, ,(2)
in E, or
h(2)< < .
Z

z—k)log| 1-=

(z—k) g( k)
This implies:

1 .
Re h(z) > 1 =4, i=12.
(k+1)log(1+kj

Thus he P,(6,) and this gives us:
fek—UR (5.,0+L1).

Corollary 3.4: Let fe 2—UR (0,0,1). This gives us for
i=12

(z) 1
{h( e h(2) } Prl@) =7
2

From this it follows that:

R{(z) 4@ (Z)} —>Reh(z)>13~0813...:c§.

h@ 3o



Consequently f € 2—UR (6,,0+1,1) in E.

Theorem 3.2: Let 020, y<[0,1), a> 7/+ﬁ and
+

k € [0,00). Then:
k—-uV (y,0,a)ck—-UV (y,0+1,a) for z€ E.

Proof: The proof of this result follows immediately when
use relation (11) together with Theorem 3.1.
L

Theorem 3.3: For ke (0,), m =22, >0, c 20,
k—uM?(0,0,a)ck—UR (0,0,a)

Proof: The case & =0 is obvious. We suppose & > 0.
Let

AL f@) _ m_1
0 f ) hz)= ( jfﬁ( )= ( jhz(Z) (23)

We note that A(z) is analytic in E with #(0) =1. Then,
from (23), we have:

o <z(fo<z))3} {(z)mzh’@}e P(p.). (24

{(l_ L)

N O] hz)

From (23), (24) and convolution technique, it follows that

h/
h(z)+ i AR Pio(2), =12, zeE.
*hl-(Z)
(94
, 1
Wwith f=—, 0=0, we apply Lemma 2.1 to have
o

hi(Z) < ;o= pk,o(z)’
dominant,

where g, (z) is the Dbest

1 p j;—l = Prou)—1 «
qk’o(z)_ ;J‘O(l eXp J.r Tdu dt 5

and consequently he P, (p,,) for ze E.  This proves

the result. L

We have the following special cases:
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Corollary 3.5: We take a=1, k=1,
1+
Pio(2)= 1+—1 2 ﬁ and the best dominant is
given by:

ql,o(z)={_[l(exp_|gmdu}dt} , with
0 f u

1
ql,o(_l) = E

Therefore, from Theorem 3.3, we have:

1—uvm(o,o,a)cl—uRm(%,a,a).

Corollary 3.6: Let, for =0, a=1, ke (l,),

fek —quln (0,0,a). That s,
fek-uV (0,0,a)= fek—-UR (y,,0,a),

where 5]( — qk,()(_l) — 1 ,

(k+Dlog(1+ )

ke (1,0).

Corollary 3.7: With =0, a =1, k=2, it follows from
Theorem 3.3 that:

! =0.813....

2-WV (0,0,a)c2—UR (5,,0,a), &=
310g5

Theorem 3.4: For
k—uM(y,0,a)ck—UM>(y,0,a).

0<a,<cq,

Proof: For &, = 0, the proof is immediate from Theorem
3.3. Therefore, we
fek—uUM>(y,0,a).
functions H,(z), H,(z) in P,(p,,) such that:

suppose  «, >0, and

There exist two analytic

H\(2)= {(1—04) A/ @), Q@)Y }
0,f(2) (07 f(2))
_2Q7f ()
Hz(Z)_ Q::f(z) Pm(pk,r)
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By Theorem 3.3. We use the fact that P, (p,,) is a
convex set, see Noor (2011), and since:

AL f) N
df(2)

L _
@ FY

& &
(l-) 1-— |H\(2)+—H,(2),
%) 2 [ oqj pe 2

we obtain the required result that:

fek—UM?(y,0,a) for z€ E. U

m

+

Remark 3.1: Since k—UV (y)cV, (II—ZJ, we can
+

easily deduce that

k + 7/)

Q’fek—WV (y) implies feV, (_
1+k

HANKEL DETERMINANT PROBLEM

Let f € A and be given by (1.1). Let

a j a. (25)
a+n-1

fo(z)=Z+iAnZ", 412(

For g =1, n=1, we define Hankel determinant Hq (n)

for a function f(z), given by (1), as:

an an+l T an+q—l
a a a
n+l n+2 n+q
H,(n)=| " : (26)
an+q—l an+q o an+2q—2

The problem of determining the rate of growth of this
determinant has been considered by several authors
(Noonan et al.,, 1972; Noor, 1992; Pemmerenke, 1966,

1967). For z, a nonzero complex number, we define:
Az, (D=4, (3, f(@)—zA, 0+l 2. f@) j21,  (27)

with A, (n,z,, f(2)) =a,.

To prove our main theorem here, we shall need the
following two results, which are due to Noonan et al.
(1972).

Lemma 4.1: Let f € A and be given by (1) and let the

gth order of Hankel determinant of f(z) be defined by
(26). Then, writing A, =A . (n, z;, f(2)), we have:

A o) A, (n+])
A, L(n+]) A, (n+2)

A, (n+q—1)
A(n+q) | (28)

2q

H,(n)=

Aq—l (n+ q _1) Aq_z (n + q) : AO (n + 2q - 2)

Lemma 4.2: With z, =Ly, and v >0 any integer,
n+1
, L)Y (w-(-1
Aoz @)= [P EM L ity o).
=o\!) (n+])

We shall also need the following remark given in Noonan
et al. (1972).

Remark 4.1: Consider any determinant of the form

Yog-a Vag3 7 Y
D= y2‘q73 Yogea 70 yqu ’
yqfl yq72 yo

with 1<i, j<q and & =y, ;. D=det(a ).
Then:

q

D=3 (sgn D[] vaotiens

ves, j=1

where Sq7 is the symmetric group on g elements, and

sgn v, is either +1 or —1. Thus, in the expansion of D,
each summand has ¢ factors, and the sum of the

subscripts of the factors of each summand is q2 —q.

Now let n be given and H (n) be given as in Lemma

4.1, then each summand in the expansion of H (n) is of
the form:

q
[1a,00+2q-2-v,G)),
i=1

q
where v, € S, and zu(i)=q2—q, 0<v(i)<2g-2.

i=1
We now prove:
Theorem 4.1: Let fek—-UV (y,0,a) and let the

Hankel determinant of f(z), for g =2, n>1 be defined
by (26). Then, for 4{1+ k (q_l)}_z we have:
-y ’



- cq-g* ) I-y)\_,_
H, (n)=0)n , C—{(2+lj(l+kj o 1},

and O(1) dependsonlyon m, ¥, k and O.

Proof: Since fek—-UV (y,0,a), it follows from

Remark 3.1 that:

Q) fek-uV, (v, (Mj for ze E.
1+k

Let Q7 f = F(z). then, using Lemma 2.5 and a result
due to Brannan (1968, 1969), we can write:

k+;/

Fi(z)=(F (@) ™, FeV,,

feof e
Z Z

14k

, 5,8,€S.
We can write:
+k
(zF'(2)) = F(2)h(z), he P, (71/ k} and

T(z)=(2(zF'(2))) = F'(2)[h(z) + zh'(2)].

Now, for zzrei‘g, j=1, Z, any nonzero complex
number, we consider:

‘ A (n, ZI,T(Z))‘ —2 ) T(2)e ™" d%
m 1 1- }/ (30)
1 2 ‘S (Z)‘ ,
S )y el T o [ @+ () d6,
2y .[o ‘S2(z)‘(4 ZIWJ ‘

where we have used (29).

Using Lemma 2.6, Lemma 2.7 and well-known
distortion result for starlike functions in (4.6), we obtain
for:

m 1\ 1=y
+ >7j, j=21
(4 2}(1 kj Jo

m I\ . m B .
b E“Im}zfa Y5
)| S

Where B(m,¥,k) is a constant depending on m, ¥, k
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and j only. Now applying Lemma 4.2 and putting

e, (n — o), we have for:

Zl =
n+l
LY
m>[2§1++;‘) ,-_z], J21, a,me 0 fn=om T

and on using relation (4.1), we obtain:

1173102

A (ne®, £(2))=0(]) eu inesd (31)

where O(1) depends on m, ¥, k, j, a and o only.

For g=1, H/(n)=a,=A,(n) and from (30) we

have:

a = A, (n,e%, f(2)=0() Al

For o =0, this result reduces to one proved in Noor
(2011). For g =2, we use Lemma 4.1, Lemma 4.2, (31)

and Remark 4.1 with similar argument due to Noonan et
al. (1972) to have:

H,(n)=0() n"[g“m}‘”}qz, m> (4(1 9 g1~ ZJ,
1+y

where O(1) depends only on m, g, ¥, k, a and O.
This completes the proof. LI
For c=k=y=0, we obtain the rate of growth of

Hankel determinant of functions of bounded boundary
rotation. By choosing different permissible values of the
parameters involved, we obtain several new and some
known results as special cases of this result.

CONCLUSION

In this paper, we have used the principle of subordination
and a family of integral operators to introduce some new
subclasses of analytic functions in the unit disc. We have
obtained several results such as inclusions results and
radius problems for these classes of analytic functions.
The rate of growth of Hankel determinant for the
functions in these new classes is also studied. We have
also discussed some special cases of our results. These
results may stimulate further research in this field.
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