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In this paper we present an efficient modification of the homotopy perturbation method. We apply the 
method to solve a class of singular initial value problems (IVPs) in the second-order ordinary 
differential equations (ODEs). Modified homotopy perturbation method (MHPM) yields solutions in 
convergent series forms with easily computable terms, and in some cases, yields exact solutions in one 
iteration. Comparisons with the exact solutions and the solutions obtained by standard HPM show the 
efficiency and accuracy of MHPM in solving singular problems. 
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INTRODUCTION 
 
The homotopy perturbation method (HPM) was proposed 
for solving linear and nonlinear differential and integral 
equations first by He (1999, 2000). The method, which is 
a coupling of the traditional perturbation method and 
homotopy in topology, deforms continuously to a simple 
problem which can be solved easily. The HPM is applied 
to Volterra’s integro-differential equation (El-Shahed, 
2005); nonlinear oscillators (He, 2004); bifurcation of 
nonlinear problems (He, 2005);  bifurcation of delay-
differential equations (He, 2005); nonlinear wave 
equations (He, 2005); boundary value problems (He, 
2006); quadratic Riccati differential equation of fractional 
order (Golbabai and Sayevand, 2010; Odibat and 
Momani, 2008); singular differential equations 
(Chowdhury and Hashim, 2007; Yıldırım and Ozi, 2007) 
and other fields (Abbasbandy, 2006; Ariel, 2010; He, 
2003; Siddiqui et al., 2006). In recent years some 
modifications have been done on HPM for solving 
different kinds of differential equations (Ghorbani and 
Saberi-Nadjafi, 2008; Lu, 2009; Odibat, 2007; Siddiqui et 
al., 2009). 

In   Wazwaz   (2002),   a   convenient   modification    of  
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Adomian decomposition method has been proposed by 
introducing a new differential operator to solve singular 
Lane–Emden equations. In Hosseini and Nasabzadeh 
(2007), this new operator has been extended to solve 
specific singular ODEs. In Hosseini and Jafari (2009), this 
operator has been applicable for almost all kinds of 
singular differential equations.  

It is the purpose of the present paper to introduce a 
new reliable modification on the HPM according to the 
defined operator mentioned in Hosseini and Jafari (2009). 
The new modification demonstrates a rapid convergence 
of the series solution if it compared with standard HPM. 
The obtained results suggest that this newly improvement 
technique introduces a powerful improvement for solving 
nonlinear singular problems. 
 
 
The HPM and MHPM  
 
The principles of the HPM and its applications for various 
kinds of differential equations are given in (Golbabai and 
Sayevand, 2010; Abbasbandy, 2006; Ariel, 2010; He, 
2003; Siddiqui et al., 2006). For convenience of the 
reader, we will present a review of the HPM (He, 1999, 
2000) and then we will present the algorithm of the new 
modification   of   the   HPM.   To   achieve  our  goal,  we  



 
 
 
 
consider the nonlinear differential equation: 
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with boundary conditions 
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where L is a linear operator while N  is nonlinear 

operator, B  is a boundary operator, Γ is the boundary of 

the domain Ω and )(rf  is a known analytic function. 

 
 
Homotopy perturbation method (HPM)   
 
The He’s homotopy perturbation technique defines the 

homotopy [ ] R,×y(r.p): →Ω 10  which satisfies 
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                                                                                 (3) 
 
which is equivalent to  
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where [ ]1,0∈p  is an embedding parameter and
0

y is an 

initial approximation which satisfies the initial conditions. 
It follows from equations (3) and (4) that 
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Thus, the changing process of p from 0  to1 is just that 

of ( )pry ,  from )(
0

ry to )(ry . In topology, this is called 

deformation and ( ) ( )
0

yLyL − , ( ) ( )rfyA −  are called 

homotopic. Here the embedding parameter is introduced 
much more naturally, unaffected by artificial factors; 
further it can be considered as a small parameter 

for 10 ≤≤ p . So it is very natural to assume that the 

solution of (3) and (4) can be expressed as 
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The approximate solution of Eq. (1), therefore, can be 
readily obtained, 
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The convergence of the series (7) has been proved by 
He 1999, 2000. 
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Modified homotopy perturbation method 
 
Consider the singular initial value problems in the form: 
 

),(),(')(" xgyxNyxpy =++                                       (8) 

 
subject to the initial conditions 
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where ),( yxN  is a continuous real value function and 

)(xg  and )(xp  are given functions and BA,  are 

constants. 
In addition, suppose that, 
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where )(xh has Taylor series in ax = . In Hosseini and 

Nasabzadeh 2007, a new differential operator has been 
presented, as below: 
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So, the problem (8) can be written as, 
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The inverse operator
1−

L  is therefore considered a two-
fold integral operator, as below, 
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According to HPM, and by (13) we can determine the 

components )x(yn , and the series solution of )(xy  in 

equation (7) can be obtained. For numerical purposes, 
the n-term approximant, 
 

∑
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can be used to approximate the exact solution. 

To continue, the performance of modified HPM (above 
proposed method) is considered. By attention to 
equations (7) and (13), computing )x(y n ’s may be 

difficult, especially, when )(xp has singularity at initial 

point, ax = . To remove this difficulty, we attempt to 

approximate 
dxxp

e∫
)(

and
dxxp

e ∫− )(

by polynomials. Thus, 

in this case, )x(y n
’s (which  are  presented  in  equation 



1530          Int. J. Phys. Sci. 
 
 
 
(7)), will be easily computed. For this reason, we 

substitute the Taylor series of )(xh , at ax = , in 

equation (10). Now, for arbitrary natural number m , we 

put, 
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Thus, we have, 
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where, 
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Again, for arbitrary natural number , we substitute the 

Taylor series of )(xS in Equation (15), 
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and with a similar way, we have, 
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where,  
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It will be shown that substitution of the approximations 

(16) and (17) in 
1−

L  operator (13), is convenient and by 
using these approximations, we can easily 

compute )(xu
n

’s. 

 
 
Numerical examples 
 
Example 1.  
 
Consider the nonlinear singular IVP (Hosseini and Jafari, 
2009), 
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where )(xg is compatible to the exact solution 
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Standard homotopy perturbation method 
 
We put 
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In an operator form, equation (18) yields 
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According to the HPM, we now construct a 

homotopy [ ] R,y(r.p):R× →10 which satisfies the 

following equation 
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By applying the standard procedures of HPM, we have 
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By solving above system we have, 
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It is easy to see that the standard HPM converges to the 
exact solution (19) very slowly. 
 
 
Modified homotopoy perturbation method (MHPM) 
 
Here we use, 
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Now by substituting the Taylor series of
2

)1(

1

+x
with 

order 9 into equation (21), we obtain, 
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In an operator form, equation (18) yields 
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According to the HPM, we now construct a 

homotopy [ ] R,y(r.p):R× →10 which satisfies the 

following equation 
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Now by applying the procedures of HPM, we have 
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By solving above system we have, 
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which )x(y)x(y)x(yy 210 ++≈  is quite close to the 

exact solution (18). 
 
 
Example 2   
 
Consider the nonlinear singular IVP (Hosseini and Jafari 
2009), 
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where )(xg is compatible to the exact solution 
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Here, it is convenient to use the Taylor series of )(xg with 

order  which by choosing 9=ν , 
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Standard homotopy perturbation method 
 
According to example 1 we have, 
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By applying the standard procedures of HPM, we have 
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By solving above system we have, 
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Here, the standard HPM converges to the exact solution 
(23) very slowly, since the Taylor series of the exact 
solution is as below, 
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Modified homotopoy perturbation method (MHPM) 
 
According to example 1 we have, 
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Now by applying the procedures of HPM, we have 
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By solving above system we have, 
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The comparison between the above obtained result and 
equation (25) shows that the rate of convergence of the 
modified homotopy perturbation method is faster than the 
standard homotopy perturbation method for this problem. 
 
 
Example 3 
 
Consider the nonlinear singular IVP (Hosseini and Jafari 
2009),  
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which has the exact solution 
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Here, it is convenient to use the Taylor series of )(xg with 

orderν which by choosing 9=ν , 
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In addition, to compute )x(yn ’s the power series 

of
x

x)sin(
with order 9, i.e., 
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is used. 
 
 
Standard homotopy perturbation method 
 
According to example 1 we have, 
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By applying the standard procedures of HPM, we have 
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Here, the standard HPM converges to the exact solution 
(27) very slowly, since the Taylor series of the exact 
solution is as below, 
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Modified homotopoy perturbation method (MHPM) 
 
Here we use, 
 

.(.)(.)
)()(1 dxdxeeL

x

a

dxxpx

a

dxxp

∫∫ ∫∫=
−−

                      (31) 

 
which by using equation (28) we have, 
 

,
9753

2665920

1

35280

1

600

1

18

1)sin(
)( xxxxxdx

x

x
dxxp

eee
+−+−

≈
∫

=∫
            (32) 

 
And 
 

,
9753

2665920

1

35280

1

600

1

18

1)sin(
)( xxxxxdx

x

x
dxxp

eee
−+−+−−−

≈
∫

=∫
            (33) 

 

Now by substituting the Taylor series of (32) and (33) 

with order 8 into Equation (31) we obtain, 
 

∫ ∫=−
x

a

x

a
dxdxxwxvL ,)(.)()((.)

1
 

 
where, 
 

,
99225

23

32400

151

225

4

72

1

9

1

2

1
1)(

765432
xxxxxxxxv −−+−−+−=  

 
and 
 

.
99225

23

32400

151

225

4

72

1

9

1

2

1
1)(

765432
xxxxxxxxw +−−−+++=  

Jafari et al.        1533 
 
 
 
According to the HPM, we now construct a 

homotopy [ ] R,y(r.p):R× →10 which satisfies the 

following equation 
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The obtained results illustrate the advantages of using 
the proposed method in this paper, for these kinds of 
equations. 
 
 
Conclusion 
 
In this work, we proposed an efficient modification of the 
HPM which achieves to the exact or approximate solution 
of the singular nonlinear differential equations with less 
computational work comparing with the standard HPM. 
The new modification can provide the exact solution by 
using only a minimal number of iterations and improves 
the performance of the standard HPM. Several examples 
were tested by applying the modified HPM and the 
results have shown remarkable performance. 
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