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In this paper, alternative variational iteration method (AVIM) is presented to solve linear and nonlinear
delay differential equations (DDEs). A general lagrange multiplier is used to construct a correction
functional. The proposed series solutions are found to converge to exact solution rapidly. The
computation of three test examples of DDEs was presented to confirm the efficacy and validity of AVIM.
The results obtained show that the AVIM is very simple and efficient.
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INTRODUCTION

In several physical phenomena, science, engineering and
applied mathematics, differential equations appear both
linear and nonlinear latency. The introduction of delay in
the model enriches its dynamics of these models and
allows for a precise description of the phenomena of real
life. Delay differential equations (DDES) are proved to be
useful in Fridman et al. (2000), control systems. In many
physical phenomena, lasers, traffic models Davis (2002),
metal cutting, epidemiology, neuroscience, population
dynamics Kuange (1993), chemical kinetics Epstein and
Luo (1991). In disparate ordinary differential equation
(ODE), where the initial conditions are defined at
preliminary point, DDEs given device history as the initial
conditions over the delay interval. Different kinds of
vigorous technigues have been developed in recent
years to find an approximate solution for these such
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delay differential equations, as the Sumudu variational
iteration method (SVIM) Vilu et al. (2019), the Laplace
variational iteration method (LVIM) Biala et al. (2014), the
Optimal homotopy asymptotic method (OHAM) Anakira et
al. (2013), the Differential transform method (DTM)
Karakoc and Bereketoglu (2009), Rashidi et al. (2011),
the Homotopy perturbation method (HPM) Shakeri and
Dehghan (2008), the Adomian decomposition method
(ADM) Evans and Raslan (2007) and the Homotopy
analysis method (HAM) Alomari et al. (2009), Hassan
and Rashidi (2011). The method of variational iteration
method (VIM) was developed for solving nonlinear
problems by He (1999, 2000, 2004, 2007) He and Wang
(2007) and He and Wu (2007). Subsequent Batiha et al.
(2007), Mahdy et al. (2015), Noor and Mohyu-Din (2008),
Wazwaz (2009) and Wu (2013) reflect the VIM
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procedure's versatilliy, reliability and performance. The
aim of this paper is to use alternative method of
variational iteration (AVIM) (Sakar and Ergoren, 2015;
Singh and Kumar, 2017) to solve linear and nonlinear
differential equations of delay (Biala et al., 2014; Vilu et
al., 2019; Alomari et al., 2009). We show that by standard
of variational iteration the approximate solution thus
obtained converges more easily relative to the
approximate solutions. Several illustrative examples have
been presented.

ALTERNATIVE VARIATIONAL ITERATION METHOD
(AVIM)

To illustrate basic idea of this method, we consider a
general differential equation (Sakar and Ergoren, 2015;
Singh and Kumar, 2017)

L[x@®)]+R[xt)]+N [xt)]=9(),

1)
x®©0)=c,, k=0, 1...

’ m_11

where C, are real numbers, R is a linear operator, N is

a nonlinear operator, L =d ™x (t)/dt™ is the term of
maximum order derivative, and ¢ (t) is a known analytic

function.
The correctional function (1) can be constructed using
AVIM as defined in Odibat (2010) as:

Xk+1(t):Xk(t)+'[ 2@ [L[xO]+R [% (D] +N [%, (7)] g(f)]dr,

Where the Lagrange multiplier A(7) can be optimally

defined by way of variation theory. Generally, the
following Lagrange multipliers are used:

Ar) = ¢(t —7)", m>1, 3)

(m-1)!

Equations 3 and 2 yield the following iteration formula

m

=S (4)
Sl

Veal= ¢ ,j Ly @]+ R @]+N [¥, ()]-9(2))dr.
0

Now, we apply the variational iteration solution

X, ()= Z Y (t), in the present framework is obtained
k=0
by the following iteration formula for m € N .
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Then we have x (t) = lim cO=Dy ).
k =0

APPLICATIONS

In this part, three examples are provided that illustrate the
method of Biala et al. (2014), Vilu et al. (2019), Alomari et
al. (2009).

Example 1. Consider a first order nonlinear delay
differential equation as given:

x’(t):l—ZXZ[%j, X (0) =0. )

Keeping Equation 4 in mind, the iteration formula of
Equation 5 at M =1can be constructed as

yO(t) =0,

i 2 (6)
Yiut)=- .([ [ddz_[yk(f)]+2 (yk (;D —1]dz'.

Applying the iteration formula of Equation 6, we attain
y 0 (t ) = 0,

yi(t) = jdrzt,
0

t 3
¢ , t
V)= -5 [r?dr=——,
24 6
t 4 6 5 7
T T t t
t)=— || ——+ dr=—~— ,
Ys®) ﬂ 24 1152] 120 8064
(t)——]. i_ 617° N 6770 B 2 N r dr
Yolt)= 0 1920 2580480 309657600 990904320 532790162432

t7 s I s 1 ~ 1
13440 23224320 3406233600 12881756160 7990652436480

The solution of Equation 5 is

x©=3y,0). o
k =0

Which is closed form to the exact solution and the results
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Figure 1. The solution behavior of AVIM, SVIM and exact solutions
X (t) of Example 1for t € [0,1] .

Table 1. Approximate AVIM solution of Example 1.

t Exact AVIM approx. Eabs

0 0 0 0

0.2 0.1986693308 0.1986693309 0

0.4 0.3894183423 0.3894183422 1E -10
0.6 0.5646424734 0.5646424721 1.3E -09
0.8 0.7173560909 0.7173560740 1.69E —-08
1.0 0.8414709848 0.8414708609 1.239E -07

due to Biala et al. (2014) and Vilu et al. (2019) and
Alomari et al. (2009). The solution behavior of X (t) for

different time t [0,1] depicted in Figure 1. In particular,
the Solution 7 reduces to
o th e’ 67t" ts =

X)=t-—+—-—+ - + -
6 120 5040 23224320 3406233600 12881756160 7990652436480

Which is same as obtained by SVIM Vilu et al. (2019),
LVIM Biala et al. (2014), HPM Alomari et al. (2009) and is

closed form of the exact solution X(t)=Sin(t). The

approximate AVIM solution and the absolute values of
AVIM are reported in Table 1 while the error behavior
between SVIM Vilu et al. (2019) and AVIM in Example 1
is shown in Figure 2.

This confirms that the proposed results agreed well
with solutions obtained by SVIM Vilu et al. (2019), LVIM
Biala et al. (2014), Alomari et al. (2009) and approach
exact solution.

Example 2. Consider a second order linear delay
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Figure 2. Plots of the absolute errors for some values of {
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solutions X (t) of Example 2 for t 6[0,1] .
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differential equation as given:
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3
—X

X"t)=>,

(t)+x(t2j—t2+2, Xx(0)=0, x'(0)=0. (8

Keeping (4) in mind, the iteration formula of Equation 8 at
m = 2 can be constructed as:

Yot)=0, 1 ©)
V)= [(r-1) [;;[ykm]_j(yk(f))_yk(gjwz_zjdf.

0

Applying the iteration formula of equation (9) above, we
attain

Yolt) =0,
t £ 4

V0= [(r=t) (2 -2)dr=t* -,

0

t 4 4 6
yo) = I(f—t)[m —rzjdr—t—m
0

192 12 5760

t 4 6 6 8
Vo) = J-(Tft) 13z N 6377 dz_:13t _ ot ‘
0 192 368640 5760 2949120

. 17563t
2949120 67947724800

F [ 6377°

1756378 91t 8
t)= -t)| - - d
ya®) ! (==t) 368640 754974720}

The solution of Equation 8 is

x©=3y,0). 10)
k=0

Which is closed form to the exact solution and the results
due to Biala et al. (2014) and Vilu et al. (2019) and
Alomari et al. (2009). The solution behavior of X (t) for

different time t [0,1] depicted in Figure 3. In particular,
the solution 10 reduces to

17563t 1°

x ()=t s
67947724800

Which is same as obtained by SVIM Vilu et al. (2019),
LVIM Biala et al. (2014), HPM Alomari et al. (2009) and is

closed form of the exact solution X (t)=t?%. The

approximate AVIM solution and the absolute values of
AVIM are reported in Table 2 while the error behavior
between SVIM Vilu et al. (2019) and AVIM in Example 1
is shown in Figure 4. This confirms that the proposed
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Table 2. Approximate AVIM solution of Example 2.

t Exact AVIM Approx. Eabs
0 0 0 0
0.2 0.04 0.04 0
0.4 0.16 0.16 0
0.6 0.36 0.3599999984 1.6E -09
0.8 0.64 0.6399999722 2.78E -08
1.0 1 0.9999997415 2.585E -07
35=10°7 Yolt) =t,
I 1 2| d? 2\ 12)
3w 10-7 g Yk+1(t)=—5 E‘;(T—t) [M[Yk(f)]—z[h(zn *1}17-
!
235x10°7 j. Applying the iteration formula of equation (12) above, we
;"J attain:
-7 {
2.% 10 f
/) Yolt)=t
J,ﬂ I 2, 7 t t°
1.5 10" flf yt)=- I(r—t) [1—2}11——6 w0
f 1! 4 6 8 10
-7 1l Y= = [(rot)? |y B T d
tx10 o V2 2£(r ) [24 720" 46080 7372800] i
! ’J t? tg tll t13
5.x10°% £ =-——+ - + ,
z 5040 362880 45619200 12651724800
<
1] "-’# 78 137% 9_12 1114
30 5 06 07 0. . - 2.0846x10°° 712 -1.1323x10"
0 01 02 03 04 ur 06 07 08 09 1 27560 62687280 x10% 7 x107"7
_—— AT —— T t
| AVIM SVIM ya(t) = —j(r—t)z +4.5326x10™ 71 ~1.3435x10 " 718 +.2.9026x10 ™ 7 ? |d ¢
0
Figure 4 Plots of the absolute errors for some values of t with _4.3685x102 72+ 41309x105 72 —1.8619x10 2 7 2
SVIM [Vilu et al. (2019)] and AVIM in Example 2.
tll t13
_ ) ) ) = + ~7.6471x10 2t +.2.7753x10 5t 17 -
results agreed well with solutions obtained by SVIM Vilu 319334400 12262440960
et al. (2019), LVIM Biala et al. (2014), Alomari et al.
(2009) and approach exact solution. 7.7960x10 8t +1.6836x10 *t 2 ~2.7316x10 2t %+ 3.1656x10 %t ®
) ) ) -2.3538x10 7%t 7 +8.4924x10 #t ®,
Example 3. Consider the third order nonlinear delay
differential equation as given: The solution of Equation 11 is
t
x”’(t):—1+2x2(j, x (0)=0, x'(0)=1, x"(0)=0. (11) i
2 X®)=> v, ). (13)
k=0

Keeping (4) in mind, the iteration formula of equation (11)
at M =2 can be constructed as: Which is closed form to the exact solution and the results
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Figure 5 The solution behavior of AVIM, SVIM and exact
solutions X (t) of Example 3for t € [0,1].

Table 3. Approximate AVIM solution of Example 3.

t Exact AVIM Approx. Eabs
0 0 0 0
0.2 0.1986693308 0.1986693309 1E -10
0.4 0.3894183423 0.3894183422 1E -10
0.6 0.5646424734 0.5646424734 0
0.8 0.7173560909 0.7173560909 0
1.0 0.8414709848 0.8414709848 0

due to Biala et al. (2014) and Vilu et al. (2019) and
Alomari et al. (2009). The solution behavior of X (t) for

different time te[O,l] is depicted in Figure 5. In
particular, Solution 13 reduces to

t3 t5 t7 t9 tll t13

—7.6471x10 Bt B 4

2.7753x105¢ 1 —7.7960x 10 8 1 +1.6836x10 2t 21— 2,7316x10 Bt B +
3.1656x10 2t %~ 2.3538x10 2t 7' +8.4924x10 *t 2,

Which is same as obtained by SVIM Vilu et al. (2019),
LVIM Biala et al. (2014), HPM Alomari et al. (2009) and is

closed form of the exact solution X(t)=Sin(t). The

approximate AVIM solution and the absolute values of
AVIM are reported in Table 3 while the error behavior
between SVIM Vilu et al. (2019) and AVIM in Example 1
is shown in Figure 6. This confirms that the proposed
results agreed well with solutions obtained by SVIM Vilu
et al. (2019), LVIM Biala et al. (2014) and Alomari et al.
(2009) and approach exact solution.

Conclusion

In this paper, AVIM has been applied for finding the
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Figure 6. Plots of the absolute errors for some values of t with SVIM [Vilu et al. (2019)] and AVIM in

Example 3.

approximate solutions of the linear and nonlinear DDE.
The method gives more realistic series solutions that
converge quickly in physical problems. The numerical
results have been given in terms of the power series
which converges to the exact solutions. The computation
of three test examples of DDEs was presented to confirm
the efficacy and validity of AVIM. The proposed
agreement was excellent with Biala et al. (2014) and Vilu
et al. (2019). These approximate solutions are obtained
without any perturbation, discretization or restrictive
conditions.
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