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Hypersurfaces with constant scalar curvature and two different principal curvatures isometrically
immersed in an (n+1)-dimensional space form m (C) of constant curvature ¢ and especially in

S™(c) have been extensively investigated within the last four decades. In the present work, we study
complete spacelike hypersurfaces with constant scalar curvature and have sectional curvatures
K(7) =1 in de Sitter space Sl6 (I) and find a result on the type number of such a hypersurface.
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INTRODUCTION

Let Ml’j”’ (c) be a (n+ p) -dimensional connected semi-

Riemannian manifold of constant curvature ¢ whose
index is p. It is called an indefinite space form of index p

or simply a Lorentzian space form when p=1. If¢ >0,
we call it as a de sitter space of index p and denote it
by S777(c). Now, let L'"* be the (n+2)-dimensional
Lorentz-Minkowski space, that is, the real vector space
[0 "** endowed with the Lorentzian metric tensor and let
S < L'*? be the (n+1) -dimensional unitary de Sitter

space. For n>2 the de Sitter space S;"' is the

standard simply connected Lorentzian space form of
positive constant sectional curvature 1. A smooth

immersion @ :M" — S of an ndimensional

connected manifold M"is said to be a spacelike
hypersurface if the induced metric via @ is a

Riemannian metric on M ". A hypersurface in E"" s
said to be of type number p if the rank of its second
fundamental form is p. In 1979 B.Y. Chen introduced the
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isometric immersions in Euclidean spaces of finite type
(Chen, 1979). Essentially these are submanifolds whose

immersion into E"' is constructed by making use of a

finite number of E"*'-valuated eigenfunctions of their
Laplacian. In terms of finite type terminology, a well-
known result of Takahashi (Takahashi, 1966), affirms that
a connected Euclidean submanifold is of 1-type, if and

only if it is either minimal in E™' or minimal in some

hypersphere of E"*' .

Minimal and isoparametric hypersurfaces with distinct
principal curvatures have been studied by many authors,
(Chen, 1979; Chern, 1970; Erdogan, 2010; Itoh and
Nakagawa, 1973; Lawson, 1969; Otsuki, 1970; Otsuki,
1978; Peng and Terng, 1983). T. Otsuki, T. ltoh and H.
Nakagawa gave a lot of examples of complete

hypersurfaces with type number 1 in H"*'(c), (ltoh and
Nakagawa, 1973; Otsuki, 1970; Otsuki, 1978). On the
other hand, there exist many hypersurfaces with type

number <2 in E™ by the fundamental theorem for
hypersurfaces (Sasaki, 1972).

In an early work, we studied hypersurfaces with
constant scalar curvature and having sectional curvatures
<1 in six-dimensional sphere S°(1), (Erdogan, 2010).

In the present paper, we study complete spacelike
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hypersurfaces with constant scalar curvature and having
sectional curvatures =1 in Sf’(l) and obtain a new

result on the type number of the hypersurfaces. Let M be
a complete spacelike hypersurface with second

fundamental form & inSf’(l). The

/L,lSiSS, of the second fundamental form h are the

principal curvature functions over M. Our main result is
the following:

eigenvalues

Theorem

If a complete spacelike hypersurface M with constant
scalar curvature in S’ (1) has the

curvatures > 1, then the type number of M is not greater
than 1.

sectional

Preliminaries

Let M be a complete spacelike hypersurface and
isometrically immersed in Sf(l) .We denote by V (resp.

V') the covariant differentiation on M (resp. Sf(l)). We
choose a local field of Lorentzian orthonormal frames

€,6,,...,¢ in Sf(l) such that at each point of M,
e,,...,e5 span the tangent space of M (and, consequently

¢, is normal to M). We use the following convention on
the range of indices:

1<AB,C,..<6; 1<, j,k,..<5; a=f=y=6

Let B be the set of all such frames in Sf(l). With respect

to the frame field of S°(1) chosen above, let
a,0,,....a, be the field of dual frames so that the
Lorentzian metric of Sf €)) is given
by ds” :Ziwiz ~af ZZAé‘Aa)i where g =1

and &, =—1. Then the structural equations of S/ (1) are
given by

6
de, =) £, N
B=l

6
Ay =) E0 Ny—@ NG,
=l

N

W+, =0,

where @,,’s are the connection forms onS’(1). The

Ricci tensor and the scalar curvature of Sf (1) are given
respectively by

6
RiCAB = RiCBA = ZR'ACBC = 6€A€B§AB (2.2)
c=l1
6 6
= ZRiCAA = Z R'ycac =30 (2.3)
A=l A,C=1

where R' is the Riemannian curvature tensor on
Sf (I)and its entries are given by
R son = €4€5 (040050 — Oap0ac ) - The second fundamental
form (the shape operator) h of the immersion is given by

h(X,Y)=V', Y-V,Y, for tangent vectors X and Y, and
it satisfies h(X,Y)=h(Y,X).
formulas to M, we have

If we restrict these

5
@, =0, 0=day=> @, ra),

i=l
and from Cartan’s lemma we write

5
=> ho, (2.4)

j=1

where hij =hﬁ. The Riemann metric of M is written as

ds® = ziwf and we have the structure equations of M

as follows:

day= Zw NG, @ =~ (2.5)

=) @A~ me, 25)
k

R,.jk, = Fr",.jk,+ h, h. —h.h.
é‘/ké‘ 5//5k +h//h/k h.h @7

jl

Where R is the Riemannian curvature tensor on the
hypersurface M.
Then, the second fundamental form h can be written as



h(X,Y)= ZSI h,.ja),.(X)a)j(Y)e6 .

Jj=1

The covariant derivative V'h of h, with components 7z, ,
is given by

V'h= Z hijka)ia)jwk
iJk
and

;hijk Z 7 ori z ir . (28)

Then we have h, =h,, for any i, j and k=1, 2,3,4,5,

because Sf (1) is of constant curvature 1.
Indeed, by exterior differentiating (2.4), we get

w, = Zdh"f A O, +Zh{m(omj A,
J Jm

or

1
= Z a)tm A a)m6 EZ Riml6a)m A a)l .

ml

We also have from (2.4) and (2.6)
= —Z By @, A @,

Therefore,

2 Q=) [ A= R ra. g
J Jr Jr

So, we get

’

Y hjo, rno, =0
3

Therefore, i, s are symmetric in all indices. Exterior

differentiating the equation (2.8) and defining /,,, by

Zhy‘/d(q :Cmg’k + h;jka% +Z Q, +Z hir

(2.10)
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We have

2 (hy, Z R

and from this we obtain
ljkl ljlk Z ir™ ikl Z 7" rikl -

Now, let us define the laplacian Ah of the second
fundamental form h by

(Ah); = Ah; = Zk: o

z RO Ay =0 (2.11)

(2.12)

(2.13)

From (2.12) and (2.13) we obtain
Z Py = Z Py
k k
and so
h} = Z hkijk :
k
Then, from (2.11) we find

Ah, :zhk +Z(z ri LN rkik z kr rk)

(2.14)

Proof of the theorem

Let M be a complete spacelike hypersurface with
constant scalar curvature in Sf (I). We suppose that the

sectional curvature K () of Mis not smaller than 1, that
is

K(r)=1. (3.1)

For a plane 7 in the tangent space T.M at XE Mo m,
the sectional curvature K () for & is defined by

-g(AXX),HYY),

Where g' is the Riemannian metric of Sf(l) and X, Yis

Kp)=1+g(h XY),H XY))

a pair of orthonormal vectors in TXM .
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Let ﬂj,ﬂz,...,

then by (2.6) and (2.7) the sectional curvature K (7;) for

/15 be the principal curvatures of M,

the plane spanned by e, and e; is expressed as follows:
K(m)=1-44,,
Which, together with (3.1) implies that the following

Lemma

The type number of M is not greater than 2 at each
point of M

Now let N be the set of all points at which the type
number of Mis 2. If N is not empty, then N is an open
subset of M. Suppose that there exists a point of M at
which the type number is greater than 1. Then by
Lemma, N is a non - empty open subset of M. Hence
there is a neighborhood U of a point xe N where we
can choose a frame field {e,,...,e;} such that

W =AW, 5 = [

@, <0< A, (3.3)

@, =0,k =3,4,5. (3.4)

Where A and 4 are differentiable functions on U,
because we have R,,=1-Au>1, ie, Au<0 by

(2.5)-(2.8) and (3.1)-(3.4). Using (2.5)-(2.7), from (3.3)
and (3.4) we have

A, =4 q+hy@,k=345, (3.5)

mw,, = h, w + mw, k= 3,4,5, ..3.6)
1 05

Wi, = l—(l W+ mw,+ QI w,), (3.7)
- m k=3

hk,j =0,k,1=3,4,5,j=1,...,5, (3.8)

5
where dA = Z/lla)l Furthermore, making use of (2.10),
i=1

(3.3)-(3.8), from (2.12) and (2.14) we obtain

5

5 5
Z hlehlj = ﬂ'z hrrll + Il'lz hrr22
r=1

i j=1 r=1

5 5
+/1ﬂ(R2112 + Rl221) + 122 erlr + :u2 Z R2r2r

r=l1 r=l1
—ﬂZ muZ o+ (B + 48 b ) =20 + )
(3.9)

Using (3.5)-(3.8), from (2.10) we have

217 2
by = /111 - 1 _2# _1(232 + /142 + /152),
2ul 2
By = Ay, — 1 —l,u 1 (hm + h1224 + h1225
217 2
By = My, + 1 : (h123 + h1224 + h1225
—H
2u? 2
Ryppy = My + A _(ﬂ32 + ,Uf + /152),
A-—p p
(3.10)
where dA, = 2/10) +Z @ forany i=1,...,5. On
the other hand, we can wr|te
2.5, 2, ]
1 :}/Qk +— Ny
U
e
2 2 (3.11)
=S +S 1 k=345,
uoA ,
It follows from (3.9)-(3.11) that we have
AR, = A, + )+ i, +15,)
b (3.12)
= 2201+ Apt) + (A + 1 )(4+ Q).
Besides, we may write
5
Z h Ah ﬂzhllrr +ﬂzh22rr (3.13)

i,j=l1 r=1

and



2
by = /lkk _mh’ék >

(3.14)

22 kk

=My T /12 h122k’k:3’4’5'
Y7,
Now, it follows, from (3.10), (3.13) and (3.14), that
5 5 5 5
D hAh = AAA+ pAu -2 (A7 + u})
i, j=1 i=1
6ZIM

Using (3.12) and (3.15) we write that
(ﬂ - /u)(:uu - /222) - 2&”(1 + l,u)
+ (A7 + )4+ Au)
= M Ay + Ay + Asg) + 1ty + oy + Uss)

—22(/12 + 4]+ 208+ 1) ~ 6Zh122k

i=1

(3.15)

+ 24+ 1)

(3.16)

On the other hand, using (3.3) and (3.4), from (2.12)
have

20t 2
My, = ;izz _ﬁ _z(h1223 + h|224 + hI225)’
By = hyyy + (A= @)1+ An),
2
Moy = 1y, + 2 ﬂzlu 0+ h1224 + }’1225)’

Which implies that

A S P ()24 1),

(3.17)

(A=), —Ay) =
Thus, from (3.16) and (3.17) we get

_ Gy
A+ A )+ 14, k) = &l%ﬁ%@HQ

5
B+ ) +2D (B + 1) =28+ + 18 +15).
i=1
(3.18)

we
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Now, by using (2.10) and (2.12) we write that
2
Moy = Py = A0 by = Ay ————hyy hyy,
and
by, = /11(21 hIZkhl2l’k’l =3,4,5.

which implies that

2
Ay =—AA+ hukhm A9, k,1=3,4,5. (3.19)

A ,u(/l

It follows from (3.18) and (3.19) that

Mg+ 20, A+ s 1y +16) =2 (A A+ +40)

2N +40+ )
+{ LM (s + 1, +155). (3.20)
Au
Making use (3.18) and (3.20) we get
5
(ﬂ_ﬂ)zzl’ﬁzzk =0,
k=3
which implies that
h,, =0 forany k =3,4,5. (3.21)
Now from (3.5)-(3.7) and (3.21) , we obtain that
A =4 113, =f4,03,k=3,45. (3.22)
and
(A=), = 4o+ 10, f <0< A (3.23)

In this case, the scalar curvature S is given

by S =2(Au +10) which, together with the
assumption S' = const. , implies that
Ap+Au =0,i=1,..,5 (3.24)

and
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UAA,
4 +’%/77j =7’,l,]=1,...,5.

Hence, from (3.19), (3.21) and (3.25) we have that

(3.25)

AA+RS, =0k =345

which impliesA=0. This result contradicts the

assumption A # 0, therefore, it mustbe N = .

This result shows that the type number of M is not
greater than 1 at each point of M and so the theorem is
proved.
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