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In this paper, we investigated inextensible flow of curves in Galilean space. Conditions for an
inextensible curve flow were expressed as a partial differential equation involving the curvature and

torsion.
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INTRODUCTION

Recently, the study of the motion of inextensible curves
has arisen in a number of diverse engineering appli-
cations. The flow of a curve is said to be inextensible if
the arc length is preserved. Physically, inextensible curve
flows give rise to motions in which no strain energy is
induced.

Kwon et al. (1999; 2005) studied the inextensible flows
of curves and developable surface in R3 Moreover Latifi
et al. (2008) studied inextensible flows of curves in
Minkowski 3-space.

A Galilean space may be considered as the limit case
of a pseudo-Euclidean space in which the isotropic cone
degenerates to a plane. This limit transition corresponds
to the limit transition from the special theory of relativity to
classical mechanics in Yaglom (1979). Differential
geometry of the Galilean space Gs has been largely
developed in Kamenarovic (1991), Ogrenmis et al. (2007;
2009) and Rdschel (1986).

In this paper, we derived inextensible flows of curves in
Galilean space Gs. Conditions for an inextensible curve
flow were expressed as a partial differential equation
involving the curvature and torsion. We used some idea
from Kwon et al. (1999; 2005) and Latifi et al. (2008) in
this paper.

PRELIMINARIES

The Galilean space is a three dimensional complex projective
space P3in which the absolute figure fuw., £, 14,1.} consists of

a real plane W (the absolute plane), a real line f © w (the
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absolute line) and two complex conjugate points I1, Iz € f (the

absolute points).
We shall take, as a real model of the space GI1, a real projective

space P3 with the absolute {w, f] consisting of a real plane
w C Gz and a real line f = W on which an elliptic involution

has been defined. We introduce homogeneous coordinates in Gzin
such a way that the absolute plane W is given by xg = 0, the

absolute line f by xg= x1 = 0 and elliptic involution by
(xo:x1:x2:x3) = (1:x:y:2), the distance between the

points Pi = (x,,¥;,z;), 1 = 1,2,is defined by

if x #x,

—2)%), if x=x

lx, — .

Z

V(Os =% )+ (2,

Il
-
5

d(Py,P2) = {

Let C be a curve in Gs, defined by arc length a: I — &z and

parametrized by the invariant parameter 5 € I | given in the
coordinate form

a(s) = (sy(s).2(s))-

Then the curvature k(5] and the torsion T(5) are defined by

x(s) = VO ) + 245)
_ det(a'(s), a "(5).a"(5))

x4(s)

(s)



and associated moving trihedron is given by
T(s) = a'(s) = (L¥'(s).2'(s))
a’(s) = —(0,5(s).2

N(s) = z"(s))

rc's}

B() = 5 (0-29).y()-

The vectors T, N, B are called the vectors of the tangent, principal
normal and binormal line of a, respectively. For their derivatives the
following Frenet formulas hold:

T '(s) = k(s)N(s)
N'(s) = 7(s)B(5) g
B'(s) =-t(s)N(s)-

More about the Galilean geometry can be found in Kamenarovic
(1991) and Réschel (1986).

MAIN RESULTS

In this section, first we adopt the definitions of Euclidean
and Minkowskian expressed in Kwon et al. (1999; 2005)
and Latifi et al. (2008).

Inextensible curve flows in Galilean space

Throughout this paper, we assume that
F:[0,I] X [0,t*] — G3 is a one parameter family of
smooth curves in Galilean space Gs where [ is the arc

length of the initial curve. Let u be the curve
parametrization variable, 0 < w < .

The arc length of Fis given by

r dF
s(u) = J |£‘ du
0

ar arF, *

pwiE

| =12

Where

daF a
Defining ¥ = |E| the operator ™ is given by

@ _13

dg wviw

While the arc length parameter is ds = v. du (Latifi et al.
2008) for a review of curve theory. Any flow of F can be
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represented as

aF—fT= N+ hB
o T4 :

Letting the arc length variation be in the Euclidean space,
the requirement that the curve not be subjected to any
elongation or compression expressed by condition

—s(u t)= fu —du = Oforallu € [0,1].

Definition

daF .
A curve evolution F(u,t) and its flow — in Galilean

. . Y I
space Gl are said to be inextensible if P u

u

=0.

Condition for inextensible flow in Galilean space G are
given by the following theorem.

Theorem

a
Let a—f = fT + gN + hB be a smooth flow of the curve

Fin Galilean space GL. Let the flow is inextensible then f
is constant.

Proof
2_ ¢OF ar> a
According to definition of F, we have v {—1, 32" 3a
d .
and —- commute since uwandt are independent

dt
coordinates. So we have

L, v _ 8 9F oF
Yo~ 2t'9u’9a’

éF &8

_23.1 -r'.'..e( }}

)
—2{69‘13“()‘"'}"-1- gN + hB))

of dg oh
=2{(T,—T + fvkN+—N + gvtB + —E — hvtN)
du du du

=2vf

du
Thus we get

av af

at  du
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af
- = G
ds
f = const.

We now restrict ourselves to arc length parametrized
curves. That is, v=1, and the local coordinate u
corresponds to the curve arc length s. We require the
following lemma.

Lemma

or ( , 99 h)N+( +ah)3
ar St At T 75

N _ (f .99 h)T+ B,
ﬂr X ds t v
95 _ (a‘g+h)?‘ N
c \gs ThY)T—¥N,

_ (v
Where ¥ = {ar’B}'

Proof
Using Equation (1) and last theorem, we calculate
ar d ( dF

3
(V= Z(fT+ gN + kB
at  at as) s UTts )

ar g Shp
—53T+fo+33N+grB+HSB htN

(et 29w o+ B
= (fr+ 32~ RN+ (g7 +5)B.

Now differentiate the Frenet frame by &

o= =32 m+ @2

ar at’ ot
dg anN
= - h T!_ r
(fx+ e )+ { ar}

0 9 (T,B) = {—aT B)+ (T —aB}
= g \HBr =G B Lo
B

= +ﬂ+{r—}
— (g7 + 39 T

a aN dB
= —{(N,B) = (——.,B)+ (N, —
0= —AN.B) = (——.,B) +(N. =)

dB
= 3P+ {N,E}.

From the above we obtain

B dh I — WN
at - (gr—i— asj w r

Since {3—?,1‘” ={§,B} = 0

Theorem

Suppose the curve flow 22— ¢rr 4+ ga + 25} IS

inextensible. Then the following system of partial
differential equations holds:

Z(f)e 22— 2 (hr) —gr*— 12,
ﬂ'r dh ay
— =k(gr+—) +—,
PG ﬂs) as

B‘h

ki =1(fk
Proof
Noting that —-—r_ 227
otlngt at a ﬂr_ﬂt 3=
a ar a2 g ah
- — 0 T s i = e WAl L e L WP
s a8t as™M"T T gs TV T MR gg0v

2 K1 22 _ 2 oy N + (Fxc + 22 _ho)iB

[
[ {gT)+—]B +(gt+ )( wN),

While
sar _ o
atas o)
=N— + K[— (ﬁc+ —h1)T + YB].
Hence we see that
5 s 52— 2 (hr) —gr* — 13

and

dg a*h
K1 —'r(_fx+a— —hTt) + —(gr}+ R




d 08 & OF

S'ncea_ﬁ_a_a_ we have
438 _
=22 = I (gT+ )T — ¥N]

a%h
=—[§——(§T)]T‘[§T——JKN—— — Y18
While
d dB
— = (—1TN
at ds (==N)

-~ [N+ [ (fx + 32 -hr) T +yB]).

Thus we get

a1 dif
ax (9 ‘T as) T as
RESULTS

Kwon et al. (1999, 2005) studied inextensible flows of
curves and developable surface in R3 Moreover Latifi et
al. (2008) studied inextensible flows of curves in
Minkowski 3-space. We derived inextensible flows of
curves in Galilean space Gs Conditions for an inexten-
sible curve flow were expressed as a partial differential
equation involving the curvature and torsion.
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