International Journal of Physical Sciences Vol. 7(8), pp. 1219 - 1223, 16 February, 2012

Auvailable online at http://www.academicjournals.org/IJPS
DOI: 10.5897/1JPS11.1764
ISSN 1992 - 1950 ©2012 Academic Journals

Full Length Research Paper

Evaluating integrals of the form fooo xS~ le~ " dx by
Adomian decomposition

P. A. Phiri** and O. D. Makinde?

'Academic Development Centre and Department of Mathematics, Copperbelt University, P. O. Box 21692, Riverside,
Kitwe, Zambia.
2Cape Peninsula University of Technology, Faculty of Engineering, Research and Postgraduate Office, P. O. Box 1906,
Bellville, 7535, South Africa.

Accepted 20 January, 2012

This paper considers evaluation of the general class of integrals of the form I[a; s;n] = fom xS lema gy,

using the Adomian decomposition method. This integral is solved in its general form and it is shown
that particular values of s,a and n of this class of integrals correspond to Mellin and Gaussian integrals

whose solutions are easily obtained.
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INTRODUCTION

The Adomian decomposition method is an ingenious
method for solving nonlinear functional equations of
various kinds. It has been used to solve a wide class of
stochastic and deterministic  problems involving
differential, nonlinear and integral equations. The method
consists in calculating the solutions of nonlinear
functional equations as infinite series in which each term
can be easily determined. The series converges rapidly
towards the true solution. El-Sayed (2002), Jafari et al.
(2006), Kaya et al. (2004) and Mavoungou et al. (1992)
have applied the method to solve systems of nonlinear
equations; Haldar et al. (1996) used the method to solve
integral equations; Abbaoui et al. (1999) and Babolian et
al. (2005) employed the method to solve differential
equations and Biazar (2006), Biazar et al. (2005a); Biazar
and Montazeri (2005b) and Mavoungou et al. (1992)
used the method to solve interaction equations. The
convergence of the method has been proved by Adomian
(1989, 1994), Cherruault (1989) and Paris et al. (2001);
and Babolian et al., (2004) has used it to find Laplace
transforms of given functions. In this paper, the Adomian
method is used to obtain the solution of the general class
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of integrals of the form

o0

I[a;s;n] = fx5‘1e‘axndx.
0 1)

It is shown that:

nar @)

From Equation 2, for various values of a,s and n, we can
deduce many special cases of this integral.

THE ADOMIAN DECOMPOSITION METHOD

Following the analysis by Adomian (1989, 1994),
consider the simple first-order differential equation:

dy _ _
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which can be written in operator form as:

Ly + P(xX)y = Q(x), y(0) =0, (4)

Where

The solution of Equation 3 is given by:

YO F ) = f QGO F () dx, -

where

_ P(x)dx

Following Adomian (1989), we consider the asymptotic
decomposition technique for the solution of Equation 4 by
assuming that the solution takes the form:

y(x) = Zym =yoty1+y,+-,
m=0 (7)

Where the terms y,,(x), m=0,1,2,--, are given by the
relations

e

= =% =71 ..

)

The convergence of the series of Equation 7 has been
established by Adomian (1989, 1994), Cherruault (1989)
and Mavoungou et al. (1992). Then, the solution of
Equation 3 is defined by Equations 5 and 7 and is given

by:

[ecorax =10 > v
m=0 (9)

APPLICATION TO EQUATION 1

In Equation 1, let Q(x) = x5!, and set f(x) = e~ " 50
that, using Equation 6, P(x) = —nax™"1. Then, the series
of Equation 7 becomes:

_x(S—TI.)

:VO— na y

—(s —n)xG=2m
Nh=—"—"7537

’

n?a?

_—=(s =n)(s = 2n)x ="

Y2 Ny :
—(s =n)(s — 2n)(s — 3n)x (-~
V3= i :
—(s = n)(s = 2n)(s = 3n) - (s = (k — n)x M)
Ye-1= .

nkak
The series terminates when s = kn, that is, when

T k-Dk-2)(k=-3)~2-1 -1

= =—(k-1)
y%‘l nk ak nak (k-1)

= —I(k) = =T (2).

nan

Thus, Equation 9 becomes:

)

n n 0
f e dy = e [)’0+}’1+}’2+“‘+}’k—1+“‘]|0’
! (10)
so that Equation 1 gives:
1 —aqx™ 1 s
Ia;s;n]= | x* e ™ dx = Sr(_),
nan "
0 (11)
as required.
EXAMPLES

In the following examples, it is shown that the general
class of integrals of Equation 1 whose solution has been
obtained by Adomain decomposition and is given by
Equation 11, corresponds to Mellin and Gaussian
integrals for particular values of a, s and n. Thus, solutions
of these integrals can therefore be easily obtained from
Equation 11 by substituting the appropriate values of
a,s and n.

Example 1: Mellin transform of e™*
When a = 1 and n = 1, Equation 11 becomes the Mellin

transform of e™*, which is also the definition of the
Gamma function of s as given by Paris et al. (2001).



Thus, substituting these values in Equation 11 gives:

fxs_le_xdx = I[1;s;1] = I'(s).
0 (12)

Example 2: Mellin transform of e ~%*

Setting n = 1 in Equation 11 gives

j x5 le % dx = [[a;s;1] = a=5I'(s),
0 (13)

which is the Mellin transform of e~** as defined by Paris
et al. (2001).

Example 3: Mellin transform of e

Seta =1and n=2in Equation 11 to obtain the Mellin
integral of e™**. Then:

1 —x?2 _ e 1 s
fxs e xdx—I[l,s,Z]—EF(E),
0 (14)

which is in conformity with Paris et al. (2001).

In Examples 2 and 3, instead of substituting the values
of a and n in Equation 11, the Mellin transforms of
e~ and e™*" can be obtained by direct application of the
Adomian decomposition method. The details of the
procedure are shown in Appendix 1 and 2, respectively.

Example 4: The error function

Leta=1,s=1and n = 2. Then, Equation 11 gives the
error function, a special case of
the Mellin integral. In this case

f e dx =I[1;1;2] =& (%) = %
0 (15)

Example 5: The Gaussian integral

Letn = 2 in Equation 11 to obtain the Gaussian integral,
which is also called the probability integral. In this case

o 1
fxs—le_axzdx = I[a; S; 2] = 51—'(%)
J 2az

(16)
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Substituting, in turn, s=2,s=2t+1and s =2t+ 2, in
Equation 14, we obtain the following well known results of
the Gaussian integral (Paris et al., 2001).

Case (1)

When s = 2 we obtain

‘ 1 1

Jxe_“"zdx =1I[a;2;2] = —T(1) = —,
2a

0

2a
17)

An expected elementary result.
Case (2)
When s = 2t + 1 we have:

®© 2t ,—ax? 3. _ . ] =1 1) _
Jy x¥e ™ dx = I[a; 2t + 1;2] = 2aﬁ%r(t +1 =
+1212at+12.
(18)

Equation 18 is a well known result of the Gaussian
integral.

Case (3)

Set s = 2t + 2 to obtain

J ¥ e dx = I[a; 2t + 2;2] =y [(t + 1) =

Zat+1
t2at+1.
(19)

Equation 19 is another well known result of the Gaussian
integral.

CONCLUSION

The Adomain decomposition method has been used to
evaluate a general class of integrals of the form of
Equation 1. The examples worked out have shown that
the use of the technique avoids the complexities involved
when other methods of evaluation are used.
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APPENDIX 1: The Mellin transform of e=%*

Let Q (x}=x"% and flxl= gl Pax o5 that
P(x) = —a. Then the recurrence relations of Equation 8
become:

_xs—l
Yo = a

—(s — 1)x572
Y1 = — az

_ —( — 1)(s — 2)xs—3

a3
—(s —1)(s — 2)(s — 3)x54
Y3 = a’ ’
—(s—1)(—2)(s—3)-(s—m)x"™
Ym—-1 = m -
a
(s — 1!
VYs—1 = — =~ g5

Thus, Equation (10) becomes:

o

Hence, gls) =a™*I'(s) as required.

APPENDIX 2: The Mellin transform of g=*'

Let Q (x) = x* % and f(x) =% =¢/?¥4x 5o that
P(x) = —2x. Then, the recurrence relations
of Equation 8 become:

f x5Tle™dx = e [yo +y1 + Y2+ V1 + -
0
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_xs—2
yO = 2 )
_—(s— 2)xS™4
yl - 4 )
(s =2)(s—Hx*°
:VZ - 8 )
== =-D(s— 6)xS~8
Y3 = 16 ’
—(s=2)(s=4)(s = 6) (s — 2m + 2)xs7m
Ym-1= om -

The series terminates when s = 2m and we then obtain

i (m—1)!

Yt = = (= D(m=2) 2 1=~

Thus, Equation 10 becomes:

0

o 1
f e = e o by 4tk Yy o1l =57,
0

Hence, gls) = 31‘{5} as required.



