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In this paper we apply the improved Riccati equation mapping method to construct many families of
general exact solutions of a nonlinear partial differential equation involving parameters of special
significant for nanobiosciences and biophysics, namely, the equation of nano-ionic currents along
microtublues. Comparison between our new results and the well-known results are given. The nonlinear
equation elaborated here is quite original and proposed in the context of important nanosciences
problems related with cell signaling. It could be even of basic importance for explanation of congnitive
processes in neurons. We can successfully recover the previously known exact solutions that have
been found by other methods. The proposed method in this article can be applied to many other

nonlinear partial differential equations.
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INTRODUCTION

In recent years, the exact traveling wave solutions of
nonlinear partial differential equations (PDEs) have been
investigated by many authors who are interested in
nonlinear physical phenomena. Many powerful methods
have been presented by those authors such as the
inverse scattering transform method (Ablowitz and
Clarkson, 1991), the Hirota’s bilinear method (Hirota,
1971), the Painleve expansion method (Weiss et al.,
1983; Kudryashov, 1988, 1990, 19991), the Backlund
truncated method (Miura, 1978), the exp-function method
(He and Wu, 2006; Yusufoglu, 2008; Bekir, 2009, 2010;
Aslan, 2011), the tanh-function method (Abdou, 2007;
Fan, 2000; Zhang and Xia, 2008; Yusufoglu and Bekir,

2008), the Jacobi elliptic function method (Chen and

Wang, 2005; Liu et al., 2001; Lu, 2005), the (G/G)-
expansion method (Wang et al., 2008; Zhang et al., 2008;
Zayed, 2009, 2010; Bekir, 2008; Ayhan and Bekir, 2012;
Aslan, 2010, 2011, 2012a, b), the generalized Riccati
equation mapping method (Zhu 2008; Zayed and Arnous,
2013), and so on.

In the present paper, we shall use the improved Riccati
equation mapping method to find the exact solutions of a
nonlinear PDE of special significant for nanobiosciences.
The main idea of this method is that the traveling wave
solutions of nonlinear equations can be expressed by
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polynomials inC  where 272  satisfies the

’_ 2
generalized Riccati equation Q' =r+pQ+qQ where

¢ =kx+ar where rp.k.@ and g are constants. The
degree of this polynomial can be determined by
considering the homogeneous balance between the
highest order derivatives and the nonlinear terms
appearing in the given nonlinear equation, the
coefficients of this polynomial can be obtained by solving
a set of algebraic equations resulted from the process of
using the proposed method.

The objective of this paper is to apply the improved
Riccati equation mapping method for finding many
families of exact traveling wave solutions of the following
nonlinear PDE which describes the problem of transfer of
ions along microtubules (Sekulic et al., 2011, Sataric et
al., 2010):

I z" 7zc, 1
—u_ +—(G,—2C, u, +2u, +—2u +—(RZ™ ~G,Z u=0
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HereR=0-34><109Q is the resistance of the electric

elementary unit (EEU), L=8X10"m g the length of
one tubulin  heterodimer protein  (EEU),

_ —15
Co =1.8x107"F is the total maximal capacitance of

_ 13 .
the EEU. Go =1.IX10"7"si s 4he conductance of

pertaining the nano-pores (NPs) and Z = 5:56x10'° Q
represents the characteristic impedance of the system.

The parameters 0 and ¥ gescribe the nonlinearity of
the EEU’s capacitance and conductance of existing
between protofilaments of microtubule, respectively. The
detailed consideration of microtubules in the context of
nonlinear transmission lines is presented in (Sekulic et
al., 2011, Sataric et al., 2009). The physical details of the
derivation of Equation (1) describing the time-space
voltage of ionic pulse is elaborated in (Sataric et al.,
2010). Recently, Equation (1) has been discussed in
(Sekulic et al., 2011) by using the modified extended
tanh-function method, where its exact solutions have
been found. Comparison between our new results in this
article and the well - known results obtained in (Sataric et
al., 2010) will be investigated later.

Description of the
mapping method

improved Riccati equation

We suppose that a nonlinear PDE in the following from:

)=o0

P(u,u_u,u_,u,,.. B

u=u(x,t)

where is an unknown function, P is a

Zayed et al. 1247

polynomial in ¥ =4(X:1) and its partial derivatives in

which the highest order derivatives and nonlinear terms
are involved, Let us now give the main steps for solving
Equation (1) using the improved Riccati equation
mapping method (Zhu, 2008; Zayed and Arnous, 2013):

Step 1: We look for its traveling wave solution in the form
u(x,t)=u(&), &=kx +ar (3)

where %@ are constants. Substituting Equation (3) into
Equation (2) gives the nonlinear ordinary differential

equation (ODE) for#($) as follows:

H(u,u',u”,...):O’ ()

Here H is a polynomial in u(g) and its total derivatives
’ dl/[ ” d 21/[
U =—7,U =—F,....
such that dg dg .

Step 2: We suppose that the solution of the ODE (2.3)
can be expressed as follows:

m

w(é)=Y a,0'&),
= (5)

a,(i=0,+1,%2,...%m)

are constants to be
a, #0 a_, #0

where

determined later such as or and

Q=0(%) is the solution of generalized Riccati equation:

Q’:”+PQ+QQ2, (6)
where r, p and g are constants , such that 9% 0.

Step 3: We determine the positive integer m in Equation
(5) by balancing the nonlinear terms and the highest

order derivatives of “) in Equation (4).

Step 4: Substituting Equation (5) and along with
Equation (5) into Equation (4) and then equating all the

coefficients of @ (i =0, LE2,..2m) 15 zerg yield a
system of algebraic equations which can be solved by

using the Maple or Mathematica to find the values of the

constants a,(=m,...,m) and 5@

Step 5: It is well-known (Zhu, 2008; Zayed and Arnous,
2013) that Equation (6) has many families of solutions:

Type 1:When A =7° =447 >0 apq P4#0 o
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ar # 0 we have

@, (&) = —ﬁ[wﬂtanh(gé)],

VA

1
®,(¢) = —Z[/H x/Zcoth(Té)],

® (&)= —ﬁ[p + VA (tanh(VAE) +isech(VAE)], in/-1

®, (&)= —ﬁ[p + VA (coth(VAE) £ esch(VAE))],

@ (&)= —i[z‘p + \/Zaanh(ﬂé) + coth(ﬂém,

JA(A +B )—Ax/—cosh(\/—f)

Asinh(v/AE)+ B

JA(B? - )+A\/—cosh(\/—§)

As1nh(x/—§)+B

1
q>6(§)=2_[

¢7<§>=i[—p—

where A and B are two non-zero real constants satisfying

B - A%~ 0,
JA

2r cosh(T &)
(Dx (g) = ’
JA sinh(% &)~ pos h(g $)
—2r Sinh(% &)
(Dg (g) = ’
p sinh(ﬁ &-A cosh(ﬁ &)
2r cosh(£ &)
(Dl[)(g)
JA smh(\/_f) p cosh(\/_f) +iJA®
2r Sinh(g &)
P = s
(&= p sinh(vAE) + VA cosh(VAE) £ A
4r sinh(ﬁ ) cosh(ﬁ &)
(Dlz (g) = 4 4

-2p sinh(g & cosh(g &)+ 2JA cosh? (% &) -vJA

Type 2: When A=p"-44r<0 g4q PG#0

qr#0 we have:

®, (&) = ﬁ[—p + VoA an (A g,
® (&)= —%[p + V74 cot( “;A O,

®,, (&) = i[_” + V7A (tan(VEAE) £ sec(v=AE))],

®,, (&) = _i[" + VT (cot(vEAE) + ese(vEAE],

JA, &

f)—Cot(—f))],

¢17(§)=£[—2p+ﬂ(tan(

1 +/-A(A* = B?) — AN=A cos(v-A&)
cI318(5):_[_ ]
2¢q A51n(\/_§)+B
® @zi[_ _4-AA’-B )—A\/Esm(\/_f)]

" 2 7 Asin(v-A&)+ B

where A and B are two non-zero real constants satisfying
A-B >0,

2r cos(g &)

J-A sin( M M

q)zo(f): 5
2 §)+POOS(T§)

2rsin(

&,
-p sin(\/;_A &) +ﬁcos(g &)
J=A

2rcos(——
reos(— 9]

P2l0)=" J=Asin(V=A&)+ peos-AE) £-A"
=
—pSin(v—AE) +v—A cos(-AE) £-A

ey

rg’)oos(£§)+zﬁoos (J_g@ J_

q)21(§) =

2rsin(

D, &=

4rsin(

D,, (5) =

—2 psin(

Type 3: When = Oand pg#0 e pnave:

(bzs(f): —prd - s
qld + cosh(p&)—sinh(pé)]

@, (&)= - plecosh(p&) +sinh(pd)]
N gld + cosh(pé&)+sinh(pé)l’

where dis an arbitrary constant.

Type 4: When r=p=0and g#0 e nave

-1
®u(6)= qé + ¢,

C .
, Where ! is an arbitrary constant.

Step 6: Substituting the well known solutions of Equation

(6) listed in Step 5 into Equation (5), we have many
families of exact solutions of Equation (2).

Many families of exact traveling wave solutions for
Equation (1)

In this section, we apply the proposed method of the
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description of the improved Riccati equation mapping 37 % 37C

method, to find many families of new exact traveling A1=7(25C(>—IG0)’ B, =TO’C1 =3(RZ"-G,Z)
wave solutions of Equation (1). To this end, we use the
wave transformation ” . ,
By balancing Wit Ull" e have m = 2. Hence the

f | soluti f i
Wt = u(E), &= Lx—it ormal solution of Equation (7) takes the form
L ., 7)

T=RC,=0.6x107s,

u(§)=a2Q2+alQ+aU +a71Q’1+a72Q’2, (9)

a,, a,,4,, d_,,a

where represents the where 2are parameters to be
charagteristic charging (dischqrging) time of an lEEU’s q ined | hihat 92 0 a, #0
capacitor C, through the resistance R and ¢ is the etermined later, such that 0 E ,
dimensionless velocity of the wave, to reduce Equation Inserting Equation (9) with the aid of Equation (6) into
(1) into the following ODE: Equation (8), we get the following system of algebraic
equations:
w +Acuu +(6-Boyu +Cu=0 ®) 07 —24a.r -2drAc=0,
- 5 24a,q* +2alqAc =0,
Here the set of abbreviations are arranged as follows: Q a4 @A%e
Q'4 : —54(1_2pr2 - 6(1_11’3 - Alc(2a32p +3a_ja_,r)=0,
0 : 54a,pq’ +6a,q° + Ac(2a; p +3a,a,q) =0,
07 - 40a_,qr* —38a_,p’r—12a_pr’ - Ac(2a’,q+3a_,a_,p+a’r+2a,a ,r)—2a ,r(6—B,c)=0,
o’ 40a,q’r +38a,p’q+12a,pq’ + Ac(2a;r +3a,a,p + alq +2a,a,q) + 2a,q(6 — B,c) =0,
07 —~52a_,pqr—8a_,qr’—Ta_p’r—8a_,p’ —AcQBa_a_,q+aa_,r+a’,p+2a,a_,p+a,a_r)
-Q2a_,p+a_r)(6-Bc)+Ca_, =0,
Q% :  52a,pqr+8a,qg’r+7a,p’q+8a,p’ + AcQBaa,r +a_a,q+a’p+2a,a,p+a,aq)
+(2a,p+a,g)(6—Bic)+Cia, =0,
Q': -—16a ,9°r—8a pqr—14a ,p’q—a p’-Ac(aa ,p+a’q +2aa .,q+a,a_p)
-(2a_,g+a_p)(6-Bc)+C,a_ =0,
Q : 16a,qr’>+8a,pqr+14a,p’r+ap’+Ac(a_a,p +alr+2aa,r +aa,p)
+ (2a,r +a,p)(6 —B,c)+Cia, =0,
0° : -6a_,pq°-2a_q’r —a_p’q +a,p’r+6a,pr’+2agqr’

+Ac(-aa_,q +a_a,r —aya_q +asa,r)+(ar—-—a_q)(6-—Bc)+C,a,=0

By solving these algebraic equations with the aid of Case 3

Maple or Mathematica we have the following cases: —124°

3 B
p=0,g=q,r=——Qag’—a,-2¢° (=), c = , 4y =ay, a,=0,
4a,q A,

aZAl

Case 1 0 s T

+8qr+6 -12pg(B, —a, A a,=——|2ag”—a,-2¢g* ()| ,a,=0,a,#0
p=p g=q r=rc=LIEO 1=—p§l(‘ vh), 2 " Teagt| T T Qq(Al) - 2

B, —ayA A(p”+8qr+6)
a :7—12q2(31—a0A1) a,=0,a,=0
TOA(P +8gr+6) T T Exact traveling wave solutions of Equation (1) for

Case 1
Case 2
g rey oo Bar¥6 o _-RFB-aA) By using the case 1 and according to the values of
p=0,9=q,r=r,c=———,a,=a,,a,=0,a,=———"" a,=0,a,=0 i X . .
B —a,A A (8gr+6) solutions of type 1, we obtain the following exact traveling
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wave solutions for Equation (1):

3(B—ayA) | 2 a2 NA NN

u,(x,1) =a, +W[IJ sech (7§)+4qrtanh‘(7§)],

B0t BB,

1) =a —plesch?
w) =t aar 6 P <

&) +4grcoth®(

3(B,—a,A))

m[[’ - A(tanh(\/de) *isec h(\/Ké:))'],

uy(x,t)=a,+

3(B,—aA))

m[p = Acoth(NAE) £ esc h(VAE) ],

u,(x,t)=a,+

3(B,-aA,) , A VA

= PRt St Ul 2_ Rianly S YT EY)?
ug(x,t) a0+4Al(p2+8qr+6) [4p* — A(tanh( . &) xcoth( 2 N’

3(B, —a,A)) 2
Al(p2 +8¢gr+6)

\/A + B? — Acosh(~/AE))?
1,
(Asinh(vAE) + B)?

ug(x,t)=a,+

3(B, —a,A,) 2
Al(p2 +8qr+06)

(\/B — A” + Acosh(\JAS))?
]
(Asinh(+/A&) + B)>

u,(x,t)=a,+

where A and B are two non-zero real constants satisfying
B - A%> 0,

JA
e, Bt uol G
Aip+8qr +6) NKsinh(TAg’)—pcosh(TAé))
cosh(%f)

x| p +2qr

(\/Ksinh(géf) -p cosh(géf))

JA

24gr (B, —a,A,) sinh(—=¢)

A(p”+8qr +6) (p enh(\/_f)fx/—coeh(Lf))

uy(x,t)y=a,+
sinh(%f)
(p sinh(%f) - \/Zcosh(%f))

x| p—=2qr

uyy(x,t)=a,—

24qr (B, —a,A))
A, (p*+8qr +6)

cosh(—¢)
(VA sinh(\/AE) — p cosh(AE) +i/A)

cosh(—¢)
x| pr2ar (VA sinh(/AE) - p cosh(AE) i~/A) |

JA

24gr (B, —a,A,) sinh(—=¢)
A (p?+8qr +6)| (—p sinh(vAE) + /A cosh(/AE) £~/A)

wy,(x,t)=a,—

sinh(% &)

(=p sinh(v/AE) + /A cosh(vJAE) £/A) |

x| p+2qr

A Ja
ulz(x 1) =a,— 4&)‘2(3] _aoAl) gmh(T é:)COSh(T f)
A(p*+8&r+6) (=2p Sinh(%f)cosh(%f).;.%/gcmhz(% 5—a)
Sinh(% 13) cosh(% &
x| p+aqr — ' -

(2p smh(T 3] cosh(T &)+2/Acosh’ (T 5—JA)

According to the values of solutions of Type 2, we obtain
the following exact traveling wave solutions for Equation

(1):

3(81_"0‘41) 2 ‘/_
7Al(p2+8qr+®[psec 5 —9) 4qrtan(

A

u(xX.1)=dy+ f)]

_ IB-qA) > o NA _ 2 NA
Mm(x@t)—ao+—1w)2+5 +6)[pcsc(—2 &)—dgroat - é:)],
_ 3B-aA) - —
Vvl +Altan(V=AE) % sec(v-A))’]
U (51) =0 +—Af;'f‘+_8“j{f‘ X o+ A=A s A8

IB,—aA) VA VA
L) =g +————"—1[4p —oot ]
Uy, (x,1)=q, G5+ ?+Atan(—— é) ( oy

u(x,t)=a,+

Bmad) [JAZ ~ Acosty=A @]

A (p*+8qr+6) A51nh(\/_§)+B

U (1) =a,+

XB-ad) |, [ HAF Al 2
A(p* +8qr+6) AsinW—A&)+B

Navy
24gr(B, ~a,A,) o520

A(p® +8gr+6) JAsi J-A J-A

—A sin( 5 &)+ p cos( 5

U,y (x,t)=a,+

9]

cos(

x| p—qr
\/Isin(\/I V-A

5 St peos(—

S
25)

&)

sin(g 19}

-p sin(g &) +V-A oos(gf)

24qr(B,—aA,)

=a,-
U (X:1) =4y A(p+8qr +6)

x| p+2qr - ,
-p sin(g &) +J-A cos(g 19}




R

24qr(B,—ayA) cos——$)

AP0 R in 8 44 poos
ary

sin
( 2

Uy, (x,1) = a,+

3]
f)—pcos(J;_A H-A

x| p—2qr

\/—_Asin(\/;_A
A

UgrB—ah) i)

A (P’ +8qr+6)| —psin(y—AE) +-Acos(-AE) tV-A

. sin(y—A%)
[erzq —psin(y—AE)+/-A cos(v A §)+\/_A]

Uy (X,1) =ty —

J— VA
Bp(B—qA) g 99

AP +8qr+6) ZSI(J—SE)GB(J—SE)+2\/— J—SE)_‘/—
J—eE)OOS(\/—s&)

, (61)=a,

pHiar
ZPSIH(J— é)mS(J— 2 -Acos J— 5)—\/—

gl (P +8qr+6) 1
where L (B, —a,4) 7
arbitrary constant.

ay

, and is an

According to the values of solutions of the type, we obtain
the following exact traveling wave solutions for Equation

(1):

U,s(x,t) =a,+

12p°d(B, - a,A) [

cosh( p&) —sinh(pé) ]
A(p*+6) ’

(d +cosh(pg) —sinh(p&))*

Uy (X, 1) =a, +

12p°d(B,—a,A) [

cosh(p&) +sinh( p&) ]
A(p*+6) ‘

(d +cosh( p&)+sinh( pé))*

2
gt *0) 1
where L (Bi—aA) 7 G
constant.

is an arbitrary

According to the values of the type 4, we obtain the
following exact traveling wave solution for (1):

261(31_‘10’41)[ q J
A, (q§+cl)2

L (B -aA)T

Uy (X 1) =a, =
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Exact traveling wave solutions of Equation (1) for
Case 2

By using the Case 2 and according to the values of
solutions of type 1, we obtain the following exact traveling
wave solutions for Equation(1) :

12qr (B, —a,A, )COth ( /—qrrf)

u(x,t)y=a,+

A, (8qr +6)
12qr (B, —a,A
u,(x,t)=a,+ qr( - )tanh (\—qré),
A,(8gr +0)
_ 12qr(B, —a,A,) 1
OO = T R+ 6) [anh(ydqr &) £ i sech(Jaar EF
(x.t)= 12qr (B, —a,A,) 1
A 0 A, (8gr +6) [coth(\/—4qrg“)iCsch(\/—4qr§’)]27
48gr (B, —ayA,) 1

A,(8qr +6) [tanh(@ &+ COth(@ OHT
A sinh(mf) +B 2
—A cosh(mf)+\/A2+Bz R

A sinh(y/-4qré)+ B ’
A cosh(—4qré) ++B>—A7 |

4 12qr(B, —a,A,)
A, (8qr +6)

+ 12qr(B, —a,A,)
A, (8qr +6)

where A and B are two non-zero real constants satisfying
B-A%>0,

ug(x,t)=u,(x,t)
ug(x,t)=u,(x,t)

u,(x,t)=a,+

12gr (B, —a,A,) {sinh(ﬂ/—4qr§) +i T

A, (8qr +6) cosh(y/—gr&)

127 (B, —a,A,) {cosh(«/—4qr§) + 1}2

A, (8qr +6) sinh(y/—gr &)

48¢r (B, —aA,) {cosh(«/—4qr§)J2

A, (8qr +6) sinh(/—gr &)

u, (x,t)y=a,+

u,(x,t)=a,+

According to the values of the solutions of the type 2, we
obtain the exact traveling wave solutions for Equation (1):

_ _12qr(B A))
s (x.) =y~ +6) cot’ (\Jgr &),
u14(x,t)=a0—%—__i_6))tan (aré),
uls(x,t)za()—%—_)[tan(dwr@+sec(~/4qr§)} ,
_ 12qr(B A))
e S om +6) AP o fAgré) £ ese(JAar )|
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) = = v 6)
1

_M{m@@_m@ 5)} ,

u(x,t)=a,

12478, —aA)| VAT B — A cos(Jagré) |
A (8qr +6) B +A sin(\[4gr &) ’

12gr (B, —agA,) | +VAT—B? + A cos(Jaqré) |
A,(8qr +6) B + A sin(+f4qr &) ’

where A and B are two non-zero real constants satisfying
A-B >0,

u,,(x,t)=a,—

uzo(x ’t) =u14(x ,t),

uz](x ’t) :u13(x ,t),

12gr (B, —a,A,) | sin({J4qré&) £ 1 ’
Uy(x,t)=a,— s
A (8qr +6) cos(+Jgr&)
12gr(B, —a,A,) | cos(AJ4qré) 1 ’
U,(x,t)=a,— s
A (8gr +6) sin(+/gr &)

Uy, (x,t)=u,(x,t).

1, __Bgr+6) t

$=1 (B, —ayA) T

Exact traveling wave solutions of Equation (1) for
Case 3

By using the Case 3 and according to the values of the

solutions of the Type 1, we obtain the following exact
traveling wave solutions for Equation (1):

ul(x )= uz(x )= a, _ﬂ[tanhz(\/_qrg) + COthz( v _qrg):l’
q
ar _(tanh(«/—4qr§)ii sech(\/—4qr§)>2
us(x,t)=a,——= S b
+(tanh(\l—4qr§)ii sec h(\/—4qr§)>
_(coth(\/—4qr§)+CSCh(\/—461r§)>2

u4(x,t)=a0—ﬂ B 2
4q +(c0th(«/—4qr§) icsch(\/—4qr§)> }

u(xt)—a—i—th nh('2 §)+60th(“ 5)]1

—‘”‘—thnh(V2 £)% coth(4 g’)] ]

q

()= %_az H\/AZJFBZ—AOOSH\/_ ﬂl J{

B+Asinh(~4gré)
B+Asinh(~4gré) ’

VA® +B> —Acosh([~4grd)

(Xt =) —=

[w/ﬂ +Acshl, g @I
B+Asioh(~4gd)

Br+Asin( 4 I
VB A +Acsl 449 | |

where A and B are two non-zero real constants satisfying
B - A%> 0,

ug(x 1) =uy(x,t) =u,(x,t),

(6,1 =, ar I cosh(«/;é:) sirm(./—zlqrg)ii :
o slnh(\/—4qr§)+z cosh(y—gré) ) |

U (x t):ao—ﬂ_ Smh(ré) COSh(w—4qr§)i1 ’
1\ q cosh(\/—élqré)"‘] sinh( \/% é) 5

" et

cosh(y4grd) Y |
cosh(y/—4gr&)

sinh(y—gré)

According to the value of the solutions of the type, we
obtain the exact traveling wave solutions for Equation (1):

Uy (1) =1, (1) = aU+ (tan (\/7§)+00t (\/75))
uls(x,z>=an+%:(mn(@§)iseo(@§)) kst i) |
)=+ oty st far ) +{eotrd i)

O RN

2 2 2 2

<

1"

=l

B +Asin(/4gré) ’
B +Asin(/4gré) ’

+A” ~B* —A cos(yfAqré)

ug(x,1) =a,+

B+Asin(f4qré) ]2 .

/A —B* +A cosyAgré)

(o) =, %r[[_‘h/Az BZ+AC($(\/_§)] [
B +Asin(Jdgréd)

where A and B are two non-zero real constants satisfying
A’-B2>0,

Uno (X 1) =y, (X 1) =u5(x 1),

1”22(3CJ)=01()+ﬂ ( COS(\/q7§) Jz_i_(sin(\/@éf)il 2 ’
7| sin(y/4gré) 1 cos(yJqré)

ar
Uy(x,t)=a,+—2

sin(\/q7§) ’ N cos(\/@gc) +1 ]
cos(\/@gc) +1 sin(\/q_rf) '

1

Uy (X ,1)=up,(x,1).



1 —12g° \t 3 2 ., B
where§ =—x — — r=——Qag>—a, —
g I ( 1 JT zq( od , =297 (=)

DISCUSSION AND CONCLUSION

In this section, we will compare some of our results
obtained in this article with the well-known results
obtained in (Sekulic et al., 2011) with the interchanges

reb ACAB OB iows:

1. If we set p = 0 and g = 1 in our results i (x,1) and
Uy (X, 1) , We have respectively the special forms:
u](x,t)zao—aztanhz(v—rg), (10)
And

u,(x,t)=a,+a, tanz(ﬁf), (11)

Where

12 ¢
a2Al T (12)

3 B 1
r=—(2a0—a2—2A—‘), §=2x+(

4a, .

We have noted that the results (10) and (11) are
equivalent to the well-known results (10) and (11)
obtained in (Sekulic et al., 2011) respectively.

u,(x,1) we

2. If we set g =1 in our results (X, 1) and

have respectively the special forms:

u (x,1) = a, + Q[B‘_—“OAJ coth?(v=ré&),

A, 8r+6 (13)
and
ul3('x’t) = ao — E[Bl_—mj Cotz(ﬁg)’

A, 8r+6 (14)

where ris an arbitrary constant, while

1 8r+6 _t
f=—ax—(——m)—.
L B —a,A T

After our careful revisions for the article (Sekulic et al,
2011), we found a minor error in the results (12) and (13)
of this reference, which can be corrected here to become
respectively as:
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u(x,t)=a,

12b( B—-a,A
bl B Sl (b
+ 1 ( Y jcoth (\/_f), 5)

and

12b( B —-a,A )
= _—— — b N
u(x,t)=a, n ( b 16 jCOt (\/—5) (16)
In this case our above results (13) and (14) are
equivalent to the corrected results (15) and (16)
respectively.

u,(x,1) we

3- If we set g =1 in our results 0 (x, 1) and

have respectively the special forms:

o)== -y =2yt (Vo oot/ ),
* A (17)

And

w3<xr)=ao+§(2ao—%—25){m2<ﬁ§)+oot2(ﬁf)},
4 (18)

where r and S have the same forms of (12). We have
noted that the results (17) and (18) are equivalent to the
results (14) and (15) obtained in (Sekulic et al., 2011)
respectively.

From these discussions, we deduce that the exact
solutions of Equation (1) obtained in (Sekulic et al., 2011)
using the modified extended tanh-function method are
special cases of some of our results obtained in the
present article using the improved Riccati equation
mapping method. Furthermore, the proposed method in
this article has been played an important role in obtaining
many families of exact solutions of Equation (1) which
look new and recover the well-known exact solutions
obtained in (Sekulic et al., 2011) using the modified
extended tanh-function method. Finally, all the solutions
obtained in the present article have been checked with
Maple or Mathematica by putting them back into the
original Equation (1).

Numerical examples

In this section, we will give some numerical examples to
illustrate some of our obtained results in this article. To
this end, we select some special values of the
parameters obtained in the exact traveling wave solutions
of Equation (1) for case 1. So, we choose the following
values:

C0:4,Z:3, G():L 626’ R:2’ L:%’T:%’p:8’r:3
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Reu,(x,1)

Figure 1. Some numerical solutions of Equation (1).

ap = 0.5, and using the computer programs, such as the
Matlab, to draw diagrams for some of our results (Figure

1)
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