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The aim of this paper is to study the thermal stress analysis in a plate with a hole in a hyperelliptical
shape assuming the state of plane stress. The system of stress is analyzed using complex variable
method under isothermal conditions. The high stress concentration found at the edge of a hole is of
great importance, therefore stress system at the tip and in the neighborhood of the tip of the hole are
also studied. Numerical calculations are computed for material steel and contour graphs are depicted

to show the obtained results.
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INTRODUCTION

Thermal stresses play an important role in the design of
high speed flight vehicles, machine structures and also in
the fields of nuclear and chemical engineering. It is es-
sential to determine the magnitude and influence of these
stresses to make a realistic design of such components.
It is well known that in an infinite plate a steady heat flow
with a constant temperature gradient (uniform heat flow)
does not induce thermal stresses provided there is no
hole in the plate and no mechanical constraints are
present at the outer edges. Thermal stresses are
induced, however, if the uniform heat flow is disturbed by
the presence of an insulated hole or by the inclusion of
another material.

Specifically one may encounter single or multiple holes
of simple or arbitrary geometries in the plate. The
objective of this research is to study the state of stress
around a more general shape hole. For this purpose we
are investigating hole of hyperelliptical geometry, in a
plate, as it enables us to study a variety of shapes
(Figure 1).

LITERATURE REVIEW

The investigation of stress concentration around holes
and notches of arbitrary shape in a given elastic medium
is very important for modern engineering. During the past
few decades, widespread attention has been given to the
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thermal stress problems in an elastic medium with inclu-
sion, holes or cracks. The heat generating cylinder with a
hole is used in the construction of the reactor. The cir-
cular cylinder with a square hole is an applicable problem
in the construction of support of the bridge. Polygon
region with an elliptic hole have been used in nuclear
reactor. The early work was started by Goodier and
Florence (Goodier and Florence, 1959; Florence and
Goodier, 1959; Florence and Goodier, 1960; Goodier
and Florence, 1963; Florence and Goodier, 1962;
Florence and Goodier, 1964) on localized thermal stress
at holes, cavities and inclusions due to the disturbance of
a uniform heat flow. The thermal stresses in thin elastic
finite plates with insulated circular, elliptic and rectangular
holes, the problem of thermal stress with internal heat
generation in the square region with an elliptical hole at
the centre are described in (Hoffman and Ariman, 1970;
Rao et al., 1971; Matsumoto and Sekiya, 1982). Tran-
sient thermal stresses in an infinite plate with a circular
hole due to a moving heat source, an analytical solution
of elliptical cylindrical cavities and a general solution for
two dimensional stress distributions around triangle holes
in isotropic plate are studied in (Matsumoto and Sekiya,
1982; Goshima and Miyao, 1990; Hong and Kim, 1995;
Ukadgaonker and Rao, 1999). A two-dimensional mixed
boundary value problems for an anisotropic thermoelastic
body containing an elliptic hole boundary and
thermoelastic stress analysis used to obtain the stress
concentration factors (SCFs) from a variety of circular
holes in cylinders are presented in (Chao and Gao, 2001;
Quinn and Dulieu-Barton, 2002). Temperature and ther-
mal stresses in hexagon regions with a elliptic hole using
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Figure 1. A variety of shapes of hyperelliptical
hole.

TN
NPINPAA v
ARTARTAVAN

AN ANY,

elliptic co-ordinates, the distribution of stresses due to
step input of temperature on the boundaries of a homo-
geneous transversely isotropic circular disc in the context
of generalized theories of thermo-elasticity, a thermo-
elastic solution to a coated elliptic hole embedded in an
infinite plate subjected to a remote uniform heat flow, a
general solution to a reinforced elliptic hole embedded in
an infinite matrix subjected to a remote uniform load is
provided in plane elasticity problems of an infinite plate
weakened by a hole having arbitrary shape and a
problem of thermoelastic interactions in an isotropic
unbounded medium with cylindrical cavity due to the
presence of moving heat sources in the context of the
linear theory of generalized thermoelasticity with one
relaxation time has been studied in (Bhullar, 2006; Kara
and Kanoria, 2007; Chen and Chao, 2008; Abdou and
Aseeri, 2009; Youssef, 2009). In the present paper state
of stresses around hole of hyperelliptical geometry is
studied.

FORMULATION OF PROBLEM

We have assumed an infinite plate in which a stationary
stream of heat flows in the direction of y-axis. The origin
O, of the coordinates x, y lies within the hole. The tem-

perature of the plate at infinity is @_ = gy with uniform
heat flux g . The flow is disturbed by a hyperelliptical hole,

bounded by a smooth thermally insulated contour, is
described by the following equation:

(fj +(lj =1,0<n<eo (1)
a b

Where;, a and b are the characteristic dimensions along
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Figure 2. The effect of the geometric parameter n upon the
shape of the hole in first quadrant.

the x and y axes respectively. The shape of plate
depends on geometric parameter n, for n = 2, the shape
of hole is elliptical if a > b or circular if a = b; for n =1, the
hole is diamond shape if a > b or square if a = b; for n >
2, the shape is rectangle if a > b or a square if a = b with
rounded corners (Figure 1). The effect of geometric
parameter n upon the shape of the hole in first quadrant
is shown in Figure 2.

METHOD OF SOLUTION

To study thermal stresses in the state of plane stress the
generalized Kolosov equations which are the fundamen-
tal equations of the method of complex variables, are as
following:

t, +7,, =2 (2)+y;(2)]- Ead (2a)
- _ , an 06(z,7) (2b)
Ty =Tt 2itxy = 2[z v, (Z)+Z (Z)] EaJ.TdZ

where, E is young’s modulus, a is linear thermal
expansion, w(z) and x(z) are thermoelastic potentials of
complex variable z = x + 1y and w(z) and x(z) the
conjugates of w(z) and x(z). Boundary conditions are:

, (= Ea
WI(Z)+ZV/1(Z)—Z(Z)=F(x,y)=7f9d9+cl (3)
Where; F(x, y) denotes the function of position. Also, for

infinite plate ¥,(z)and x'(z) can be represented by the
relation
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w,(z)=-P+(B+1C)+¢,(z) (4)
2(2)=P+ (B +1C")+ x,(2) (5)
= P +zP

,; 7zh+k ) €

Where; P_, P‘ k' = are the components of the

1+v
resultant of the forces acting on the contour. B, C, B' and

C' are constants, @,(z), ¥,(z) are in form of :

oo

k=0 Zk

And a, are in general complex. Under conformal

mapping transformations first and second derivative of
function w(z) are as follows:

v (z) = dylalw )f;; (®)
=y’ (w) w,zw) 9)
’y d l//(w) dw
‘ dw{ (w)}dz 10

Y RE W) -y (v)
[ (w)F o

To map the complex plane with a hole of arbitrary shape
onto the exterior of the unit circle, we have the mapping
in the following form:

cma)= A S

Where; R is a constant. Substituting (12) in (4) and (5)
and we get

w2 1| (12)

w,(w)==P+(B+1C)w+¢"(w) (13)
2 (W)==k’P+R(B" +1C"\w+¢* (w) (14)
/S

(15)

P= Inw
ey 27z"l+k* )

o' (W)= aw™ (16)
k=0

l//*(w)=2bkw_k (17)
k=0

Where; |w| >0, ¢"(w)and W (w) are two analytic
functions. Upon making use of transformation of
Cartesian co-ordinates (x, y) into curvilinear coordinates
(o, B), we have modified equation (2a) - (2b) and we
arrive at the following expressions:

Ty TTpp = 2[F1 (w)+ }71 (w)]— Eae(w,w) (18a)

= pzzal)v'z(w) [E(W)F’( )+ a)(w)F w :| Ea". @'( ) 1 8b)

Top = Tpp T 2T

Since we are using method of complex variables and
conformal mapping, it is imagined that the exterior of the
hole is mapped conformally onto the exterior of the unit

circle in the w-plane by means of the function z = a)(w)
As a conformal mapping leaves a harmonic function
harmonic, the temperature 6?(,0,,[)’) in the w-plane,

where w = pe’ﬁ satisfy the equation;

2 2
af+1ae+1ae 0 (19)
p> pop p’op’

The temperature boundary conditions are;

9 _ 0. for p=1, (20a)
op
6 = RqpSinp, for p=oo (20b)

Where; R is real parameter depending on form and
dimensions of the hole in the z-plane. Upon assuming
the separation of variables

6(p.8)=R’(p)B(B) (21)

We reduce the problem to solution of two ordinary
differential equations

”

PR +pR -1 =0 (22a)

B +AB=0 (22b)
Where; A is a parameter to be determined from the
boundary conditions. The solution of equation (22a)-(22b)
is;



R =Cp*+C,p™* (23a)

B=acosAf +bsin A (23b)

Boundary condition equation 20(a) shows that C, =C,,
and in order for the remaining conditions to be satisfied
identically, one must putA=1,a=0,b=1and C, =¢gR.
Hence,

6(p. )= qR(p%J sin 8 (24)

V3
ti—

As w= pe’ﬁ and e % =27 and we can write equation
(24) into the form

e(w,m:qze{(w—w){l—éﬂ 25

w o w

APPLICATION

Although circular holes are widely used on account of
their simple geometry, an elliptic hole is important
because it may reduce the stress concentration and
therefore prove advantageous. Therefore, first the
problem of an infinite plate with an elliptic hole is studied.
Further, most of the work exist in literature is on thermal
stresses in a plate with square holes, second, the results
for an unbounded plate with a square hole with smoothly
rounded corners are obtained For this purpose we have
investigated two different cases:

n>2 and a=b,n=2 and a#b

The equation for n.> 2 and a =b represents a square
hole with rounded corners. To study this case we consi-
der an unbounded plate with a "square" hole centered at
z=0 with smoothly rounded corners and having axes
of symmetry parallel to the co-ordinate axes. We are
mapping exterior of square with rounded corners onto the
interior of the unit circle o =e” . The appropriate
mapping function in this case is given by;

1
= R(W - 6w3j (26)

It is assumed the plate is free from external load. Upon
substitution of equation (25)-(26) into boundary condition
(4) and by a suitable change of symbolism we lead to
following expressions:
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(o) +F (o) O-;Z)(-T) [% Flo)+F, (o-)} = ﬂiﬁ_liljl[l 8+50° —o*(6+707 |
(27)
— o*a(o)| (o) .., _ EaqRo’® 5 1 7
Rlo)+Flo)- T 2% {mﬁ(ah Fz(a)} _ml[_@m?}?[m?ﬂ
28)

The boundary of the hole is free from external load
therefore logarithmic terms in relation (5)-(6) vanishes.

The function F;(w) and F(W)appearing in stress compo-
nents given in equation 18(a)-18(b) are in the form

F, (w)= a, (w)+ Z a_ w™ (29)
k=0

F,(w)=bw+ ib_kw_k (30)
k=0

The equation (28) after some manipulation and integrate
in each case over the circumference of the unit circle

|w|=1 and after a lengthy calculation leads to the
following equations:

Fw1+2w")=a{l+2w* )+ 2a,w* +2a,w* +2a_,w* +2a_w+2a.,
_4a  TEqgR 1

3w 12w

2a,

B 5 3w %F w
F](w)(1+2w ):w _ _
2b, 2b,

_ii_f( 1 AJ_EQ_ELL:QLLA

2b, 2b,EmqR(5 6 7
w? w 12

Upon solving equations (31)-(32), we arrive at the desired
expression for F;(w), as following:

1 r 1w
Fi(w)= 4anR (1+2w* ) w 3 (33)

The function  F;(w) now found from equation (27), after
integrating in each case over the circumference of the
unit circle |w|>1 and substitute F;(w) from equation
(33) as:

3

Fz(w)=1anRZW3[IW(I—ZW4)+1(36/VX—16/V4+9)} (34)
6 (1+2w4) 3

Upon substituting F;(w), F,(w) into stress components
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Table 1. Material parameters.

Material parameters steel
Young modulus, E 195 x 10yN m™?.
Thermal expansion, a 17.7 x 106°C
Tensile stress, p 860 Mpa
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Figure 3a. T zat 5 = z
4

given by 18(a)-18(b) and we obtain the following
expressions for thermal stresses:

coar T 2EaqR(41+ 2Cos23 +36Cos4 8)Sin3 35)
wo 3(5+4Cos48)
T, —Tp+ 2T EoyR L02A+B+z(ﬂﬁC+D+ PE]  (38)

= 3514Codh)

A=3771Cos2 8 +3132Cos4 3+ 2106Cos6 +1080Cos8 (37)
+612Cos105 +144Cos12 8 + T2Cos2 fCos14 B + 2205

B =—1807SinB+1911Sin33 + 780Sin5 3 — 828Sin7 B
+798Sin9 8 — 796Sin1 18 +156Sin13 — 144Sin15 8

C = 4410 + 6264 Cos4 8 + 2160 Cos8 3 + 288Cos123  (39)

D =3203Cosi+4917Cos3f3 +348Cos5 5 +2772Cos1f (40
—558C0s98 +940Cos1 15 —156Cos138 +144Cos14 3

F = 639Sin2 8 +1026Sin6 B+ 468Sinl0 B+ 72Sin145  (41)

The material, steel is chosen to perform the numerical
calculations. The material parameters in Sl units are given

0 0.25 0.5 0.75 1 1.25 1.5

Figure 3b. 7ssat 5 — z
2

in Table 1.
Figures 3a-3c illustrate the stress component 7,

versus angle 8 and it is observed that contour lines are
symmetric. Also, contour graphs for stress component

T Top T Tpp and\/ Top +(Tﬂ/f f

for different values of angle B, are shown in Figures 4a-
4c, Figures 5a-5¢ and Figures 6a-6¢. for a plate with a
square hole with rounded corners. The pattern of contour
lines observed in these cases is also symmetric. On the

contour of the square hole, the stress component 7,

becomes an azimuthal component. The expression for
the azimuthal stress is obtained as following:

2EaqR . .
=——(58inf — Sin3p 42
Co 3(5 + 4( :0s4,b’) ( " " ) (42)

Figures 7a-7c, shows the contour graph for the azimuthal
stress 745, ON the square hole with rounded corner and

the radius of curvature p* of the rounded corner of

square is taken as p = iR = ia
A5 10 50

The equation (1) for n = 2, and (a # b) represent an
elliptical hole. To study this case we consider an
infinite plate of unit thickness with an elliptic hole and the
conditions under isothermal conditions. A uniform tensile
stress p applied at infinity to be stretch in y-direction and
the geometry of the problem is shown in Figure 2.
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The mapping function given by equation (12) in this case
is:

z=w(w)= R(W+ ﬁj (43)

w

This function maps the exterior of an ellipse onto the
exterior of the unit circle. The parameter

R:a+b’ m:a—b (44)
2 a+b

0 0.25 0.5 0.75 1 1.25 1.5

Figure 6b. (7, ] + (7, ) at 5_ 7.
2
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Figure 6c. (Tpp )2 + (Z'ﬁﬁ )2 at B=x

Where;
a=R(l+m), b=R1-m) (45)

Assuming there is no load acting on the contour of the
hole, and the conditions are isothermal, after replacing
X'(z) by w(z), equation (3) becomes

v, (2)+zw(2)-7(2)=0 (46)

On the boundary o = le”in w- plane and the equation (47)
takes the form or explicitly,
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g,((‘jj) v(0)+7(0)=0

Equation (48) and its conjugate become

v, (o)

1 o> +m _,

+ L o) (o) =0

ol-mo?

l+mo?
m‘/fl(a)H//(U):O
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Upon setting P, = P, =0 in equations (4)-(5), take the

following form:
¢,(w)=R(B+1C)w+¢"(w) (51)
w(w)=R(B’ +1C)w+y"(w) (52)

Where; ¢*(w) and w*(w) are analytic functions.
Further equation (51)-(52) assume the form:

9" (0)+ 9 (0)+ (0)= n S
cl-mo o2

2 2
éld +(;1fi 7*1( . _ﬁ[a_'_id +m+2j (53)
-m

(Lol ) (54

. 1+mo? - .
7o) ro—2g"(0)+y (0)=
(o2 o —m

o' —-m 4

Upon solving the equation 2(a)-2(b) in integral form
involving integrals taken over the circle and after some
manipulation we find

4 2 2
r o4r =P +2p°Cos2f—2m—m

. 55
Y pp4—2mp2Cos2,3—2m+m2 9

2
1- Lt m - {Z%(WZ +m)+(w2 —m)(mw2 —1)}
(w2 —m)‘ w
T, =T, +2txy=p
1+m {

(w* —m)

ZWZ(I+mW2)+1
(w2 —m)2

(56)
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I

Figure 8. The geometry of the problem.

Where; w = e’ and the expressions for thermal stress
components are obtained as:

7, =A'+d(B’Cosf3+C'Cos2 3+ D'Cos3 8+ E'Cos4 3+ F'Cos5 3+ G Cos63) (57)

7, = A’ —d(B'Cosf+C'Cos23+ D'Cos3 3+ E'Cos4 3+ F'Cos5 + G Cos63) (58)

»w

4 2 a2
A’:l p(p +2p°Cos2ff—2m—m )} (59)

2 Pt =2mp*Cos2f+m*
B’ =—2+5m—26m" —4m’ —16m* —7m" +4m*B3—m—m*+3m*) (60)

C'==2+27m+2m* +35m> +6m* +5m’ +2m°® (61)

D' =-12m—8m> +4m*(l-m-m>)+2m°* (62

E'=—6-2m—18m* —2m’ —4m* +2m’ (63)

F' =4(1+m) (64)

G’ =m(2+3m?) (65)

=1 P : (66)
2 2(1 +m’ — 2mC032ﬁ)

The material parameters given by equation (42) are used
to draw the contour graphs for stress system in the plate
of stainless steel with an elliptical hole. Figures 8a - 8c
shows the stress component 7 . versus angle B and the

contour lines in each Figure are for parameter m where m
varies from 0.2 - 1. Similarly, contour graphs for stress
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Figure 8a. 7, at 3 z.
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i z
Figure 8b.7  atp _ .
2

component 7,7 +7, and (Txx )2 + (Tyy )2 for

yy?
different values of angle B, are depicted and are shown in
Figures 9a-9c,10a - 10c and 11a -11c respectively. The
symmetric behavior is noticed in all cases. The hoop

stress 7, at the tips A and B of the major axis (Figure
2), is evaluated from equation (55) for =0andp =1, is

A p(l+2%) (67)
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Figure 9c. Tyy atg=r.
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Figure 11a. (Z'u )2 + (Tyy )2 atg—
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The radius of curvature of an ellipse at a point x,y is:

2\5

3

2 2

p., =a’h’ (x +Zj (68)
a

Hence, at the point A(x =a,y= O), p,=— , and
a

equation (67) becomes:

Ty = p(u 2, /iJ (69)
- Pa

The maximum stress 7 is shown in Figure 11d. The

yy max

contour lines are bundled in the beginning, then
scattered.

The equation (44), for m = 0 and R = a, represents a
circular hole. In this case stress components are
computed as:

7, = ]2){(—1+22JC()s2ﬂ—3C0s4ﬂ+ ZCOSSIB:| (70)
P

T, = ;’K— 1+ ;Jcoszﬁ +3Cos4 3 —2Cos5 ﬁ} (71)

By using the data given by equation (42) in Figures 12a -
12c to Figures 15a - 15¢ set of
2 2

T T,,T, +7, and () +(Z'yy) versus angle S
for different values of p that is p varies from 0.2 - 1 for a
plate of steel with circular hole. 5.2(b) the equation. (44)
In the limiting case b — 0, represents a slit of length 2a =
4R and the expressions for stress components in this
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case are:

_ _ 4 2
TXX=;|: jp+p( 3tp +22’0 Cossﬁ)+pCotﬁCscﬂ} (72)
P

. % [—Zp . pl=3+p* +22p2Cos5,3)_ D CotBCse ﬁ} (73)
P

Figures 16a -16b to Figures 19a -19b are depicted to
show the variation in stress system for a plate with a slit.
It is seen that for p, — 0, in equation (69), the stress at
the ends of the major axis of the ellipse goes to infinity
and ellipse degenerates into a razor-thin slit of length 2a,
the tips of the slit are points at which material starts to
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yield or undergoes a brittle fracture. It should be empha-
sized that these highly hazardous effects of sharp slits
occur independently of the magnitude of the ‘tensile
stress or length of the slit. A thin slit represents a type of
<0.2 a crack. Further =0, w=p on the prolongation of the ma-
jor axis of the ellipse to the right (Figure 2). On the

account of the symmetry 7, = 0 and in the case of slit

PN

fa
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0.4 m— 1, then equations (55) - (56) gives:

T,.t7T, p( +'0j (74)
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Tow ~ T =D (75)

Figure 16a. 7 atp_ "
4 Upon solving equations (75) - (76) on the prolongation of
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the slit stress component is:

7, = p(1+ E j (76)
p -1

Which shows that at the tip of the slit stress becomes
unbounded. The stress system evaluated in the imme-
diate neighborhood of the tip of the crack is following:

T, =1)1/LCOSg I—SinzSin3—a Fores , (77)
2k 2 2 2
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2
The stresses
2 2
T TyysTon Ty + 7, and (7, )" + (z'yy) versus

angle a for different values of k varies from 0.2 - 1.for a
plate of steel by using data given by equation (42) in the
immediate neighborhood of the tip of the crack is shown
in Figures 20a - 20c to Figures 24a - 24c. The pattern of
variation observed is symmetric in all cases.

Concluding Remarks

A thermal stress system around a hyperelliptical hole is
studied in state of plane stress. First, the problem of an
unbounded plate with a "square" hole with smoothly
rounded corners is discussed. Second, a problem of an
infinite plate with an elliptic hole and the particular case
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when an elliptical hole degenerates a circular hole and a
slit are has been solved by complex variable method.
Obtained are analytical solutions for components of
stresses, azimuthal stresses, hoop stresses, stress
system in the neighborhood tip of a slit under the
isothermal conditions. The variation in stresses of steel
material is discussed. It is found that, the flatter the
ellipse, then the larger will be the hoop stress. Further,
the stress at the ends of the major axis of the ellipse goes
to infinity and ellipse degenerates into a razor-thin slit of
length 2a, the tips of the slit are points at which material
starts to yield or undergoes a brittle fracture and these
highly hazardous effects of sharp slits occur indepen-
dently of the magnitude of the tensile stress or length of
the slit. Also, at the tip of the slit stress becomes
unbounded. The pattern of variation in stress system
observed in the most cases is symmetric.
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