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In this paper, an efficient modification of homotopy perturbation method, namely optimal homotopy
perturbation method, is introduced for solving linear and nonlinear partial differential equations with
large solution domain based on a new homotopy perturbation method and Padé approximation method.
We compare the performance of the method with those of new homotopy perturbation and optimal
variational iteration methods via three partial differential equations with large solution domain.
Numerical results explicitly reveal that the suggested technique is highly capable to control the

convergence region of approximate solution.
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INTRODUCTION

Approximate analytical schemes as the variational
iteration method (VIM) (He, 1999) and homotopy
perturbation method (HPM) (He, 1999) have been very
widely used to solve partial differential equations (PDES)
for many applications in science and engineering
(Abbasbandy, 2007; Biazar et al., 2007; Dehghan and
Shakeri, 2008; Ganji, 2006, 2007; Jafaril et al., 2011,
Mohyud-Din and Noor, 2009; Mohyud-Din et al., 2009;
Mohyud-Din, 2010, 2011; Hosseini et al., 2011; Hosseini
et al., 2010; Yildirim, 2009; Abassy et al., 2007,
Aminkhah and Biazar, 2010; He, 2004, 2005, 2006; He
and Wu, 2007; Biazar and Eslami, 2011; He, 2006;
Abdou and Soliman, 2005; Rashidi et al., 2011;
Shahmohamadi and Rashidi, 2010; Rashidi et al., 2011).
There are also many modifications of these introduced
techniqgues, among which Aminkhah and Biazar's
modification of HPM (a new homotopy perturbation
method NHPM) (Aminkhah and Biazar, 2010) is much
more attractive, where the homotopy perturbation method
is coupled with the auxiliary parameters, and only one
iteration leads to ideal results and (Hosseini et al., 2011)
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modification of VIM (optimal variational iteration method
(OVIM) has also been caught much attention, where an
auxiliary constant was introduced to adjust the control the
convergence region of approximate solution.

In this paper, Aminkhah and Biazar's modification of
HPM (Aminkhah and Biazar, 2010) is further extended,
and a convenient way is suggested how to obtain suitable
approximate solution in large solution domain. This
method is called optimal homotopy perturbation method
(OHPM) which is capable very effective in solving PDEs
with large solution domain. Three examples are given to
elucidate the performance of this method. Comparison
with the results obtained by the NHPM (Aminkhah and
Biazar, 2010) and OVIM (Hosseini et al., 2010) shows
that the OHPM have remarkable accuracy. It is to be
highlighted that Rashidi et al. (Rashidi et al., 2011,
Shahmohamadi and Rashidi, 2010; Rashidi et al., 2011)
presented some very useful and highly efficient
modifications in variational iteration method. It is to be
highlighted that Homotopy Perturbation Method (HPM)
was formulated by taking full advantage of the standard
homotopy and perturbation methods. The homotopy
perturbation method (HPM) has been applied to a wide
class of functional equations (He, 2004, 2005, 2006;
Biazar et al., 2007; Dehghan and Shakeri, 2008; Ganiji,
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2006, 2007; Jafari et al., 2011; Mohyud-Din and Noor,
2009; Mohyud-Din et al., 2009; Mohyud-Din, 2010, 2011,
Hosseini et al., 2011; Hosseini et al., 2010; Yildirim,
2009; Abassy et al., 2007). It is worth mentioning that He
(He, 2004) while comparing the homotopy analysis
method (HAM) and homotopy perturbation method (HPM)
clearly proved that HAM is a generalized Taylor series
method which gives an infinite series solution and is
coupled with all the deficiencies and limitations of this
technique to have practical examples. Moreover, such
schemes are not compatible to cope with the secular
terms arising in the higher-order approximate solutions,
whereas homotopy perturbation method (HPM) searches
an asymptotic solution with few terms (mostly 2 to 4
terms) and does not require any convergence theory. The
subsequent work (He, 2004, 2005, 2006) has explicitly
strengthened this claim.

METHODOLOGY
Optimal variational iteration method

Consider the partial differential equations (PDES),

i—i + N(x t,u) = glx, t) (1)

With the following initial condition:
ulx,ty) = f(x),

Where N is a nonlinear operator and g is inhomogeneous term. An
unknown auxiliary parameter h can be inserted into the variational
iteration algorithm. For solving Equation (1) by OVIM (Hosseini et
al., 2010) we consider the following algorithm,

u, (x,t) is an orbitary function, 2)
{“1 (mth) =uglxt) +h f: Als) N(x,s5) ds
o

w, g (0t k) =u, (v, t,h) A5 AEN(x, s, h)ds nz=1
to

Where 7. is a Lagrange multiplier which can be identified optimally
via variational theory (He, 2006). It should be emphasized that
U, {x,t,h).,n = 1 can be computed by symbolic computation
software such as Maple or Mathematica. The approximate solutions
u, (x.t,h),n = 1 contains the auxiliary parameter F . The
validity of the method is based on such an assumption that the
approximation 1i,, (1', t, !1“.] converges to the exact solution. It is

the auxiliary parameter H that ensures that the assumption can be
satisfied. In general, by means of the so-called h -curve, it is

straightforward to choose a proper value of h which ensures that

the approximate solutions are convergent (Hosseini et al., 2011). It
has been shown that the OVIM is capable to approximate the
solution more accurately than VIM in a large solution domain
(Hosseini et al., 2010; Hosseini et al., 2011).

Optimal homotopy perturbation method

For solving Equation (1) by the optimal homotopy perturbation
method, at the first we solve this equation by NHPM (Aminkhah and

Biazar, 2010) and for this reason we construct the following
homotopy:

(1—p) (i—i —u,:_:] +p (i—i + Nt U) —g(x tj] =0, 3

or equivalently,

5. = uo — Plug + N(x, t,U) — g(x,1)). @
Applying the inverse operator, L™= f: (. )dt, to both sides of
1}

Equation (4), we obtain:

Ux,t) = Ulx, ty) + f: Updt —p U: Uy +N(x, t,U) — g[x,r)] dr, ()
Where UEL 1‘,:_) = ’u:(l‘, fc.:l is the initial condition for Equation
(2).

Suppose the solution of Equation (5) has the following form:

U=Uy+pU+piUy+ -, (6)

Where Ui =0,1,2,... are functions which should be

determined. Now suppose that the initial approximation of the
solutions L, has the form:

LL,:_(?L', f:l = Eg‘::c_fﬁ:-(ﬁ.')f:':-(fj, )

Where o [1) are

P,(t), P(t),P,(t],... are specific functions. Substituting (6)
into (5) and equating the coefficients of p with same power leads to

p% Uglx,t) = f(x) + T, a,(x) j P.(t)dt,

unknown coefficients and

phU () = -Z a.(x f Pt dr—j

N(x,t,Uy) — glx,1))de,

p% Uy(x,t) = — [F N(x,t, Uy, Uy dt, ®)
)

p: Usl(x,t) = — [F N(x,t, Uy, Uy, Uy)dt,
o

pl: U (x,t) = — j N(x,t, Uy Uy, Uy, ..., Uy_y )dt,

Now if we solve the equation in such a way that Uy {x,t) =0, then

Equation (8) result in U:Ex, rj = UE(:{, 1‘) =-=10 .

therefore, the solution can be obtained by using
u(xt) =Uylxt) = f(x) + I, a.(x f Pt ©)

It is worthwhile to note that if L4 (x,t) be analyticat t =
its Taylor series:

o, then



Table 1. Comparison maximum absolute error for Examplel.
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N (OHPM)  Time (S) NHPM Time (S) OVIM Optimalh  Time (S)
10 3x 107 0.65 2.2x 10° 0.26 1.4x 107 -0.07 0.73
20 1.3x 107" 0.95 2.8 10% 0.63 2.7% 107 -0.13 2.65
30 B.8% 107 1.26 2.2x 10% 0.93 3.6% 107 -0.25 6.24
40 tix 107 1.98 6.2 10%F 1.22 B.5x 1074 -0.36 10.81
50 3x107H 2.56 143 10% 1.88 9.5 1077 -0.54 18.65
60 1.9x 107 3.41 4.5% 10% 2.13 3.3x 107" -0.59 29.39
70 3.6% 10720 412 2.9 10 2.65 8.8 1074 -0.61 53.30
80 2131077 5.09 1.4 10% 3.23 7.9% 1075 -0.67 93.16
90 4.2x 107 6.35 1.9 10" 4.01 5.6 107 -0.71 109.23
100 3.3x107% 7.68 2.8x 10° 4.76 3.4x 107 -0.75 126.36
degree one higher than Q‘J [:ﬁ.‘, I':I , with respect to t. In this paper
1012 | we assume that Nis evenand L = M = :\ In fact, the proposed
| II | | | | 1 technology is very simple, easier to implement and is capable to
. ' i t approximate the solution more accurately in a large solution
25_',' domain.
] =S
3 ik / b RESULTS
] ] |
153 W -\ -q\ SEPNEYSRIN To demonstrate the effectiveness of the OHPM and to
105 / M __ﬁhh L 1. compare this method with the NHPM (Aminkhah and
] 3 Biazar, 2010), and OVIM (Hosseini et al., 2010; Hosseini
] 40
53 30 : et al., 2011), we considered three PDEs with large
= 20 solution domain. The computations associated the
pE—— 10 examples are performed using Maple 12.
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Figure 1. Absolute error of OHPM with N=50, L=M=25, for
example 2.

Uy(x,t) = E;f:.;. a, (x)(t—1t;)" can be
Equation(8) where &, (1) are known coefficients.

Now we apply t-pade approximation technique on the obtained
L Py ix.t)

solution (9). Note that t-Pade approximation [;] = Q"— is a
) ALt )

used in

rational approximation to u(x, rj where F'L (1', 1‘:] is a polynomial

of t of degree at most L and s I::fl.'J 1“] is a polynomial of t of
degree at most M such as:

u(x,f) — L — oty (10)

Qu ()

For a fixed value of L + M the error is smallest when F} (1‘, 1‘:1

and 2,;(%,t) have the same degree or when P;(x,t) has

Example 1
Consider the following evolution equation:

t=0, 0<x=50

{’“’».— +u, = Zu.x_. (11)
ulx,0)=e7" 0=xx <
with the exact solution w(x,t) = e *7F
We take the solution domain as

(x,t) € [0,50] x [0,50], the absolute error of OHPM,

NHPM and OVIM and their computational times are given
with different N in Table 1.

Example 2

Consider the following evolution equation:
{uh +u,...=0, t>=0, 0=x=>50

u(x,0) = sin(x), 0=x =50
with the exact solution 1t (x,t) = e “sin (x).
Figures 1, 2 and 3 show the absolute error of izy(%, 1)

(12)
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Figure 2. Absolute error of NHPM with N=50, for example
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Figure 3. Absolute error of OVIM with N=50, h=0.05

for example 2.

Figure 4. Absolute error of OVIM with N=5, h=0.43
for example 3.

on (x,t) € [0,50] % [0,50], for OHPM, NHPM and
OVIM, respectively.

Example 3

Consider the following evolution equation:

= x =10 (13)

{u_.—um__—im_r= 0, t=0, 0:
x =10

wlx,0)=x , 0

1

with the exact solution u(x,t) = %

Solving  this  problem via NHPM, we find
u,(x,t) =x —xt+ xt~, and then applying OHPM

with L=M=1, we have u,(x,t) = ﬁ which is the exact

solution. Also the absolute error of OVIM for (.t} on
(x,t) € [0,10] % [0,4] is shown in Figure 4.

Conclusion

The present technology provides a simple way to adjust
and control the convergence region of approximate
solution for any values of t and x. Numerical results
explicitly reveal the complete reliability, efficiency and
accuracy of the suggested technique. It needs to be
highlighted that the optimal homotopy perturbation
algorithm is capable to reduce computational time and
obtaining suitable approximate solution of PDEs in large
solution domain.

ACKNOWLEDGEMENT

The authors are highly grateful to the reviewers for their
constructive comments.

REFERENCES

Abassy TA, El-Tawil MA, El-Zoheiry H (2007), Solving nonlinear partial
differential equations using the modified variational iteration Pade”
technique, J. Comput. Appl. Math., 207: 73-91.

Abbasbandy S (2007). A new application of He’s variational iteration
method for quadratic Riccati differential equation by using Adomian’s
polynomials, J. Comp. Appl. Math., 207: 59-63.

Abbasbandy S (2007). Numerical solutions of nonlinear Klein-Gordon
equation by variational iteration method, Internat. J. Numer. Meth.
Eng., 70: 876-881.

Abdou MA, Soliman AA (2005). New applications of variational iteration
method, Phys. D., 211: 1-8.

Abdou MA, Soliman AA (2005). Variational iteration method for solving
Burger's and coupled Burger's equations, J. Comput. Appl. Math.,
181: 245-251.

Aminkhah H, Biazar J (2010). A new analytical method for system of
ODEs, Numer. Meth. Partial Diff. Eq., 26: 1115-1124.

applications in nanoelectronics, Int. J. Phy. Sci., 6(6): 1535-1539.

Biazar J, Eslami M (2011). A new homotopy perturbation method for
solving systems of partial differential equations, Comput. Math. Appl.,


http://www.sciencedirect.com/science/article/pii/S0898122111003737?_alid=1834803072&_rdoc=1&_fmt=high&_origin=search&_docanchor=&_ct=14&_zone=rslt_list_item&md5=18c6715881c22c0a0cf1e4f5b75d9b61
http://www.sciencedirect.com/science/article/pii/S0898122111003737?_alid=1834803072&_rdoc=1&_fmt=high&_origin=search&_docanchor=&_ct=14&_zone=rslt_list_item&md5=18c6715881c22c0a0cf1e4f5b75d9b61

62: 225-234.

Biazar J, Eslami M, Ghazvini H (2007). Homotopy perturbation method
for systems of partial differential equations, Int. J. Nonlinear Sci.
Numer. Simul., 8(3): 411-416.

Dehghan M, Shakeri F (2008). Use of He's homotopy perturbation
method for solving a partial differential equation arising in modeling of
flow in porous media, J. Porous Media, 11: 765-778.

Ganiji DD (2006). The application of He’s homotopy perturbation method
to nonlinear equations arising in heat transfer, Phy. Lett. A., 355: 337-
341.

Ganji DD, Tari H, Bakhshi JM (2007). Variational iteration method and
homotopy perturbation method for nonlinear evolution equations,
Comput. Math. Appl., 54: 1018-1027.

He JH (1999). Homotopy perturbation technique, Comput. Meth. Appl.
Mech. Eng., 178: 257-262.

He JH (1999). Variational iteration method a kind of nonlinear analytical
technique: some examples, Int. J. Non-Lin. Mech., 34: 699-708.

He JH (2004). Comparison of homotopy perturbation method and
homotopy analysis method, Appl. Math. Comput. 156: 527-539.

He JH (2005). Homotopy perturbation method for bifurcation of
nonlinear problems, Int. J. Nonlin. Sci. Numer. Simul., 6 (2): 207-208.

He JH (2006). Some asymptotic methods for strongly nonlinear
equations, Int. J. Modern Phy. B. 20 (10): 1141-1199.

He JH, Wu XH (2007). Variational iteration method: new development
and applications, Comput. Math. Appl., 54: 881-894.

Hosseini MM, Mohyud-Din ST, Ghaneai H (2010). Variational iteration
method for nonlinear Age-Structured population models using
auxiliary parameter, Zeitschrift fir Naturforschung A., 65a(10): 1137-
1142.

Hosseini MM, Mohyud-Din ST, Ghaneai H (2011). On the coupling of
auxiliary parameter, Adomian's polynomials and correction functional,
Math. Comput. Appl., 16 (4): 959-968.

Hosseini MM, Mohyud-Din ST, Ghaneai H, Usman M (2010). Auxiliary
Parameter in the Variational Iteration Method and its Optimal
Determination, Int. J. Nonlinear Sci. Numer. Simul., 11(7): 502-509.

Jafaril M, Hosseini MM, Mohyud-Din ST, Ghovatmand M (2011).

Mohyud-Din ST (2010). Modified variational iteration method for
integro-differential equations and coupled systems, Zeitschrift fur
Naturforschung A, A J. Phys. Sci., 65a: 277-284.

Mohyud-Din ST (2010). Variational Iteration Method for Hirota-Satsuma
Model Using He’s Polynomials, Zeitschrift fiir Naturforschung A, A J.
Phys. Sci., 65(6-7): 525-528.

Abolhasani et al. 1297

Mohyud-Din ST (2010). Variational iteration techniques for boundary
value problems, VDM Verlag. ISBN 978-3-639-27664-0.
Mohyud-Din ST , Yildirim A, Demirli G (2011). Analytical solution of

wave system in R"™ with coupling controllers, Int. J. Numer.
Methods Heat Fluid Flow, 21 (2): 198-205.

Mohyud-Din ST, Noor M, Noor Kl (2009). Traveling wave solutions of
seventh-order generalized KdV equations by variational iteration
method using Adomian’s polynomials, Int. J. Mod. Phys. B., 23(15):
3265-3277.

Mohyud-Din ST, Noor M, Noor Kl, Hosseini MM (2010). Solution of
singular equations by He’s variational iteration method, Int. J.
Nonlinear Sci. Numer. Simul., 11(2): 81-86

Mohyud-Din ST, Noor MA (2009). Homotopy perturbation method for
solving partial differential equations, Zeitschrift fur Naturforschung A.,
64a: 157-170.

Rashidi MM, Ganji DD, Shahmohamadi H (2011). Variational Iteration
Method for two-dimensional steady slip flow in micro-channels,
Archive Appl. Mech., 81(11): 1597-1605.

Rashidi MM, Shahmohamadi H, Domairry G (2011). Variational Iteration
Method for Solving Three-Dimensional Navier—Stokes Equations of
Flow Between Two Stretchable Disks, Numer. Methods Partial
Differential Equations, 27(2): 292-301.

Shahmohamadi H, Rashidi MM (2010). A Novel Solution for the
Glauert-jet problem by variational iteration method-Padé
approximant, Math. Problems Eng. Volume 2010: Article ID 501476,
7 pages.

Solution of the nonlinear PDAEs by variational iteration method and its

Yildirim A (2009). Application of He’s homotopy perturbation method for
solving the Cauchy reaction—diffusion problem, Comput. Math. Appl.,
57(4): 612-618.



