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We study the existence of a common fixed point for some generalized non-expansive mappings and
non-spreading mappings in CAT(0) spaces. We also study an iterative method for approximating

common fixed point of a pair of those mappings.
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INTRODUCTION

Let E be a nonempty subset of a Banach space X. A
mapping T:E—*E s said to be nonexpansive if
ITx—=Ty ISl x—yIl for all X*¥ESE wWe denote by
FMythe set of fixed points of T, that Iis,

FT)={xeE Tx=x} A mapping T:E—E is said to
be quasi-nonexpansive if F(T) = & and || Tx —z <[] x — z]|

In 2008, Suzuki (2008) introduced a condition on
mappings, called condition (C), which is weaker than
nonexpansiveness and stronger than quasi-
nonexpansiveness. Moreover, he obtained someinteresting
fixed point theorems and convergence theorems for such
mappings. In 2008, Dhompongsa et al. (2009) proved a
fixed point theorem for mappings with condition (C) on a
Banach space such that its asymptotic center in a
bounded closed and convex subset of each bounded
sequence is nonempty and compact. Nanjaras et al.
(2010) extended Suzuki results on fixed point theorems
and convergence theorems to a special kind of metric
spaces, hamely CAT(0) spaces. Kohsaka and Takahashi
(2008) introduced a nonspreading mapping on Banach
spaces. Let £ be a nonempty closed convex subset of a

Banach space X. A mapping T’:E ’;E is sagd to be a
nonspreading mapping if AMTx=Ty <N Te=y I +0Ty x| foral x,y CE.
(For detail, one can also refer to Lemoto and Takahashi
(2009).

In 2011, Lin et al. (2011) introduced generalized
nonspreading mappings on CAT(0) spaces, called

generalized hybrid mappings, let E be a nonempty
closed convex subset of a CAT(0) space X. We say

T'E—Xisa generalized hybrid mapping if there exist
g E— 018,8, E—[01)

such that

PHd TxTy <a x d xy +a x d Txy
+a,(x)d (x,Ty) + k, (x)d" (Tx,x) + k,(x)d" (Ty.y)
foral x,y € E

(P2)a, x +a, x +a, x =1foral x,y £E

(P3) 2k, x <<1—a, x and k, x <<1—a, x
for all x,y € E.
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They also gave the definition of nonspreading mappings
on CAT(0) spaces. Let E be a nonempty closed convex
subset of a complete CAT(0) space X. A mapping
T:E—E js said to be a nonspreading mapping if

2d" (Tx,Ty) < d" (Tx,y) + d (Ty,x) foral x,y < E.

The following iterative scheme is introduced by
Dhompongsa et al. (2011). Let £ be a nonempty closed
convex subset of a Hilbert space H. Let S:E—*E pe a
nonspreading mapping and let T:E —+E be a mapping
satisfying condition (C) such thatF(S)F(T) = &. They
consider,

X =XE E.
(A);
X = S{0 T +(1— 0 )x }+(1— o )x_,
z, =zcE,
(B")
z =aT{isz +(1-35)z}+(1—«a )z,

forall n N, where {o } C (0,1 and {3 } Z[0,1].

In this paper, we extend this iterative scheme to CAT(0)
spaces. Let £ be a nonempty closed convex subset of a
complete CAT(0) space X. Let S:E—*E pe a
nonspreading mapping and let T:E —+E be a mapping
satisfying condition (C) such that F{S)F(T) =& we
consider,

11—1:"‘.:5,

(A)
x o= S{0Te B(1— 2 )% Fo(1—a )x,

z, =z E,

(B) .
z = r'.nT{.fnbzﬁ &(1— xinjzn} B(1—a )z,

for all m = N, where {0 n} (0,1 and { in} Z 0]

PRELIMINARIES

Let x be a complete CAT(0) space, let {x } be a bounded

) r[x,{xn}}:limsupd[x,xn].
sequence in x and for ¥ = X set L
The asymptotic radius "4%a 1) of {X,}

r({xn H= Fr'rf{rl[x,{xn H:xec X},

is given by

and the asymptotic center Allx, 1) of {x.} is the set

Alfx N ={x e X rix{x }) = ri{x_h

It is known from Proposition 7 of Dhompongsa et al.

(2006) that in a CAT(0) space, Alfx,}) consists of exactly
one point.

Definition 1: Let E be a nonempty subset of a complete

CAT(0) space X. Then T:E—*E s said to satisfy
1

condition (C) it zd{x,Tx}gdtx,y] impliez  a(Tx,Ty) < dix,¥)

for all X.¥ € E. (Nanjaras et al., 2010; Suzuki, 2008).

We see that every nonexpansive mapping satisfies
condition (C) but the converse is not true (Nanjaras et al.,
2010). It is easy to see that if a mapping T satisfies
condition (C) and has a fixed point, then T is a quasi -
nonexpansive mapping (Nanjaras et al., 2010). We now
give the definition of 2A-convergence.

Definition 2: A sequence {x } in a complete CAT(0)
space X is said to A -converges to x X if x is the

unique asymptotic center of {u.} for every subsequence
A— i x =x

{u.} of {x.}. In this case we write e and call
x the D- iimit of {x } (Kirk and Panyanak, 2008; Lim,
1976).

We now collect some elementary facts about CAT(0)
spaces which will be used in the proofs of our main
results.

Lemma 1: Every bounded sequence in a complete
CAT(0) space always has a Zi-convergent subsequence
(Kirk and Panyanak, 2008).

Lemma 2: If £ is a closed convex subset of a complete
CAT(0) space and if {x } is a bounded sequence in E,
then the asymptotic center of {x } is in E.(Dhompongsa
et al., 2007).

Lemma 3: Let E be a nonempty closed convex subset of
a CAT(0) space x. Let {x,} be a bounded sequence in
X with a¢x »=x}, and let {u } be a subsequence of {x }

lim d{x_,u)
with  Agu 1= (u}. Suppose that =—-

x= u.(Gromov, 1999).

exists. Then
Lemma 4: Let x be a CAT(0) space (Dhompongsa and

Panyanak, 2008).

() For x.¥ € X and 5[0 there exists a unique point
z € [x,¥] such that d(x.2) = td(x,¥) and

diy.z) = (1—t)d(x, y). (1)

We use the notation (1= 2% =& for the unique point z
satisfying (1).

(i) For %:¥.ZE€ X and £ [0,1, we have



a((1—t)x S ty,z) = (1— t)d(x,z) + td(y, 2).

(i) For x,y,z = X and £ <[0,1], we have
d (1—tx Bty,z) <(1—0d (x,2) +1d (v,2)

—t(1—t)d" (x,¥).

Lemma 5: Let X be a CAT(0) space. Let {x }and {y, }
be two bounded sequences in X with lim d(y,,x,)=0.(Lin

n—o
etal., 2011).
A— limx =x, then A— lim y_ =x.

If i o

Lemma 6: Let E be a nonempty closed convex subset of
a complete CAT(0) space Xx, and suppose that
T : E — E satisfies condition (C) (Nanjaras et al., 2010).
d{Txﬂ . xﬂ} — 0

If {x } is a sequence in E such that and
A—lim x =z i
a0 forsome Z< X, then zE E and z= Tz

Lemma 7: Let E be a nonempty closed convex subset of
a complete CAT(0) space x, and let T:E —* X be a

generalized hybrid mapping (Lin et al., 2011). Let {x } be

a bounded sequence in E with
A~ lim x =x and lim d(x Tx )=0._ .

i m—0L Then xIE
and Tx= x.

Corollary 1: Let E be a nonempty bounded closed
convex subset of a complete CAT(0) space X.(Nanjaras
et al., 2010). Suppose that T : E —*E satisfies condition
(C). Then F(T) is nonempty closed, convex, and hence
contractible.

Corollary 2: Let E be a nonempty closed convex subset
of a complete CAT(0) space X, and let T:E—+E be
any one of nonspreading mapping, TJ-1 mapping, TJ-2
mapping, hybrid mapping, and nonexpansive mapping.
Then {T'x} is bounded for some xi Eif and only if
F(T)= <. (Lin et al., 2011).

Lemma 8: Let E be a nonempty closed convex subset of
a complete CAT(0) space X, and let T:E—*X be a
generalized hybrid mapping (Lin et al., 2011). If {x } is a
lim d(x_Tx )=0
bounded sequence in E such that =
and  1dlx.vi converges for all
then w ({x ) C F(T), where w {{x })=UA{u}) and {u }

VE F(T),

and {u } is
any subsequence of {x }. Furthermore, “.f%.} consists
of exactly one point.
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EXISTENCE THEOREM

Theorem 1: Let E be a nonempty bounded closed
convex subset of a complete CAT(0) space X, and let
T:E—E satisfy condition (C) and S:E—"E be a
nonspreading mapping. Let 7 and S are commuting
mappings on E. Then T and S have a common fixed
point.

Proof: By Corollary 1, we have F(T)=&. Since T and
S are commuting mappings on E, we have
Sx = S(Tx) =T(Sx), and hence SXEF(T) for all
XxE (). so §:F(T)—+F(T). By Corollary 2, we have

F(S) = #. Hence there exists ¥ ©FI(S) such that
y=S8y e F(T).So y € F(T) " FIS).

A - CONVERGENCE THEOREMS

We need the following lemmas for completing the proof of
main results.

Lemma 9: Let £ be a nonempty closed convex subset of
a complete CAT(0) space X, and let T:E —* X satisfy

condition (C). If {x } is a bounded sequence in E such
lim d(Tx .x )=0

that =~ and {d(x,v)} converges for all

{dlx,.v}} then w!, {x DT H(T), where “elbx,="UAlu})

and {u} is any subsequence of {x } Furthermore,

W lx, B consists of exactly one point.

Proof. By the assumption {x } is a bounded sequence in

m d{Tx ,x )=0. Let u E-wﬁ{{xﬂ}},
E such that == then

there exists a subsequence {u} of {x} such that

AU N =1uk By |emmas 1 and 2 there exists a

subsequence {v,} of {u} such
A—limu =veEE Since limd(Tv v )=0,

that % o

ve F

we have
T) by Lemma 6. By the assumption 190V}
converges for all ¥ = F(T) then ¥=VEF(Tpy Lemma 3.
This shows that “w{x.D<F(T). Next, we show that
W lx,}) consists of exactly one point. Let¥,H) = {x}
and} be a subsequence of Ut with AU, P = {uk
Since UEW,{x,)CF),
{d(x_,ult

we have seen that ¥ = Vv = F(T)

then converges. By Lemma 3, x= u.

Lemma 10: Let E be a nonempty closed convex subset
of a complete CAT(0) space X, and let T:E-—E

satisfy condition (C) and S:E—*E be a nonspreading
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FIT)MF(S) = & Let {xn}

mapping such that be a

lim o x,_,w)
sequence defined as (A). Then =
w e F(TYMF(S)

exists for all

Proof: Let {x } be a sequences defined by (A) and
WEFT)F(S) Then W) <d(xw) gng dSy.w)<dly,w) foral Xy EE.
By Lemma 4(iii), we have

d(y_w)=d (3 Tx @&(1— 3 )x w)

< 8,0 (e, W)+ (1- 8,)d" (x,.w) — 5,(1— 3,)d"(Tx, . x,)
Bd (x,w)+(1—3,)d (x,w)—3,(1— 3,)d (Tx,.x,)

1A

=d (x, ,w)— 3 (1— 3)d (Tx_,x,) @

<d (x,,w),
and

d(x_, .w)=d (o Sy, &(1—a)x, w)
<o d (Sy, w)+(1—a)d (x w)—a (1— o )d (Sy,,x)
<o d (y, W) +(1—a)d (x,,w)

—e (1— o )d (Sy,,x,) @

= r\-ndz{x",w} + 11 —n:n}dz{xn,w} —a (1— n:ﬂ}dz{Syn,x”}
<d (x,w)—a, (1—a)d (Sy,.x) 3)

< d(x_,w).

so 1dlx,.wl is pounded and decreasing sequences.
lirm d{xﬂ,w}

Hence =~ exists.

Lemma 11: Let E be a nonempty closed convex subset
of a complete CAT(0) space X, and let T:E—E
satisfy condition (C) and <:E—* E be a nonspreading

FMNF(S) = 2. Let {ov } and (] ) be

be a sequence defined

mapping such that
two sequences in(0,1). Let {x }

as (A).
liminfce (1—cx ) 2> 0 and liminf3 (1—3 )20,
If o o then
im d(y .x )=0 and lim d(y_,w)
m—o e exists.

Proof: Let {x } be a sequence defined by (A) and
lim d{x_ ,w)
w & F(T)MF(S). By Lemma 10, =~ exists.

Since dWaW) = dlx ,w) < dlx,w), so {x } and {y }

are also bounded. By (3), we have

d*(x,,,.w) < d"(x,,w)—a, (1—a,)d*(Sy,.x ).

liminfox (1—ce ) =0,
Since e so there exist k> 0and

HNE M such that o (1— ¢y ) = k forall nz N, so

limsupkd (Sy,,x,) < limsupc, (1— v, )d" (Sy,.x,)

< limsup{d” (x_,w) —d"(x_,_ W)}
=0.

0 < lirninf a‘z{Syﬁ,xﬁ} = Iimsupdz{Syn,xn] = 0.
Hence e n—c
lim d”(Sy,,x_)=0.
Thens—~
lim di(Sy_,x )= 0.
This implies that =~ (4)

a [d (x, w)—d(y_w <d (x_,w) —d"(x_,_w).

Then
a (1—a )<a so liminfe = 0.
Since o
Using the same argument we have

lim (d” (x,,w) —d”(y_,w)) = 0.

Then

B (1—8)d (Tx,x ) <d (x,,w)—d (y,.w).

lirninf 3“{1— &ﬂ}}ﬂ_
Since 0w

lim d” (Tx_,x ) =0.
Using the same argument, we have »
lirm d{Txﬂ,xn}z 0.
This implies that a—~ (5)

Hence,

Iimsupd{yﬂ,xﬁ} = Iimsup.ﬁnd{Txn,xn} < imsup d{Txn,xﬂ} =0

A A i —Fes

So lim d(y,,x,)=0. Since lim (d"(x_,w)—d (y,w))=0,
lim d{x_,w) lim d(y_.w)
and &~ exists, we have »—~ exists.
Now we are ready to prove Zi-convergence theorem for

a sequence 1%.}

Theorem 2: Let E be a nonempty closed convex subset
of a complete CAT(0) space X, and let T:E —*E satisfy
condition (C) and S:E —* E be a nonspreading mapping

F(T)NF(S) = 2. Let {cv } and {3} be  two

be a sequence defined as

such that
sequences in(0,1). Let (x }
(A).

if liminfo (1— v, )= 0 and liminf 3 (1—3,) >0,
Then & — lim X =we FTyn FAS).

[



Proof: Let {x } be a sequence defined by (A) and
. lim d{xﬂ,w}

wEF(T)MF(S). By Lemma 10, we have ===

exists. Then {x } is bounded. By Lemma 11, we have

lim diy .x )=0 lim d(y_,w) W}

a—D and =% exists. Then ¥a' is

also bounded. As in the proof of Lemma 11, we

i {Tx ,x ) =0

getr—® and by @) we have
lim d(Sy,,x )=0.
n—F
<d(8 lim d(Sy ,y )=0.
Since Ay, p,) S, 3, )+l ), We have rs» (57 2)

By Lemma 9, there exist X:¥ €E such that

@, ({x, ) ={x}CF(T)and @, ({y N ={y}HS) So,

A—limx =xand A— limy =}¥.
n—p= A+

By Lemmab, X =V¥-
Lemma 12: Let E be a nonempty closed convex subset
of a complete CAT(0) space X, and let T:E-—E

satisfy condition (C) and <:E—* E be a nonspreading

mapping such that F(DIFE) =2 Let{z by, o

. lim a{z_,v)
sequence defined as (B). Then =

v E F(TYMF(S).

exists for all

Proof: We can prove this by following the steps of the

argument of Lemma 10, simply replacing {x,} with {z },
replacing w with v, replacing 7 with s and replacing s
with T.

Lemma 13: Let £ be a nonempty closed convex subset
of a complete CAT(0) space X, and let T:E—E

satisfy condition (C) and <:E—* E be a nonspreading
FMNF(S) = 2. Let {cv } and {(F } be

be a sequence defined

mapping such that
two sequences in(0,1). Let {z }
as (B).

it liminfex (1— o )= 0 and liminf 3 (1— 3 )= 0,

s

then lim d{y .,z }=0 and lim d(y ,v) exists.

Proof: We can prove this by using Lemma 12 and
following the steps of the argument of Lemma 11. Now
we are ready to prove D -convergence theorem for a

Z i
sequence { -'1}

Theorem 3: Let £ be a nonempty closed convex subset
of a complete CAT(0) space X, and let T:E —E gsatisfy

condition (C) and S:E—*E be a nonspreading mapping

such that™(T1F(S) =2 Let {(x } and 3.} be two

sequences in(0,1). Let {z,} pe a sequence defined as

(B).
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it liminfe (1—«a )= 0 and liminf3 (1— 3 ) >0,

lim z =wv e F(T)NF(S).

[

then A

Proof: We can prove this by using Lemmas 12, 13 and
following the steps of the argument of Theorem 2.
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