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In this paper, we introduced a new subclass of meromorphic functions with residue &=Res(f,w), which

is defined by means of a Hadamard product (or convolution). Then we determine some properties such
as coefficient bound, distortion theorems, radius of starlikeness and convexity for this class.
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INTRODUCTION

Let H(U) be the set of functions which are regular in
the unit disc U ={z:|z|<1}, A={feHU): f(0)=f'(0)-1=0}

and S denote the class of functions of the form
f(z)=z+> az" 1)
n=2

that are analytic and univalent in unit disc U .
Denoted by s™(¢) and C(a),(0<a <1),the subclasses

of functions in S that are starlike of order ¢ and convex
of order «, respectively. Analytically, f €S (c) if and
only if f is of the form (1) and satisfies

Re L’(Z) >
f(2) ’

Similarly, f € C(«) ifand onlyif f is of the form (1)
and satisfies

zeU - )

Re 1+M >a , ze€U (3)
f'(2)

Let T denote the class of functions analytic in unit disc
U that are of the form

f(z)=z+> a,z" @
n=2
and let T (a)=TNS (a) and K(a)=T nC(a).

The class T (a)and allied classes posses some
interesting properties and have been studied by
Silverman (1975, 1976) and Silvia (1979) and others.
Gupta and Jain (1976) extended some of the results of
Silverman to functions of the form (4) that are starlike of
order « andtype S, (0<f<1).The class of starlike
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functions of order « and type S was introduced by

Junega and Mogra (1975) who also made a detailed
study about it (Junega and Mogra, 1978; Mogra and
Junega, 1977).

Let W be a fixed point in U and
A(W)={f eHU): f(w)= f’(W)—1=O}. It is easy

to see that a function f e A(W) has the series

expansion:
f(2) :(z—w)+a2(z—w)2 +on

Kanas and Ronning (1999) introduced the following
classes:

S(w)={f e Aw): f is univalent inU }

ST(W):{f eS(W):Re(%j>O,ZeU}

CV(W)={f ES(W)11+RG£M]>O, ZGU}-
f'(2)

The class ST (W) is defined by the geometric property
that the image of any circular arc centered at W is
starlike with respect to f(w) and the corresponding

class CV (W) is defined by the property that the image of

any circular arc centered W is convex.
It is obvious that there exists a natural “ Alexander

relation ” between the classes ST (W) and CV (w):
f eCV(w) iff (z—w)f’'eST(w).

Let P(w) denote the class of all functions

p(z) =1+> B, (z-w)" (5)
n=1

that are regular in U and satisfy p(w)=1 and
Re p(z) >0 for zeU.

Let 2 denote the class of the functions of the form

1 & N
f(z)=;+2anz ©)
n=1
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that are regular and univalent in U*:U—{O} with a
simple pole at the origin with residue 1.
We denote this class by Y. Let >, > () and

2 (@) ,(0Sa<1), denote the subclasses of Y, that

are univalent, meromorphically starlike of order & and
meromorphically convex of order «, respectively. We

say that a function f €2, is meromorphically starlike of

order o and belongs to the class Y. () if it satisfies
the inequality

—Re{w}>a , zeU’. @
f(2)

Similarly, a function f €2 is meromorphically convex of

order & and belongs to the class 2 () if it satisfies
the inequality

—Re 1+w >a, zeU’. (8)
f'(2)

The class Z*(a) and other similar classes have been

extensively studied by Pommerenke (1963), Clunie
(1959), Miller (1970), Royster (1963), and others.
Mogra et al. (1985) defined the class of

meromorphically starlike functions of order & type f as
follows:

A function f €2 is said to be meromorphically starlike
functions of order & type [ if it satisfies the condition

f'(2) f'(2)
‘z Q) +4<ﬂz f(z)+2a—4 9)

forsome o, 8 (0<a <1, 0<fB<l)andfor zeU".

For 0<w<1, let X, denote the class of functions f
which are meromorphic and univalent in the unit disc U
with the normalization lim f (z) =oo.
7w

Let A, denote the set of function analytic in U —{W}
with the topology given by uniform convergence on
compact subsets of U —{w}. Then A, is locally convex
linear topological space and 2., is a compact subset of
A, (Schober, 1975).
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In the annulus {Z:W<| Z|<1} every function f in X2,

has an expansion of the form
f(z)=i+§:cnzn (10)
Z—W 3

where & =Res(f,w) with &ell —{O}, ZeU—{W}

or we may set for U, :{Z ; O<|Z—W|<1—W}

f(z)= J +> a,(z-w)" . (11)
Z—W n=1
A function f in ZW is said to be meromorphically

starlike of order & (O <a< 1) if and only if

Re{—w}>a , (z—w)eU. (12)
f(2)

We denote by X (a) the class of all meromorphic
starlike functions of order « .

Similarly, a functon f in X  is said to be
meromorphically convex of order o (OSa <1) if and
only if

z—w) f"(z
Re{—l—%}>a , (Z—W)eU. (13)
z

We denote by X (a) the class of all meromorphic
convex functions of order « .

If f(z):ﬁ+ian(z—w)” and g(Z)ZL-I-ibn(Z—W)n

n=1 I-W g

are analytic in U”, then their Hadamard product (or
convolution ) is defined by

(f*g)(z)zi—aw+ianbn(z—w)”_ (14)

For the function f(z)=

° +§:an(z—w)n in the

Z-W 3

class ZW , we define the following differential operator:

It?é f(z)=1(2)
Itl,é f(2)=@A1-t)f(2)+t(z—w)f'(2) +£

and for m=1,2,3,... we can write:

@ =e-0( @) e e 2

Z—W
E & m "
=——+) [1+(n-1)t]"a, (z-w)
I-W 3
where t >0 and z—weU.
In  this study, we introduce a new class

Z:v(¢,§0,a,,8,k) of meromorphic functions of the form

(11) with the help of the differential operator IIT; and
convolution as follows:

Suppose the functions ¢(z) and ¢(z) are given by

C = n
ﬂﬂ:EjW+g;gu—w) ,cell {0}
and

d < n
(p(z):ernZ_;yn(z—w) .del —{0}.

Then we say that class

o (d0,a BK) if

feX, is in the

() |
()

17 (f * )

+2a -k

for some «, B (0<a<l, 0<f<1),t>0 ,&ell —{0},
0<k <1, provided that I{",(f *@) =0, (1) and (4,)
Ay 2 1, 20

(4, and M, are not both simultaneously equal to zero).

are increasing sequences such that

Let us choose



3 2(z—w)-1 _ 1 < D
¢(Z)_(z—w)(l—(z—w))2 Z—WJrnZ:;‘n(Z ")
and
¢(Z)=22_2(2W+1)+W(W+1)+1= 1 +i(z—w)n

(z-w)(1-z+w) 7-w o

in view of the convolution defined by (14), and performing
simple calculations, we observe that

(f*¢)(@)=(-w)f'(2)
and
(f *(p)(z): f(2).

Thus, the class reduces to

>, (4.9.a,B,k)
> () satisfying the relationship

2(z-w)-1
(z—w)(l—(z—w))2 7

7 —12w+D) +w(w+1) +1
(z-w)(1-z+w)

T, ,a,LO}zZ;(a)-

Similarly, by putting

B 47° - 7(3+8w)+w(4w+3)+1 1

) (z-wW)(1-(z-W))’ _Z_W+§n (z-w)
and

3 2(z—w)-1 _ 1 < Y
q)(Z)_(z—w)(l—(z—w))z Z_W+nZ:1:n(z w)",

then in view of the convolution defined by (14), we find
that

(f*¢)(2)=(z-w)f'(2)+(@z-w)*f"(2)
and
(f*p)(2)=(z-w)f'(2).

The class Z:V(¢,(0,a,ﬁ,k) reduces to X (a)and
satisfies the relation
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2(z-w)-1
’ (z-w)(1-(z-w))

\ [422 —2(3+8w)+w(4w+3)+1
' (z—w)(l—(z—w))3

It is easy to check

2,(Jt,l,O]chw(oz)

o 2z-1  z2-z+1
L z(1-2)" " z(1-2)

is the class of meromorfically starlike functions of order
a )

a,l, OJ =>"(a,1)

2

- 2z-1 z°—z+1 -
b , ,0,,0 (=>7(0,1
(s S ose) -z

gives the whole class of meromorfically starlike functions
whereas

S 22-1 2P-z+1
L z(1-2) " 2(1-2)

yields the class studied by Padmanabhan (1968).
Lastly, Darus (2004) defined the class

,o,ﬁ,o}z*(o,ﬁ)

5 2z-1 z2—z+1
o z(l—z)2 ’ z(1-2) '

For the class

a,ﬂ,kJ:Z*(a,ﬁ, k) -

o2z-1 22—z+1
| z1-2) " z(1-2)

Owa and Pascu (2003) showed the following theorem.

a,l,szZ*(a,k):

Theorem 1

Let the function f(Z) be defined by
1 & .
f(z)==+>a,z".1f
Z 3

i“(n+k+|2a+n—k|)|an|rn+l <2(1-a)

n=0

for some k(0<k <1) and «¢(0<« <1), then
f(z)eX (a,k)-

The result given by Darus (2004) for functions
f(z2)eXY (a’,,B, k) is given as the following theorem:
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Theorem 2 then f(2) X" (ar B.K).
Let the function f(z) be defined by
COEFFICIENT INEQUALITIES
1 & n
f(2)= E"’Zl:anz -1 Our first result for functions f(z)eX, (4 ¢, a, B,k) is
n=

given as the following theorem:

i(n+ k+B[2a+n-K|)[a,r" < B(k+1-2a)+1-k

n=0 Theorem 3
for some k(0<k <1), 2(0<a<1) and S(0< S <]), Let the function f(z) be defined by (11). If
i[(zn Kty )+ B2y + (20 =K) | |[1+ (0 =DA]" fa, | < |&](B|c + (20— k)| - [c] +[dl [k ) (15)

n=1

where, 4, >, >0, k(0<k<1), a(0<a<l), p0<p<1),cdell {0}, t>0 and £ —{0} then f(z)eX (4, o, B.K)-

Proof

Suppose (15) holds true, then it is sufficient to show that

(1 (F# @) +KIT (F )| - B[ITL(F *8) + (20— K) 1] ( %)

E(c+dk)+ S (1 (n—1)t]" (4 +kp, )3, (2 —w)'" |- Blé[c+d (2 —k) ]+ S [1+ (n—1)t]" [ 4, +(2a —K) 1, Ja, (2 —w)"|.

-

<0

So, it gives following relations

<[&[(Ie|[d]K)+ S [1+ (n=12)]" (4, +kay )fag - plé|[[c+d (2a—k)]|+iﬂ[1+(n—l)t]m [ +(2a=K) p, |

n=1

|an|rn+1

Ao +(2a—k) g,

=1€](Ic|-|d|k) - Bl&][[c+d (2a—k)]\+§{[1+(n_1)t]m (A, +ku,)+ B
<0

]}|an| pl

These relations yield the following coefficient inequality:

0

Z{[1+ (n-1t]" [(ﬂn +ku )+

n=1

Ao +(2a—K)

Jaul<1el( [ c+d (20 =k) ] ~Iel+lal).

Hence f(z)eX, (4. ¢ a,B,k). This completes the Remark

proof of the theorem. _ The coefficient bound in the inequality of (15) is sharp for
Theorem 3 yields the following results: the function



£ \g\(ﬁ\c+(2a—k)d\—\c\+\d\k)

f.(z)= z-w)’

@= [(/In+k,un)+/3‘ﬂn+(2a7k),un‘][l+(nfl)t]m( )
(16)

Corollary

If the function fe2, belongs to the class

> (40,0, B.K). then
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< |£l(Blc+(2c—k)d|—[c|+|d]|k)
" [ (A k) Bl + (20— K) | [0+ (n—Dt]"
n>1 17

where the equality holds true for the functions
f.(2) given by (16).

Proof

Since f (z) e (d0.a,B,K) Theorem 3 gives

i[(zn Kty )+ B2, + (20 =K) | |[1+ (0 =D)t]" [, | <[&]( Blc + (2= k) d | ~[c| +|d [k )

n=1

Next, note that

I:(/in+k,un) (2a—k) u,
So,
2| < |€|(B|c+(2a —k)d|—|c|+|d|k)
" [k, JER GRS
, n>1.

DISTORTION PROPERTY

Now we give distortion property for the class

6 lll(Ble+(2a—1)d] ol +fe )}
r (A+kew)+ Bl +(2a—k) w

and

lg 1&](B]c+(2a —k)d|—c|+ |d|k)
r? (A +kw)+ B4 +(2a—k) yl\

are obtained.

Proof

Since f e E:,(qﬁ, @,a, B,k), Theorem 3 yields the inequality

(18)

Z| |< |§|( o+ (2 —k)d|—c|+ |d|k)
~ (4 +key) +/3\A1+ 20—k M\

[+ (-2t < ZM +ku,)

<|f(2)|<

f'(2)|<

(2a—k) u,

][1+(n—1)t]m la,|.

= (¢, ¢, B,K) as follows:

Theorem 4

If the function f(z) defined by (11) is in the class
z:’vrv((ﬁ,(P,Ot,ﬁ,k),'[henfor O<|z—w|:r<1,

1], {1€(Ble-+ (2 ~k)a|—[e|+[al)}
(4 +ken)+ B2+ (20 —K) 4]

|£ |§|(ﬂ\c+ (2a—k)d|- |c|+|d|k)
r* (A +ke)+ B4 +(2a —K)




1538 Sci. Res. Essays

Thus, for 0 < |Z —W| =r <1 and making use of (18), we have

and

1@z 5Tl

Also, from Theorem 3, we can obtain

2 1£(Blc+(2a —k)d|—|c[+|d]|k)
;Mal (A +key)+ B4+ (2 —K) |
Hence
|f'(z)|$‘(zgw)2 +n§l:n|an|(z—W) .
and
)2 ‘—‘ S ofa (2w > El-

71 r

Thus, the proof of Theorem 4 is completed.

RADII OF STARLIKENESS AND CONVEXITY

We obtain the radius of starlikeness and convexity for the
class ¥, (4,0, Bk)-

Theorem 5

If the function f(z) defined by (11) is in the class
Sy (0., B.K), then f(z) is meromorphically starlike
of order p (0<p<1)in the disc |Z—W|< r,, where I
is the largest value for which

r, =inf g1~ p)[(/l +Kty) 2+ (20 —k) 1, ]}%ﬂ).
" | (n+2- )| €](Ble + (2~ K)d|-Je|+[d k)

The result is sharp for functions f,(z) given by (16).

i <BlrsegHl,

"2 H rZIa ==

nls@+2n|an|3—2+

Sla /2

| |El(Ble+(2a—k)d|- |c|+|o||k)Ir
r (ﬂi+k,u1 + B4 +(2a—K) |

€] |§|( |c+(2a—k)d|—|c|+|d|k)

r (A+ke)+BlA+(2a—K) )| :

1 1él(Ble+(20—Kk)d| e[ +[d[k)
(4 +kes) +ﬁ\,11+ 20—k yl\

r

él |§|(ﬁ|c+ (2a—k)d|-c|+ |d|k)

r? (A+ke )+ BlA+(2a—K) |
Proof

It suffices to obtain that

(z—w)(ltr’”égf(z))' N

17 F(2)

for |Z—W| <r,, we have

i(n +1)[1+(n—1)t]"”\anHz—w\”+1
+]<t <1l-p

le|- Zl+n 0" |z-w"™

‘(z—w)(l{}f(z))'
I (2)

Hence (19) holds true if



S (n+1)[1+ (n-Dt]"[a,||z—w["
n=1

or

S (n+2-p)[1+ (n-Dt]" [ay ||z w"™

n-1 <1 (20)

(1~ p)

with the aid of (17), (20) is true for

(n+2-p)[L+ (-2t [z . [L+(n-0t] [(ﬂh +ku )+ A, +(2a—k)yn”
¢l(1-p) C e+ (2a-K)d|-g k)

(21)
Solving (21) for |z —w]|, we obtain
%ml)
€11 )] (A + k) + BJA, + (22 =K) ]
(n+z_p)[|§|(ﬁ|c+(za_k)d|_|c|+|d|k)]

|z-w<

This completes the proof of Theorem 5.

Theorem 6

If the function f(z) defined by (11) is in the class

(¢ p.a B k), then f(z) is
convex of order p (0< p<1)in the disc [z—W|<r,

meromorphically

where T, is the largest value for which

:| % n+1)

—inf |9€|(1_p)|:(ﬂn + kﬂn) (20{—'(),11”
n21 n(n+2—p)[|§|(ﬁ|c+(2a—k)d|—|c|+|d|k)}

The result is sharp for functions f,(z) given by (16).

Proof

We omit the details of the proof. It sufficies to prove that

(z—w)(ltmff(z))”

(1. (2))

<(1-p) 18- 2L+ (-0t fafl2 - w
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n+1

for |z—w|<r,, with the aid of Theorem 3. Hence we
have the assertion of Theorem 6.
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