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This paper is mainly according to Bayesian formula and using Bayesian method to estimate parameter
truth-values of three-parameter Weibull distribution to achieve material reliability evaluation. The
parameter values estimated by maximum likelihood method as the prior information of Bayesian
estimation, assume that the parameter obeys a certain distribution and let the certain distribution as the
prior distribution of parameter, and the three-parameter Weibull distribution is known, so the posterior
distribution function of the parameter can be obtained. According to Bayesian estimation, the maximum
posteriori estimation is chosen as the truth-value of the estimated parameter, the lifetime data are
substituted into the truth-value estimated function of reliability and the theoretical values of the
reliability can be got. Case study shows that the Bayesian method has general applicability to the

material reliability evaluation.
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INTRODUCTION

Material is the foundation and the forerunner of modern
high-new technology and industry. For example, as the
aerospace and trains material research and innovation,
the space industry and transportation industry etc have
rapid development, to ensure that the components are
reliable, high demands are put forward about material
properties and the use efficiency. The material reliability
research has become one of the hot issues in recent
years.

There are many results about the material reliability
research at home and abroad. For examples, Kasprzyk
(2005) mainly discussed to improve the reliability and
performance of the non-metallic materials, enhance the
utilization of non-metallic materials; Johnsen and Nyhus

(2007) adopted the method of reliability test to ensure
eligibility and safety use of stainless steel materials;
Wang et al. (2008) through research show that coating
materials affect the reliability of the sample; Xu et al.
(2012) by raising the casting material performance,
optimized the casting process, to ensure the reliability of
the casting use, which is now in the CRH2, CRH380A
type trains of application. The material reliability method
was used to research the above, thereby effectively
enhancing the applicability and reliability of materials.
Material life is the main factor that influences the
reliability of the components used, and according to the
material life data, to study the material use reliability is
also very necessary. In this paper with three-parameter
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Weibull distribution as the reliability model of the material
life, Bayesian method is used to estimate the parameters
of three-parameter Weibull model, and then the reliability
evaluation of material was carried out. So far, the
effective parameter estimation methods mainly have the
bootstrap weighted-norm method (Xia et al.,, 2013),
maximum likelihood method (Yan et al., 2005), random
number method (EI-Adll, 2011), moments and probability
weighted moment method Paul-Dario and Thomas, 2011;
Deng et al.,, 2004; Zhao et al.,, 2010), dual-linear
regression method (Zhuang, 1999), correlation coefficient
optimization method (Richard and Stepnens, 1993) etc.
Because Bayesian method (Mao, 1999) has obvious
superiority on the basis of the theory, Sinha and Sloan
(1988) and Qin et al. (1988) have introduced application
of Bayesian method to the Weibull model. This paper
mainly discussed the application of Bayesian method in
material reliability evaluation.

THREE-PARAMETER WEIBULL DISTRIBUTION

The three-parameter Weibull distribution is defined as:

A1 B
f(t:n,ﬂ,r)=ﬁ(t_1j exp[—[t_fj ] 6y
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where, f(t;n,8,r) is the three-parameter Weibull
distribution, t is a stochastic variable of the lifetime,
(7,8,7) are the Weibull parameters, 7 is the scale
parameter, g is the shape parameter, and z is the

location parameter.
The reliability function with the three-parameter Weibull
distribution can be expressed as:

R(G7, £,7) =1— ] (6, B, 2)clt =exp(—(“7f)” ) (2)

where, R(t;, f,7) is the reliability function with the three-

parameter Weibull distribution.

For many products in engineering practice, the value of
the Weibull parameter is unknown and needs to be found
with the help of test evaluation. To this end, a lifetime
experiment must be conducted. Assume that the lifetime
data of a product are obtained by life tests as follows:

T:{ti}’ tlgtzggtlggtn, i=l,2,...,n (3)

where, T is the lifetime data vector, t; is the ith lifetime
datum in T, i is the sequence number of t;, and n is

the number of the datain T.
The lifetime data in T are substituted into Equation (2),
and the theoretical value of the reliability can be

calculated by
R={R(t;;n B, 1)} (4)

where, R(t;;n, f8.7) is the theoretical value of the
reliability.

BAYESIAN METHOD

Maximum likelihood method is a widely used analytical method in
parameter estimation. In this paper, let the values of the parameters
solved by maximum likelihood method as a priori information of
Bayesian estimation, be assumed to obey a certain distribution and
let the certain distribution be the prior distribution; meanwhile, the
three-parameter Weibull distribution is known, the posterior
distribution function of the parameter finally can be obtained (Mao,
1999).

In parameter estimation, using the maximum likelihood method to
estimate the truth-values of parameters not only can solve the
likelihood equations but also can directly use optimization method
to obtain the model parameter values when the logarithmic
likelihood function achieve the maximum.

For complete data, the likelihood function of three-parameter
Weibull distribution can be written as:

Rl

The logarithm likelihood function can be expressed as:
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Calculate the partial differential of Equation (6) and let the partial
differential equal to zero, so the equations can be written as follows:
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Use the iteration method to solve the Equations (7) to (9), and the
estimated truth-values of the three parameters by maximum
likelihood estimation can be obtained. The values of the three

parameters are also written as (771, B z’l) .

Assumed that 7r(6’) is the prior distribution and € = (6’1,... , Hk)
are the parameters of the model, t:(tl,...,tn) are the
observations of a sample, and use ﬂ(H;t) as the posterior

distribution, f(t; 49) is the density function of sample, so according

to Bayesian rule, the density function of Bayesian formula can be
expressed as:
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Figure 1. The Distribution of parameter 77 of the posterior distribution in ceramic

material case.

#o;t)= f(t:0)2(0) (10)

m(t)
where, m(t)=[** f(t; 8)z(9)d@ .

The value fyp which makes the posterior density function

ﬂ(H;t) reach the maximum value called maximum posteriori
estimation, is also called Bayesian estimation. In this paper, the
maximum posteriori estimation @,y is the estimated truth-value of
the parameter @ . The values of the three parameters by Bayesian
method can be written as 8 = (772 B2, 7o ) .

CERAMIC
DISCUSSION

MATERIAL CASE STUDY  AND

In life tests, Duffy et al. (1993) obtained the lifetime data
(h) of aluminum oxide ceramics, as follows (n=35):

T= (307 308 322 328 328 329 331 332 335 337 343 345
347 350 352 353 355 356 357 364 371 373 374 375 376
376 381 385 388 395 402 411 413 415 456)

The three parameters truth-values of Weibull distribution
estimated by maximum likelihood method
are (69.8392,1.9708,300.0086) .

In Bayesian estimation, assume that the value of shape
parameter £ is 1.9708. It is know that r is the location
parameter. In this case, r is the minimum lifetime and
the scope of 7 is[0,307]. A suitable value of r chosed in

the scope is 300. Only think that the scale parameter 7 is
a random variable, assume the prior distribution of 7 is:

1 3,-0.043
7(7)=C'n’e 00
where, C' is a constant. When the prior distribution gets

maximum value, the value of scale parameter 7 is

69.8392.
For complete data:

(25 o

meanwhile, m(t)= [ f(t; 7)z(n)d7 . Let

C :Cr%ﬂn(ﬁ(t_ _,)j(ﬂfl), the posterior distribution function
m(t i1
of parameter to be estimated is formulated as:

1.9708
3Bt —
ﬂ(77|t)= Cp %978 exp[— 0.0437; — z[t' 300) }

iz 7

Where, C is a constant that it has no relation with 7.

The maximum posteriori estimation of this distribution is
1 =69.8. The distribution of 7 is a unimodal shape, as

shown in Figure 1.
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Figure 2. The theoretical value vectors of reliability in ceramic material case.

The three parameters truth-values of Weibull
distribution estimated by Bayesian method

is (69.8,1.9708,300) . Let the values of (i,/,7;) and
(nz,ﬂz,rz) are substituted into the three-parameter

Weibull reliability function respectively, then the reliability
truth-value functions can be gotten. The theoretical value
vectors of reliability solved by the two methods are shown
in Figure 2.

The K-S test values of the reliability fitting models
respectively gotten by maximum likelihood method and
Bayesian method are 0.0547 and 0.0542. For a given
confidence level « =0.01 , look-up table can get the
critical value D,=0.26896. The test values of the two
methods are less than the critical value D, that the
three-parameter Weibull distribution models fitted by the
two methods are appropriate. From Figure 2, we can see
that the theoretical values vectors of the reliability
R(t;;77, 8,7) are obtained by the two methods are
consistent in the overall.

Conclusions

The results of K-S test in the case studied show that
three-parameter Weibull distrubution model fitted by
Bayesian method is better than the model fitted by
maximum likelihood method. And a proper fitting model is
more beneficial to assess and improve the reliability of
the materials. The two methods to evaluate the reliability

of the material are applicable. Although Bayesian method
based on the theory has superiority, however, both are
specific to a proper prior distribution and the numerical
calculation which multiple parameter models will be
involved are of considerable complexity.
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