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The (G'/G, 1/6)-expansion method is one of the most direct and effective method for obtaining exact

solutions of nonlinear partial differential equations (PDES). In the present article, we construct the exact
travelling wave solutions of nonlinear evolution equations in mathematical physics via (2+1)
dimensional generalized KdV, Sin Gordon Equation and Landau-Ginzburg-Higgs Equation by
(G'/6G,1/6)-expansion method, where G(&) satisfies the auxiliary ordinary differential equation (ODE)

G"(&)+ AG'(E) + uG(&) =0 where A and u are arbitrary constants.

Key words: (2+1) dimensional generalized KdV, Sin Gordon Equation, Landau- Ginzburg-Higgs equation,
(G'/G, 1/G)-expansion method, auxiliary equation, travelling wave solutions.

INTRODUCTION

Nonlinear evolution equations play a significant role in
various scientific and engineering fields, such as, optical
fibers, solid state physics, fluid mechanics, plasma
physics, chemical kinematics, chemical physics
geochemistry, etc. Nonlinear wave phenomena of
diffusion, reaction, dispersion, dissipation, and convection
are very important in nonlinear wave equations. In recent
years, the exact solutions of nonlinear PDEs have been
investigated by many researchers who are concerned in
nonlinear physical phenomena and many powerful and
efficient methods have been offered by them. Among
non-integrable nonlinear differential equations, there is a
wide class of equations that is referred to as the partially
integrable, because these equations become integrable
for some values of their parameters. There are many
different methods to look for the exact solutions of these
equations. The most famous algorithms are the truncated
Painleve expansion method (Liu et al.,, 2001), the

Weierstrass elliptic function method (Kudryashov, 2009),
the tanh-function method (Abdou, 2007; EI-Wakil et al.,
2010; Fan, 2000; Wazwaz, 2008a, b; Zhang et al., 2002)
and the Jacobi elliptic function expansion method (Chen
and Wang, 2005; Liu et al., 2001; Lu, 2005; Wazzan,
2009; Yomba, 2008; Yusufoglu and Bekir, 2008). There
are other methods which can be found in (Kawahara,
1972; Wang and Zhang, 2007; Wang et al., 2005). For
integrable nonlinear differential equations, the inverse
scattering transform method (Ablowitz and Clarkson,
1991), the Hirota method (Hirot, 1971), the truncated
Painleve expansion method (Zayed et al., 2007), the
Backlund transform method (Miura, 1978; Rogers and
Shadwick, 1982) and the Exp- function method (Naher et
al., 2011, 2012; He and Wu, 2006; Inan, 2010; Akbar and
Ali, 2011a, b; Akbar et al., 2012a) are used for searching
the exact solutions. Wazwaz (2008a) introduced a direct
and concise method, called the (G’/G) -expansion method
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to look for traveling wave solutions of nonlinear PDEs,
where G=G(¢) satisfies the second order linear ODE

G"(&)+AG'(&)+uG(E)=0; A and u are arbitrary

constants. For additional references see the articles
(Akbar et al., 2012b, c; El-Wakil et al., 2010; Parkes,
2010; Zayed et al., 20044, b; Akbar and Ali, 2012; Zhang
and Xia, 2007, 2008).

In this article, we bring in an alternate approach, called
(GIIG, 1/G) —expansion method to find the traveling

wave solutions of the, via (2+1) dimensional Generalized
KdV, Sine-Gordon Equation and Landau-Ginzburg-Higgs
Equation where G=G(&) satisfies the auxiliary

ODEG"(E)+AG'(E)+uG(&)=0.4 and u are

arbitrary constants. Recently, EI-Wakil et al. (2010) and
Parkes (2010) have shown that the extended tanh-
function method proposed by Fan (2000) and the basic
(G'/G) -expansion method proposed by Wang et al.

(2008) are entirely equivalent in as much as they deliver
exactly the same set of solutions to a given nonlinear
evolution equation. This observation has also been
pointed out recently by Kudryashov (2009). In this article,
we assert even though the basic (G'/G) -expansion
method is equivalent to the extended tanh-function
method, the further improved (G'/G) -expansion

method presented in this letter is not equivalent to the
extended tanh-function method. The method projected in
this article is varied to some extent from the extended

(G'/G) -expansion method. Further solitary wave
achieved via the [G}"G,lfﬂ]—

expansion method. This approach will play an imperative
role in constructing many exact travelling wave solutions
for the nonlinear PDEs via (2+1) dimensional Generalized
KdV, Sin Gordan and Landau-Ginzburg-Higgs Equations.
It is worth mentioning that an exemplary work is made by
Yang (2012a, b, 2013) on fractional calculus and its
applications.

solutions are

METHODOLOGY

Here, we describe the main steps of the (G'/G, 1/G)-expansion
method for finding travelling wave solutions of nonlinear evolution

equations. Suppose a nonlinear equation for P (x, t:] is given by
Pluu, t,, U, Uy Uy, ) =0, L)

in which both nonlinear term(s) and higher order derivatives of
P[R', f:] are all involved. In general, the left-hand side of Equation

1 is a polynomial in 1 and its various derivatives. The (G'/G, 1/G)-

expansion method for solving Equation 1 proceeds in the following
steps:

Step 1: Look for traveling wave solution of Equation 1 by taking

P=P(), &=x+Vt (2)

where V' is nonzero constant, (&) the function of £. Substituting
Equation 2 into Equation 1 yields an ordinary differential equation

(ODE) for P(&).

Q[u,iVu',u',Vzu",u",_,,:] = 0. 3)

Step 2: If possible, integrate Equation 3 term by term one or more
times. This yields constant(s) of integration. For simplicity, the
integration constant(s) may be set to zero.

Step 3: According to the (G'/G, 1/G)-expansion method supposes
that ¢ [nfj can be expressed by a finite power series of

u(§) = Enzpa, @™ + X0y bo™ T, @
where ., [ﬂ, = 0,1,2, e g M] and bn [ﬂ = 1,2, ,M:] are
constants to be determine later and 42 [{] and 1,0[:{] are

6 (§) _ (2
e(8) = (G,—ﬂ) ¥(E) = (G—H)J (5)
which satisfied

G(&) +A6(8) = p. (6)
Then Equations 5 and 6 yields
¢ =—¢* +pp—1 ¥ =—ey, @

From the three cases of general solutions of the Equation 6, we
have:

Case 1:

When 4 = 0, the general solution of Equation 6 is

G(&) = A, sinh(v=A¢) + A, cosh(v—2¢) + f

we have

W= - (07— 2+ A), ®
Ae+p

where A; and A; are two arbitrary constants and

=4 - A2,
Case 2:

When A =< 0, the general solution of Equation 6 is



G(&) = A, sin(VA) + 4, cos(VAE) + f

we have

Y= (@7 —2up + ), ©
At e—p®

where A; and A, are two arbitrary constants and

o =A] +43.

Step 4: Determine M. This, usually, can be accomplished by

balancing the linear term of highest order with the highest order
nonlinear term which obtained in Step 2.

Step 5: Substituting Equation 4 into Equation 3 using Equation 7
and Equation 8 will yield a polynomial in ¢ and 1, in which the

degree of ' is not larger than 1.Compare the like powers of QDM

and KPM‘J,{J' equal to zero, yields a set of algebraic equations for
a,(n=012, .., M),u Al <0),4,A4,and V.

Step 6: Solve the system which obtained in step 5 for
a,(mn=0,12,...,M),u, A(A < 0),4,, 4, and V with the
help of Maple 13, to determine these constants. Putting these
constant into Equation 4, one can obtain the travelling wave
solutions expressed by the hyperbolic functions of Equation 2. We

can obtain the more general type and new exact traveling wave
solution of the nonlinear partial differential Equation 1.
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Step 7: Similarly substituting Equation 4 into Equation 3 using
Equation 7 and 9 will yield a polynomial in @ and 1, in which the

degree of 1/ is not larger than 1. Compare the like powers of QEJM

and K;JM‘J,{I equal to zero, yields a set of algebraic equations for
&, (ﬂ =0,1,2, ...,M:],p',ﬂ,u, = Dj,ﬂl,}lz and V. Then

we obtain one more solution which expressed by trigonometric
functions as proceeding before.

APPLICATIONS

Here, we apply (G'/G, 1/G)-expansion method to
construct traveling wave solution of the (2+1) dimensional
Generalized KdV, Sin Gordan Equation and Landau-
Ginzburg-Higgs Equation. Numerical results are very
encouraging.

(2+1) dimensional Generalized KdV Equation

ar d ar a4 a*
Uut+—u.—u+—u+—u=2=~0
ardx + dx  Ax® + axt + R !

u(x,t) = u(f),

Consider the transformation
& = kx + 1y + wt we have

4 ¢ 5

_ um] K+ { jﬁ um] P

=0, (10)

By applying the balancing principle we have M = 1. Therefore the trail solution is

u=a,@ + b, (). (11)

Putting Equation 11 into Equation 10 with Equation 5, we have

~604a, (p3wu+30a1w2p2<p—36b1\|12u(p2+28b1 (p2\4]7\.—11b1W2M7L+5b1W7u2k4—3k(001(p\VM—Sk3al(p2b11|!7\

+5E @y od+ 2k a W b A+ 40a, @3\ + 24D, ¢*y+ 164, 027+ 65,y W' — 454, g y A

2
+24a,0°+2kwa, oA +2kob, o>y —kwob V u+kmb1\|fk—|—5k3a2<p3\|1u—4k3a1<p4bl\y

1

3R EV e Ba v il b byt B oy u— Koy k-3 oyp -2 ¢S +2Pa, ¢} + 2k wa, ¢}

—4k3afq>3X—2k3afx2<p—2k3bf<p3\p2+212al(px+212b1 o2y — Pb oy u+Pb oyh+6ka ¢2b v =0,

Comparing the like powers of ¢ and 3 we have system of equations:

I I T SN

32,3 2
2k by A

C,= + -
: 7»20+u2 k20+u2 k20+u2

(3o +u?) (A r+47)

+16a, 4" +2k0a, A -2k a2 27 + 2P a h=0,
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3 .23 2
Pb ap 126,27 W 470,70 2k a) b b, 8K a M b, kobAp
= - 2 2\ (42 2\ v
k2c5+u2 (k20+u2) (x2r+u2) k2c5+u2 (7\ (S-I-u)(X r-I—u) kzc—i-uz 7»2(54-}.12
3,252 2
3 2 2 2 3,242 ) A
o R vamwe 3k BERAE g 2P+ 2kea 48 dh=0
: 2o+ Mo+p® Mo+’ (l G-l-u)(k r-l-p)
3
o obh oRabhe
47 2 2 2 2 '
Ao+ u AMo+u
2650 .
Cg=—— +24a, =2k a;=0,
AMotp
3 3 2 2 2 3.3 3 2834, Wb
. 2k a, X b, kmblxu+1blxu 126,41 oA p a A1 by -0
= - 2 2\ (2 2 ’
6 7»20+u2 7»20+u2 7»20+u2 (7»20+u2) (X2r+u2) 2o+t (7» G+M)(7\, r+u)
y 52 g 2P b, ap’ 246, 2 pt 286, A7 1 4K a, X ntp, . sa, Wb, 2kob ay’
C,=5 — + - - -
7 ! k20+u2 (k26+u2) (kerruz) k26+u2 (7\20+M2)(7\21‘+u2> 7»264-}1.2 7\,2(54-}1.2
2
+hkob A —k>a A" b, + b =0,
3 3,2,2 3 3,242 3 24 3
60a, A 2 457 b7 A 1 3k7 b A 6k’ ay A
Co=-3koap+58apr+ 5——F5 ~ B Ur=3la iy - 5 2”— — i =0
Ao+ (k cs-l—u)(?» r+u) Ao+ Ao+u
2
s 785, hp 13k%a, Ap’ b, )
Co==5k a b\ — ———F +2k0b + —5———— +28b A+27b =0
Ao+ Ao+
, ,  SEbiap
C1025k alu—ﬁ—60alu:0’
Ao+
C, ==4k a b, +24b =0

11

Solving the above system, we have one solution set.

1% Solution set
Case 1l

When i =0

a,=-6,b,=6{60-6F A=+ u=0k=-1

Which yields
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Figure 1. 1% solution set (Case 1 - When A = 0 for (2+1) dimensional Generalized KdV Equation.

b(-+ 024 cosh (Hz tol-rtly+ wt)) +4,simh (v—lz tol-rtl+ wt)) bl )T -)-u+ )
uxt) = 4
Ay sinh (\/—lz tal-rtly+ wt)) (0414 4 cosh (\/—lz tul-xtly+ u)t)) (-0+lf) A simh (v—F tol-rtly+ wt)) (~0+£)+ 4 0sh (\/-l2 tul-xtly+ wt)) (~utl?)

as shown in Figure 1.

Case 2
When 4 < 0
a,==6,b,=6, 00— 012,7»=—(1)-|- 12,u=0,k=—1.
Which vyield
) 6(-12 +w)(4, cos(\/lz—w(—x+ly+wt))—Azsin(\/lZ —m(—x+ly+wt)) 6ol +A) - R + )(-0 + )
u(rt) =

+
A sin (\/H(—x +ly+ wt)) (~0+12) + 4, cos (\/ﬂ(—x tlhy+ wt)) (0+12)  Asin (\/m(—x tly+ wt)) (-0 +12) + 4, cos (\/H(—x +ly+ mt)) (~0+13)
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Landau-Ginzburg-Higgs (LGH) Equation
L+ utmiu+nid =0,
gt? 82

Consider the transformation w(x,t) = w(&), & = kx + wt we have

[d—zz U(&)J o + [d—zz U(e) | K+ n UE) + n? U(&)’=0 (12)

dg

By applying the balancing principle we have M = 1. Therefore the trail solution is
u=a,@ +b (). (13)
Putting Equation 13 into Equation 12 with Equation 5, we have

2
20 a

2 3
—k2b1w2u+k2b1wx+mzal(p+m2b1\|;+n2a?(p3+3n2a%(p2bll|!+3n2al(pb%l|! +n2bil|l=l],

Comparing the like powers of ¢ and 4! we have system of equation

2 242
_3n alblk

2
C=-—5——5 +20 a L +2k a, A+ m’a, =0,
Lo+
o b A ) 2n? B3N
AR MM oAl 0
C: — =
2
kzc—i-uz 7»20+u2 (7\.2(54-}12) (kzr—i-uz)
2 52
3n“a, by A
C,=20 a, — ——— +2k%a, +nd =0,
Ao+
2226830701 b % u o b A u
=73 212 2+212+212:0’
(kc+u)(kr+u) Ao+ Ao+
2 2 2 2 23,2 2 n2b37u2
c5=—2m b 2Rb e T WSy WL L vl + ' by — ——— =0,
Mo+ Mo+’ (Mo+u?) (Wr+y?) Ao+
) 5 6n2a1b%7»u
C6:_3(’0 GIM—ZD/{ all.,t'f—m: '
2,3
n° b A
C=-——— +20° b, + 2825, + 302 b, =0
Ao+pu

Solving the above system, we have one solution set

2 2 2 2 2 2 2 2 2 2
Q=30 a, QYN +20 a, oA +20 b Q*Y—0 by u+ @ b yh+2k a; @ =3k a oyn+2ka 0h+2k b,

2

v
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Figure 2. 1* solution set (Case 1 - When A = 0 for Landau-Ginzburg-Higgs (LGH) Equation.

1% Solution set

Casel

When 4 =0

L2 Llp
2 2 b:\/—cmx_ 2 m?
|

a, = A= -—— =0
! n n o + i

which yields

(P—— z z \

2
2wl — 2k2 <__HL__> _m- inhid _ms__

| 2w 2k¢zuﬂ+k2 (A, cosh V§0ﬂ+k2@x+wﬂ + A,sinh V§0ﬁ+k2@x+wﬂ |

u(x,t) = —I - - I +
, m m
K 24, sinh |2 wz—_l_kZ(kx+wt) m? 24, cosh| V2 wz—_l_kz(kx+u)t) m? /
(n(= o + K2 - o2 + k2 )

as shown in Figure 2.
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Case 2
When 4 < 0
1 (02 1 k2
-5 0 - — _ 2
a - 2 2 J1=J om ., __ 3m =0
n n o + k2
which yields
) 3
7 1.2~ 2 —2m?2 —2m?2
— — ( 2m ) ’ _ . ’
1 2w~—-2k m Al Ccos m(kX'HDt) Az Sin m(kX‘H.l)t)
u(x, t) ZE( F ..
2
—_7om?2 _m= 2
—2A1sin i —sz z(kx +wt) 242 cos | V2 u)2+k2(kx+wt) m
w44k
(n( W2 K2 Y,
Sin Gordan Equation
1 3 _
utr—un+u—gu =0.
Consider the transformation t(x,t) = w (&), & = kx + wt we have
5 d°U 5 d°U 1 3
m‘d_g”'_k‘F-l-U[:{]_E[U(fj) =0 (14)
By applying the balancing principle we have M = 1. Therefore the trail solution is
u=a,@ + b (). (15)
Putting Equation 14 into Equation 15 with Equation 5, we have
2070, 9~ 30 4, oy +20 a, 9h+20° b, >y — 0 b W+ b yh —2ka, 0
2 2 2 2, .2 1
+3k a oy —2k"a 0h=2k"b oy + kb v 1 —kzblwk+a1<p+b1\u—gaf<p3 — A eh v - a4 0b

Comparing the like powers,g@ and i we have system of equation

a, B2
C1:a1+2002a17»—2k2a17»+%%:Ov

Ao+

mzblku kzblku b?kzu

:0,

1
C,= - + =
? k20+u2 k20+u2 3 (7»20+u2)(k2r+u2)

2
1.1 a, by
6 ! 2 Xz

C,=2ka, +20 a, — -0,

G+u2

)

2
1

2 1 3
V- v



280,007 5 p3
3 (Ko w?) (0 r )

3
bi?xu _

— 2w2b1ku2
T3 2
Ao+
X20+u2) (k2r+u2)

C,=_
2 2
Ao+

2 2 2 2

_0 b A kb, M p 1

N ) 2 T3
Ao+ (

hzc—l—uz

2
a; by Au 2 2
—30 au+3kapn=0

C:_
6
X2<5+u2
3
b3 A
C,=20" b, —2kb, %ﬁbﬁ%ﬁzo-
Ao+u

Solving the above system, we have one solution set.

1% Solution set

342
b3 X
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=0

2 g2 1
+b1+(u blk kb17\_|_Z > >
Ao+

Casel
When 1 =0
~J30"—3k%.b,=y6 Jo, A= —2— u=0
a, = 0 by = Oo,A= 5 = u=
-0 +k
Which yields
. i B EI ( ] ' Z . ]
EER N A cash - {x_. + i r] + A sinh - [ky+m il ‘
T 1 L \|' - + &2 J z i -.‘l' -iF + & )
'1.{1:1-'_. t} o T I | T ]
2 A sinh - . |_J. 1+ r] 2 A cosh .'I [ﬂ' T+ @ .'l:'
1 L4y - + K ] : L - + &2 |
+ -
-+ A2 -w? + #
5 1 43
2, fe ,‘,n' A2 = A2
+ 5 i f 1
24 sinhf § - N [Ji"r+||:|r] 2 A cosh .'I [t‘ L—m.'-:'
N G ok & Lo Y etk )
| -o +82] -t -+ B

As shown in Figure 3.

Case 2
When 4 = 0
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Figure 3. 1% solution set (Case 1 - When A = 0 for Sin Gordan Equation.

:,/3c02—3k2 \/_\/_7»7 — M= 0.
4 K2

Which yields

1 1 1

32
2V 3?-3k F[E] 4, cos \/— —w2+k2 (kx+u)t — 4, sin \/_ —0)2+k2 (kx+(nt)

u(x,t) =
1 1

24 sm[\/— —co2+k2 (kx+mz)} 24 cos[\/_ f(u2+k2 (kx+wt)]
_I_

-0’ + k2 -0’ + k2

/zA sm[\/— 7m21+k2 (kx+wt)] 24 cos[\/_ 7m21+k2 (kx+wt)J\

-0? + 2 -o? + k2

(—co2+k2)




Conclusion

(G'IG, 1/G)-expansion method is applied to obtain
generalized solitary solutions of nonlinear (2+1)
dimensional generalized KdV, Sine-Gordan and Landau-
Ginzburg-Higgs Equations. The main advantage of this
scheme over others is that it possesses all types of exact
solutions. Moreover, reliability of the algorithm and the
reduction in the size of computational domain give this
proposed technique a wider applicability.
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