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In this article, the extended multiple Riccati equations expansion method has been used to construct a 
series of double soliton- like solutions, double triangular function solutions and complexiton soliton 
solutions for some nonlinear partial differential equations in mathematical physics via the (2+1) 
dimensional breaking soliton equations, (2+1) dimensional painleve integrable Burger's equations and 
(2+1) dimensional Nizhnik- Novikov- Vesselov equations. With the help of symbolic computation as 
Maple or Mathematica, we obtain many new types of complexiton soliton solutions, for example, 
various combination of trigonometric periodic function and hyperbolic function solutions, various 
combination of trigonometric periodic function and rational function solutions, various combination of 
hyperbolic function and rational function solutions. 
 
Key words: The extended multiple Riccati equations expansion method, double soliton-like solutions, double 
triangular function solutions, complexiton soliton solutions, the (2+1) dimensional breaking soliton equations, 
the (2+1) dimensional painleve integrable Burger's equations, the (2+1)-dimensional Nizhnik-Novikov- Vesselov 
equations. 

 
 
INTRODUCTION 
 
In recent years, the exact solutions of non-linear PDEs 
have been investigated by many authors (Ablowitz and 
Clarkson, 1991; Miura, 1978; Rogers and Shadwick, 
1982; ang and Zhang, 2007; Yan and Zhang, 2001; Liu et 
al., 2001; Zayed et al., 2004; Abdou, 2007; Fan, 2000; 
Wang and Li, 2005a, b; He and Wu, 2006; Yusufoglu, 
2008; Li and Wang, 2007; Wang et al., 2007; Wang et al., 
2005; Zayed et al., 2008a Zhang et al., 2002; Wang et 
al., 2008; Zhang et al., 2008; He, 2004a, b; Wang et al., 
2005; Zayed et al., 2008b; Zhang et al., 2008; Zayed and 
Gepreel, 2009; Zhang et al., 2008; Zayed and Gepreel, 
2011) who are interested in non-linear physical 
phenomena. Many powerful methods have been 
presented by those authors such as the inverse 
scattering transform (Ablowitz and Clarkson, 1991), the 
Backlund transform (Miura, 1978; Rogers  and  Shadwick,  
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1982), the generalized Riccati equation (Wang and 
Zhang, 2007; Yan and Zhang, 2001), the Jacobi elliptic 
function expansion (Liu et al., 2001; Zayed et al., 2004), 
the extended tanh-function method (Abdou, 2007; Fan, 
2000), the F-expansion method (Wang and Li, 2005a; b), 
the exp-function expansion method (He and Wu, 2006; 
Yusufoglu, 2008), the sub- ODE method (Li and Wang, 
2007; Wang et al., 2007), the extended sinh-cosh and 
sine-cosine methods (Wang et al., 2005), the complex 
hyperbolic function method (Zayed et al., 2008a), the 
truncated Painleve expansion (Zhang et al., 2002), the 
(G´/G)-expansion method (Wang et al., 2008; Zhang et 
al., 2008), the homotopy perturbation method (He, 2004a, 
b) and so on. Wang et al. (2005) have presented the 
multiple Riccati equations rational expansion method, 
using two or more variables which satisfy different Riccati 
equations with different parameters. Recently, Zayed et 
al (2008b) have constructed many new types of 
complexiton soliton solutions to the generalized coulped 
nonlinear Hirota-Satsuma equations using Riccati 
equations method. 
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The objective of the present paper is to use the extended 
multiple Riccati equations expansion method to construct 
a series of some types of traveling wave solutions of the 
following nonlinear partial differential equations in 
mathematical physics: 
 

(i) The (2+1)- dimensional breaking soliton equation (1) 
(Zhang et al., 2008) 
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(ii) The  (2+1)- dimensional painleve integrable Burger's 
equations ( Zayed et al., 2009) 
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(iii)  The (2+1)- dimensional Nizhnik-Novikov- Vesselov 
equations (Zhang et al., 2008) 
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Summary of the extended multiple Riccati equations 
expansion method 
 

In this section, we should like to outline the main steps of 
this method (Zayed et al., 2011) as follows: 
Step 1. We consider the following nonlinear partial 

differential equation with some physical field ),,( tyxu : 

 

.0,...),,,,,,,( yyxtxxttyxt uuuuuuuuP                      (4) 

  
Step 2. We introduce a more generalized ansatz in term 
of a finite formal expansion in the following forms: 
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where 0a  and ),...,2,1,0,( njia j
i  are constants to be 

determined later, while the new variables  )( and 

)(  satisfy the following two Riccati equations: 
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where ii rq ,  and )2,1(, ipi  
are arbitrary constants 

such that .0ip  The parameters   and   are given by 

tyLxk 111    and tyLxk 222   , where 

212121 ,,,,, LLkk  are  arbitrary constants. 

 
Step 3. Determine the positive integer " n " of the formal 

polynomial solution (5) by balancing the highest nonlinear 
terms and the highest-order partial derivative terms in the 
given system of the equations, and then we give the 
formal solution. 
 
Step 4. Substitute from Equation (5) into Equation (4) 
along with Equation (6) and (7) and then set all the 

coefficients of ,...)2,1,0,()]([)]([ jiji   of the 

resulting system to be zero. We get an over-determined 
system of nonlinear algebraic equations with respect to 

2121210212121 ,,,,,,,,,,,, pprrqqaLLkk   and 

).,...,2,1,0,( njia j
i   

 
Step 5.  Solve the over-determined system of nonlinear 
algebraic equations by using the symbolic computation 
as Maple or Mathematica. We end up with explicit 
expressions for 

2121210212121 ,,,,,,,,,,,, pprrqqaLLkk   and 

).,...,2,1,0,( njia j
i   

 
 
Step 6.  It is well known that the general solutions of the 
Riccati equations (6) and (7)  are listed as follows: 
 

 (i) when 01  and 02  , then 
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(ii) when 01  and 02  , then; 
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(iii) when 01  and 02  , the 
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where  11
2

11 4 qpr   and 22
2

22 4 qpr  . 

Similarly we can find other general solutions when 

01 
 
and 02  ,  then which are omitted here for 

convenience. 
 

(iv) when 02121  qqrr  and 0, 21 pp , then   
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Where 1C  and 2C  are arbitrary constants. 

 
 
Example 1: The (2+1) dimensional breaking soliton 
equations 

 
In part  of   the   work,   we   study   the   nonlinear   (2+1)  
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dimensional breaking soliton Equations (1) using the 
extended multiple Riccati equations expansion method. 
By balancing the nonlinear terms and the highest order 
linear partial derivative terms of (1), we get  
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where )()( 111 tyLxk   , 

)()( 222 tyLxk    and 212121 ,,,,, LLkk  , 

)5,...,1,0(,, iba ii  are constants to be determined 

later. With the aid of the Maple or Mathematica, we 
substitute from Equation (12) along with Equations (6) 
and (7) into Equation (1) and set the coefficients of the 

terms ,..)2,1,0,()]([)]([ jiji   to be zero yield. A 

set of over-determined algebraic equations with respect 

to 212121 ,,,,, LLkk  and )5,...,1,0(,, iba ii . On 

using the Maple or Mathematica software package, we 
solve the over-determined algebraic equations. 
Consequently, we get the following results: 
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where 22212121 ,,,,,,, Lkppqqrr  are arbitrary 

constants. 
 
Case 2. 
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where 1122122 ,,,,,, Lkkppqr  are arbitrary constants 

and 0, 21 pp . Note that, there are other cases which 

are omitted here for convenience. According to (12), (13) 
and   the   general   solutions   (8)   -   (11)   listed   in  the  
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Step 6, we obtain the following families of some new 
types of the double soliton- like solutions, double 
triangular function solutions and complexiton soliton 
solutions corresponding to case1, for the nonlinear (2+1) 
dimensional breaking soliton equations (1): 
 

Family 1.  When  01   and  02   then the double 

soliton-like solutions of equation (1.1) have the following 
forms: 
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Family 2.  When  01   and  02  ,  then the double 

triangular function solutions of Equation (1.1) have the 
following forms: 
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Family 3.  When  01   and  02  ,  the complexiton 

soliton solutions of Equation (1.1) have the following 
forms: 
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According to (12), (14) and the general solutions (8) - 
(2.8) listed in the step 6, we obtain the following families 
of some new types of the double soliton- like solutions, 
double triangular function solutions and complexiton 
soliton solutions corresponding to case2, for the 
nonlinear (2+1) dimensional breaking soliton equations 
(1): 
 

Family 1. When  02   
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Family 2. When  02   
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Example 2: The (2+1) dimensional painleve integrable 
Burgers equation 
 
In this part of the work, we study the nonlinear (2+1) 
dimensional painleve integrable Burgers Equation (2) 
using the extended multiple Riccati equations expansion 
method. By balancing the nonlinear terms and the 
highest order linear partial derivative terms of (2), we get  
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where )2,1,0(,, iba ii  are constants to be determined 

later. With the aid of the Maple or Mathematica, we 
substitute (34) along with (6) and (7) into (2) and set the 

coefficients of the terms ,..)2,1,0,()]([)]([ jiji   

to be zero yield a set of over-determined algebraic 

equations with respect to 212121 ,,,,, LLkk  and 

)2,1,0(,, iba ii . On using the Maple or Mathematica 

software package, we solve the over-determined 
algebraic equations. Consequently, we get the following 
results: 
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where 2102212121 ,,,,,,,,, LLbbppqqrr  are arbitrary 

constants. 
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where 2121021 ,,,,,, LLbbbpp  are arbitrary constants. 

Note that, there are other cases which are omitted here. 
According to (34), (35) and the general solutions (8)-(11) 
listed in the step 6, we obtain the following families of 
some new types of the double soliton-like solutions, 
double triangular function solutions and complexiton 
soliton solutions corresponding to case1,  dimensional 
painleve integrable Burgers Equation (2): 
 

Family 1.  When  01   and  02   then the double 

soliton-like solutions of Equation (1.2) have the following 
forms: 
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Family 2.  When  01   and  02   , then the double 

soliton- like solutions of Equation (2) have the following 
forms: 
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Family 3.  When  01   and  02  ,  the complexiton 

soliton solutions of Equation (2) have the following forms:  
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Family 4.  When  011  qr  and 01 p , then 
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(ii) When  02   
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Example 3: The (2+1) dimensional Nizhink- Novikov-
Vesselvo equation 
 
In this part of the work, we study the nonlinear (2+1) 
dimensional Nizhink- Novikov-Vesselvo equations (3) 
using the extended multiple Riccati equations expansion 
method. By balancing the nonlinear terms and the 
highest order linear partial derivative terms of (3), we get: 
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where )2,1,0(,, iba ii  are constants to be determined 

later. With the aid of Maple or Mathematica, we substitute 
from    Equation    (56)    along    with    (6)  and   (7)   into  



 
 
 
 
Equation (3) and set the coefficients of the terms 

,..)2,1,0,()]([)]([ jiji   to be zero yield. A set of 

over-determined algebraic equations with respect to 

212121 ,,,,, LLkk  , )5,..1,0(,, iba ii . On using the 

Maple or Mathematica software package, we solve the 
over-determined algebraic equations. Consequently, we 
get the following results: 
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Where 222102212121 ,,,,,,,,,,, kLkbbppqqrr  are 

arbitrary constants. Note that, there are other cases 
which are omitted here for convenience. According to 
(56), (57) and the general solutions (8) - (11) listed in the 
step 6, we obtain the following families of some new 
types of the double soliton- like solutions, double 
triangular function solutions and complexiton soliton 
solutions corresponding to case 1,  for the nonlinear 
(2+1) dimensional Nizhink- Novikov-Vesselvo equation 
(3). 
 

Family 1.  When  01   and  02  ,  then the double 

soliton- like solutions of Equation (1.3) have the following 
forms: 
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Family 2.  When  01   and  02  , then the double 

soliton-like solutions of Equation (1.3) have the following 
forms: 
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Family 3.  When  01   and  02  ,  the complexiton 

soliton solutions of Equation (1.3) have the following 
forms: 
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Family 4.  If  011  qr  and 01 p then  
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(ii)  When  02   
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Conclusion 
 

In summary, the extended multiple Riccati equations 
expansion method with symbolic computation is 
developed to the nonlinear partial differential equations in 
mathematical physics via the (2+1) dimensional breaking 
soliton equations, (2+1) dimensional painleve integrable 
Burgers equation and (2+1)-dimensional Nizhnik-
Novikov- Vesselov equation. Then, when applying the 
proposed method to these Equations (1.1), (1.2) and 
(1.3), a rich variety of exact solutions which include (a) 
double solitary- like wave solutions, (b) double 
trigonometric function solutions, (c) complexiton soliton  
solutions, are obtained. 
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