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In this article, the extended multiple Riccati equations expansion method has been used to construct a
series of double soliton- like solutions, double triangular function solutions and complexiton soliton
solutions for some nonlinear partial differential equations in mathematical physics via the (2+1)
dimensional breaking soliton equations, (2+1) dimensional painleve integrable Burger's equations and
(2+1) dimensional Nizhnik- Novikov- Vesselov equations. With the help of symbolic computation as
Maple or Mathematica, we obtain many new types of complexiton soliton solutions, for example,
various combination of trigonometric periodic function and hyperbolic function solutions, various
combination of trigonometric periodic function and rational function solutions, various combination of
hyperbolic function and rational function solutions.
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triangular function solutions, complexiton soliton solutions, the (2+1) dimensional breaking soliton equations,
the (2+1) dimensional painleve integrable Burger's equations, the (2+1)-dimensional Nizhnik-Novikov- Vesselov
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INTRODUCTION

In recent years, the exact solutions of non-linear PDEs
have been investigated by many authors (Ablowitz and
Clarkson, 1991; Miura, 1978; Rogers and Shadwick,
1982; ang and Zhang, 2007; Yan and Zhang, 2001; Liu et
al., 2001; Zayed et al., 2004; Abdou, 2007; Fan, 2000;
Wang and Li, 2005a, b; He and Wu, 2006; Yusufoglu,
2008; Li and Wang, 2007; Wang et al., 2007; Wang et al.,
2005; Zayed et al., 2008a Zhang et al., 2002; Wang et
al., 2008; Zhang et al., 2008; He, 2004a, b; Wang et al.,
2005; Zayed et al., 2008b; Zhang et al., 2008; Zayed and
Gepreel, 2009; Zhang et al., 2008; Zayed and Gepreel,
2011) who are interested in non-linear physical
phenomena. Many powerful methods have been
presented by those authors such as the inverse
scattering transform (Ablowitz and Clarkson, 1991), the
Backlund transform (Miura, 1978; Rogers and Shadwick,
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1982), the generalized Riccati equation (Wang and
Zhang, 2007; Yan and Zhang, 2001), the Jacobi elliptic
function expansion (Liu et al., 2001; Zayed et al., 2004),
the extended tanh-function method (Abdou, 2007; Fan,
2000), the F-expansion method (Wang and Li, 2005a; b),
the exp-function expansion method (He and Wu, 2006;
Yusufoglu, 2008), the sub- ODE method (Li and Wang,
2007; Wang et al., 2007), the extended sinh-cosh and
sine-cosine methods (Wang et al., 2005), the complex
hyperbolic function method (Zayed et al., 2008a), the
truncated Painleve expansion (Zhang et al., 2002), the
(G'IG)-expansion method (Wang et al., 2008; Zhang et
al., 2008), the homotopy perturbation method (He, 2004a,
b) and so on. Wang et al. (2005) have presented the
multiple Riccati equations rational expansion method,
using two or more variables which satisfy different Riccati
equations with different parameters. Recently, Zayed et
al (2008b) have constructed many new types of
complexiton soliton solutions to the generalized coulped
nonlinear Hirota-Satsuma equations using Riccati
equations method.
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The objective of the present paper is to use the extended
multiple Riccati equations expansion method to construct
a series of some types of traveling wave solutions of the
following nonlinear partial differential equations in
mathematical physics:

(i) The (2+1)- dimensional breaking soliton equation (1)
(Zhang et al., 2008)

u; +bu,,, +4buv, +4bu,v=0,

u, —v, =0. )

(i) The (2+1)- dimensional painleve integrable Burger's
equations ( Zayed et al., 2009)

— Uy +uu, +avu, + pu,, +apu,, =0,

2
u, —v, =0. @

(i) The (2+1)- dimensional Nizhnik-Novikov- Vesselov
equations (Zhang et al., 2008)

U, — uxxx_— 3(uv), =0, -
u, —v, =0.

Summary of the extended multiple Riccati equations
expansion method

In this section, we should like to outline the main steps of
this method (Zayed et al., 2011) as follows:
Step 1. We consider the following nonlinear partial

differential equation with some physical fieldu(X, y,t):

P(U, Uy, Uy, Uy U, Uy Uy, Uy yen) = 0. (4)

yy

Step 2. We introduce a more generalized ansatz in term
of a finite formal expansion in the following forms:

n . . .
U(X1 y,t) = a0 + Z Zaij¢l (g)l//J (77)1 (5)
k=Li+j=k
where @, and aij (1, J=012,...,n) are constants to be

¢(£)and
w(n) satisfy the following two Riccati equations:

determined later, while the new variables

P'(&) = oy + (&) + po® (&), 6)

and

w'(17) =, + Ly () + Py (), 7)

where Q;,r; and p;,(i=12) are arbitrary constants
such that p; # 0. The parameters & and 77 are given by
E=kx+Ly+A4t and n=K,x+L,y+A,t, where
ki, Kk,, L, Ly, A4, A, are arbitrary constants.

Step 3. Determine the positive integer "N " of the formal
polynomial solution (5) by balancing the highest nonlinear
terms and the highest-order partial derivative terms in the
given system of the equations, and then we give the
formal solution.

Step 4. Substitute from Equation (5) into Equation (4)
along with Equation (6) and (7) and then set all the

coefficients of [@(E)]' [w ()] (i, j=012,...) of the
resulting system to be zero. We get an over-determined
system of nonlinear algebraic equations with respect to
kiKoi Ly Loy Ay Ag5 80,01, 02, 15 125 Py P2 and

al(i,j=012,...,n).

Step 5. Solve the over-determined system of nonlinear
algebraic equations by using the symbolic computation
as Maple or Mathematica. We end up with explicit
expressions for

ki Koy Ly Loy 4s 42,80, 04,00, 10 o, Prs P2 and
al(i, j=0412,...,n).

Step 6. It is well known that the general solutions of the
Riccati equations (6) and (7) are listed as follows:

() when A; >0and A, >0, then

i

L+ A tanh(?lg) I,

A
r+A, tanh(Tzq)

()= pln)=
2p, 2p,
L+ tanh(ﬂi) r+A, coth(En)
o=t vl)=- z_
P 2p, (8)
L+ coth(ﬂg) r+ A, tanh(Eq)
o=t yl)=- z_
2p, 2p,
L+ coth(ﬂg) r+A, coth(En)
o= yl)=- z_

2p,

2p,

(i) when A; <0and A, <0, then;



&

=y=4 ta”(Tﬁ)

p(5)= 2 ,

U]
h- m tan(\/_zTl £)

p(5)= 2 ,
U]

p(§)= ) ,
Py

0()= ) ,
Py

V-4
=44, ta”(T277)

y(n)= S
P,
-4, cot(‘/_ZTZn)
y(n)= ‘Tn 9)
-A
-
v(n)= 2 ,
Py
v(n)= ) :
)

(iii) when A; >0and A, <0, the

LA tanh(‘/ﬁii)

0(6)= ;
Py
n +\/A71 tanh(ﬁﬁ)
()= —2—2,
P
7 +\/A71 coth(ﬁg)
0lg)= -5
U]
LA coth(ﬁg)
0(§)= ‘2—2,
U1
where

_AZ
n-y-4, ta”(TU)

y(n)= :
2p,
_A2
r, ++— 4, cot( 2 n
yin)=- ‘ 10
2p, (10)
-A
f=y=4, tan(Tzﬂ)
yin)=- ,
2p,
J-A
ry == A, Cot( 22’7)
y(n)=- ) ,
P,

A = r12 —4pg; and A, = r22 —4p,Q,.

Similarly we can find other general solutions when
A; <0 and A, >0, then which are omitted here for

convenience.

(vywhen p =1, =(0; =

(P(f)zm,

g, =0 and p;, P, #0, then

-1
w(n)=——-, (11)
p,n +C,

Where C, and C, are arbitrary constants.

Example 1. The (2+1) dimensional breaking soliton

equations

In part of the work, we study the nonlinear (2+1)
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dimensional breaking soliton Equations (1) using the
extended multiple Riccati equations expansion method.
By balancing the nonlinear terms and the highest order
linear partial derivative terms of (1), we get

U(X, ,t) =2 + ao(&) + a, (1) + a39” (&) + agw’ () + asp(E)y (),

V(X, y,1) = by + by p(&) + 0,y () +0y0% (&) + 043 (17) + b (E) (),
(12)

where (&) = p(kx+ Ly + 4t),
w(n) =y (K x+ Ly + A1) and ki, Ky, Ly, Ly, 44,4,
a;,b;,(1=01,...,5) are constants to be determined

later. With the aid of the Maple or Mathematica, we
substitute from Equation (12) along with Equations (6)
and (7) into Equation (1) and set the coefficients of the

terms [@(E)] Tw ()] (i, j =01,2,..) to be zero yield. A
set of over-determined algebraic equations with respect

to ky,kp Ly Ly, 4,4, anda;,b,(i=01..5). On

|
using the Maple or Mathematica software package, we

solve the over-determined algebraic equations.
Consequently, we get the following results:
Case 1.
3 3 3 3

a =—Er1p1k12. a =—Er2p2k22 » 83 =7 pik’, 2, =75 pik3,

3, pik? L, 3 3pik/L, kL,

:7,b =——. kL,b = |L:_7r

by 2, 2=75 2P2KaLky, g %, 1 K (13)

b, = —%kz pIL, A, =-8bk3 p,L,0, —bkr2L, —4L,a.h - dbbgk,

X :_%[_klzrlz L, —8q1k12 PiL, +4bok, —4L,30], a5 =bg =0,

Ky
where I, 0,0;,0,, Pry Poy Koy Ly are  arbitrary
constants.
Case 2.
=gk o=l 3= L=t
p, < e ;zkszl b= abla, (14)
1

3k2 ps b
b, = 22E2L1 A :?2[8k22 PaLit +Katy Ly +4Lsag —4boky],
1 1

=0 =as;=hs=a=b=0,

where TI,,Q,, Py, P2, Ky, Ky, Ly are arbitrary constants

and p;, P, # 0. Note that, there are other cases which

are omitted here for convenience. According to (12), (13)
and the general solutions (8) - (11) listed in the
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Step 6, we obtain the following families of some new
types of the double soliton- like solutions, double
triangular function solutions and complexiton soliton
solutions corresponding to casel, for the nonlinear (2+1)
dimensional breaking soliton equations (1):

Family 1. When A; >0 and A, >0 then the double

soliton-like solutions of equation (1.1) have the following
forms:

U =a,+ % rk2[n + A tanh(@g)] +%r2k22 [r, +./A, tanh(@n)]
(16)
—§k12[r1 +JA tanh(ﬂé) I j|<§[r2 +JA, tanh(En)]z,
v, =by - 3r1k1 Skibor | a, tanh(£zf)] + koLl + JA, )tanh(ﬂn)]

3k2L A 3 A
+#[r1 +JA tanh(gé)]z 7§k2|_2[r2 +JA, tanh(gn)]z.
2

3
U, =3, + 7r1k12[r1

B o2t e (17)

Wk [r1+\/700th(\/7§)] Wk 2Ir, r

Ay

VA VA
v, =by —33(71"2[5 +.JA, coth( 21 %rzksz[r2 +.JA, tanh( 22
2

2 JA JA
+3k17|'2[r1 +4JA; coth=2))? 3 Lol + /A, tanh(X=27)12.
8k, 2 8 2
3 VA 3 JA
Uz =239 +Z ik’ 21 Zrzkzz [r; +yA; 22 (18)
3 VA 3 JA
*gklz['l*\/Al tanh(?lf)]z *gkzz[rz A, 22 )
2 JA JA
v, =hy —3"1k71|'2[r1 +./A, tanh(X2 §rzksz[r2 +./A, coth =2
4k, 2 4 2
2 JA JA
b A 2L o - 2k, LI, + A, cothUoZ )P,
8k, 2 8 2
JA JA
u, =a, -¢—%r1k12[r1 + /A, coth( 21 ;"zkzz [r, ++/A, coth( 22 (19)
3 VA 3 JA
g KR /A cothCoE A7 — kI, +4A, coth =T,
2 JA JA
vy =hy —3'1;71"2[5 A, coth(Tlcf)]Jr%rzksz[rz A, >
2

z JA JA
28 Lo [ A coth 2RO - o, + A, coth(2
2

Family 2. When A; <0 and A, <0, then the double

triangular function solutions of Equation (1.1) have the
following forms:

F F

Us =39 + 7r1k1[r1 V=4, tan( .f)]+7r2k2 [r, == A, tan( ] (20)
**k [ — = A, tan(*— 5)] **k 3Ir, — - A, tan(¥— ’l)]

Vg = by ?’rlk LZ[r 1/—A1tan(\' é)]+7r2k LyIr, — /=4, tan(V 2
3k LZ Sa Loy - oA tan(l 1 - oLt -, tan(

F F

Ug =3 + 7rlk [r, +/—4; cot( ff)]**rzkz [r; == A, tan( ml

—gkf[rl += 4 cot(—“‘zlé)]z —gkitrz —Ja, tan(—“"zzrmz

/7 /7 (21)
Vg = by — 3r1k1 L. [r, ++/— A, cot( (:)]+7er Lo[r, —/- A, tanX—2%1)]

3"1 T+ A ot SO - 2oLl - J7A, tan L2,

—rzk [r, +\/jcot(\/71])] (22)

A=A
u; =2, Jr%rlkf[r1 —J-A L

LR tan(—“Alf)lz =St + A ot

v, =by - 3r1k1L2[r1 At o+ —rzksz[rm/—Azcot(“’fz ”
1 Z VT

[, ——A; tan

+-A, cot(V q)]?

& %, (23)
Ug =a, -¢-7r1k1 [ +- A, cot(-—— e;)]+—r2k2 [r, +—A, cot(———=n)]

——k 2l +4-A, cot(V 5)12 77k§[r2+,/7A2 ccn(V A2 mz,

Vg = by 3r1"1 "2 [ +=A, cot(V 5)]+7er LIr, + =4, cot(V -~

N SZLLZ [n+y-4, cot(r i ,,k 2Lalr, +4= 4, cot(F .
2
Family 3. When A; >0 and A, <0, the complexiton

soliton solutions of Equation (1.1) have the following
forms:

Ug = ay + Erlk [r1+rtanh(r V= (24)

r

f)]**rzkz [r, - A tan(——
——k [r,—/-4, tan(‘ 17)]2

m]

ka[rﬁ\/?ltanh(

Vg =by — 3r1k1 L L 2y +\/7tanh(\/7 7r2k Ly[r, == 4, tan—=27)]

3k1 Lo [r +\/7tanh(\/7 [r, — /= A, tan(¥— ;7)])

8k,

A (25)

]+§r2k22 [r, — /- A, tan(

ml

N Ay
2

Uyp =8 4—%r1kf[r1 +4/A, coth(

%kf[rl +\/A71coth(§ k 2r, - /-4, tan(V Z 2,

3rk?L V-A
Vyp =By, *#['& +\/A7100th(\/71 — 1K, Lp[r, == A, tan( 2 Zml

3"1L2 [+ V& Coth(ré)]z Sabalty - =8 tan P

ﬁ (26)

Uy; =89 +7r1k1 [rn+ rtanh(r m]

ﬂ

r:)]+7r2k2 [r; +/—A, cot(———=
,,k 2lr, + A cot— A2 0,

sz[rl + /A, tanh(
Vyy = by — 3r1k1 Loy, +\/Etanh(r 5)]+7r2k LIr, + =2, cot(V 2 ]

1 L, Ir +J?1tanh(r P 7§|<2|_2[r2 + A, cot(i\/;zq)]z.

v 27
*rzkz [y ++/— A, cot( =) ( )

U, = a, Jrérlkf[r1 +.A, coth( VA

——k [rlJr\/Ailcoth(\/ifi)]2 kz[r +J-A, c:ot(V 7])]2

vip :bn—w—lLZ[rm/E coth(r 1+ 2oLl +=A; ot 2 )]

3k "2 [r1+rcoth(r§)] —7k L[ +4/—A, cot(V ;7)]2.




Where

by Bkt
§=kx-=~% 1[k2 rELy —8ayk; pyLy +4bgk, - 4Lya,], (28)
2

n=Kx+Ly+ (- 8bk2 p,L,0, - bkzr2 L, —4L,a,b - 4bbgk,)t.

According to (12), (14) and the general solutions (8) -
(2.8) listed in the step 6, we obtain the following families
of some new types of the double soliton- like solutions,
double triangular function solutions and complexiton
soliton solutions corresponding to case2, for the
nonlinear (2+1) dimensional breaking soliton equations

(1):

Family 1. When A, >0

u13=a0+§rzk§[rz+\/5 tanh(ﬁq)]—&lz Sk, +4A, tanh(£r; (29)
Ap+Cy)’ 8
Vyg =by erle Lok o [, tanh(Yo2 ‘/7 -3kl 3k Ll [r2+ftanh ‘/7,,)]2.
2(pg+Cy )
e =g+ rzk [r2+rcothr 3niks 2——k [r2+rcoth£q (30)
2Aps+Cy)° 8
3k2L 3pikl, 3k
vy, =by rikzl L, +4&, coth(gq)]-z(plpgﬁ+ﬁ[rﬁ\/§ coth(gn)] 2,
Family 2. When A, <0
U13—30+ rzk [r,- F ml- Splkl **k [ Ftanr (31)
2Ap+Cy) z 8
3r,k2L, -A 3pfkl,  3KIL
Vyy =b —rile[rz— —Aztand?rz)]— 2(pf§1+lcll)z+ i, - -4, tan(\/jq)]z.
a3 Fhe w3 F (32)
U14-ao+4rzkz[rz ( 2 2(p1§+C12 akz["z
3r,k2L -A 3pk 3k2L A,
Vi =by ~ r24k21 1["2+\/Ecm(\/777)]‘2(p$:é)z+ 82 L +y-4, COI(\/? i
where
&=k x+ Llyl/<7t[4bl32k1 +4blLya,], (33)
n= kzx—%y+k—2(8k22 PoLyd, +kFrf L, +4L,a, — 4bgky )t.
1 1

Example 2: The (2+1) dimensional painleve integrable
Burgers equation

In this part of the work, we study the nonlinear (2+1)
dimensional painleve integrable Burgers Equation (2)
using the extended multiple Riccati equations expansion
method. By balancing the nonlinear terms and the
highest order linear partial derivative terms of (2), we get

u(x,y,t) =a, +0($) +aw(n),

V(X, y!t) = b0 + bl¢(§) + b2l//(77)! 34
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where a;,b;, (i =0,1,2) are constants to be determined

later. With the aid of the Maple or Mathematica, we
substitute (34) along with (6) and (7) into (2) and set the

coefficients of the terms [o(E)] Tw ()] (i, j =01.2,..)
to be zero yield a set of over-determined algebraic
equations with respect to Kk;,k,,L4,L,,4,4, and
a;,b;,(1=012). On using the Maple or Mathematica

software package, we solve the over-determined
algebraic equations. Consequently, we get the following
results:

Case 1.
451 L 28 L
ay =28y, a =-2pL,p,, by = i ;bz PuP: k= ﬂLl 2P (35)
2
k, = bz —L[BLinabl +ajab? +2b, AL, p,ab, + 4831, L3 p2r],
1
Ay = 2 2 pz r+ "zosz2 = 2aiyb, p, +4ay pzzﬁl—z]x
45 p;

where 1;,1,,0;,0,, Py, P2, 05,00, Ly, L, are arbitrary
constants.

Case 2.

A= a-an, k= (36)
b b

kz:iZﬁi)z’ %:J%[aom*abo]rlzzzﬁ; H*abo]r

where Py, P,,0y,0;,b,,L;,L, are arbitrary constants.

Note that, there are other cases which are omitted here.
According to (34), (35) and the general solutions (8)-(11)
listed in the step 6, we obtain the following families of
some new types of the double soliton-like solutions,
double triangular function solutions and complexiton
soliton solutions corresponding to casel, dimensional
painleve integrable Burgers Equation (2):

Family 1. When A; >0 and A, >0 then the double

soliton-like solutions of Equation (1.2) have the following
forms:

™ /5

U =ay + ALln + J?ltanh(Tg)] + BLIr, + \/Etanh(Tn @7

A
2

vy =y + B hbePey L tanh(ﬂf)]—b—z[rz /B, tanh (22 ).
ab, 2 2p, 2

f

[r, +J/A, coth(r . (38)
r

u, =a, + pL[n +\/A71tanh(

[r2 +4/A, coth(

2
v, =by JrW[rl + \/Etanh(r

2

VA

Uy =, + AL [1 ++/A, coth( 5 (39)

ml,
s,
2

N+ BLolr, +/A, tanh(@

28%L,L JA
vy =by + 2 LkaP2 = P2y 4 [A coth(*2% N-pr
2
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Uy = ag + AL + A, coth(‘r )]+ BLoIY, + /A, coth(Yo2 ‘/7 . (40)

b, [r2+\/700th(\/777)]

v, =by+ 22 :LZp? Ir, +fcoth(£§)]

Family 2. When A; <0 and A, <0, then the double

soliton- like solutions of Equation (2) have the following
forms:

&, 41
Us =ag + AL - - A, tan(r ]+ LI, —y- A, tan(—2n)], (41)
Vs =by + Zﬂ L LZ P —— = —-A F -4, tan( ’7)]

1/ 42
Ug =ag + AN — - A, tan(r O+ BLy[r, +4- A, cot—2)], (42)
Vg = by + 2p° LlLZ P2 e LY [N tan(r - —z[rz +./-A, cot( V-
u; =a, + ALIn +\/700t(\/7 O+ pL,Ir, — - A, tan( v 17) (43)
vy =by+ Zﬂ e e R cot(rf)l——[a - )

4/ 44
Ug =g + AL[1 +- A cm(r ]+ BLoIr, + = A, cot )l (44)

Vg =Dy +2ﬂ Llepz [ ++= Ay cot(Y— 5)]— bz [fz =8, cot— L))

Family 3. When A; >0 and A, <0, the complexiton
soliton solutions of Equation (2) have the following forms:

Ug =3, + ALy + ﬂtanh(ﬂg)] + Pl —y-4, tfﬂn(_iAzﬂ)], (45)
Vg =by + L 2P 2p° "1"2 P2y +ftanh(£§)]— [r2 _ A, tan(V L
Upg = ag + AL [N + /A, tanh(ﬁg)] + BL[N, ++—4, cot(LAzn)], (46)
vy =by + £ 12Pe 25 "1 2P2 +\/7tanh(£§)]——[rz + oA, cot(V 201

a, 47
Uy =ag + ALl +/A; coth(r -J-a, tan(—Lp)], 47
Vi =b, +M[r +\/7coth(\/7 o1- [r2 v tan(v 200

— 48
up, =8 + ALln + A, coth(@ o[, += A cot( ’Az 1, (48)

vy, =by +2'32:7LZ ‘/7 b2 [r2 +=A, cot(Fz7)]

Where

é= % rabl +agab; + 20y AL, p,ab, +4°L, L5 pin],
n= 2ﬁp2 X+ Ly +—— 4/3 [4,62L§ P21, +,ab? —2abgb, p, +4a, p3 AL, 1.

(49)

Family 4. When 1, =0; =0 and p; # 0, then
() When A, >0
2pL,p,

P& +Cy
48°L,L, pips .

A
Ujs = ay + + BL,[r, +/A, tanh 22

F

Viq =by + b r. A
2 b (pe+Cy) 2p, :
(50)
26L.p, VA2
= — == L A th
Uy =89 + p1~’§+cl+ﬂ 2l + /A, coth( 5
2 A
Via =by 4°LLpp, b [r, A,
ab,(p&+Cy) 2p,
(51)
(i) When A, <0
Ups = ag + fjl‘él + AL, — =4, tan(V 2], (52)
1
_p . AB°LLpip, by - V"
Vis =Dy @b, (P2 +C,) 2p2[2 A, tan( Zml.
_ 284, p, vV
Ug =8 + D+ Cl+ﬂL2[r2+\/TZCOt( ’7)] (53)
Vig :bO+M_ 2 [r, + JTzcot(V 2 .

ab,(pi&+Cy)  2p,

Where

2L, L. Lt
£ :MH Luy-+ - [aqab? + 2001, oy, (55)

2

X+Ly+ [4B%L3 p3r, + ryabF — 2abgh, p, + 430 p7 AL, 1.

t
n=
Z/fpz 4pp}

Example 3: The (2+1) dimensional Nizhink- Novikov-
Vesselvo equation

In this part of the work, we study the nonlinear (2+1)
dimensional Nizhink- Novikov-Vesselvo equations (3)
using the extended multiple Riccati equations expansion
method. By balancing the nonlinear terms and the
highest order linear partial derivative terms of (3), we get:

U0 Y1) = +a,0(8) + 2w (1) + 250 () + 3" (1) + 350 (). (56
V(X, Y, t) =bg +by,p(E) + by (17) + by (€) + byw? () + bsp(E)w ()

where a;,b;, (1 =0,1,2) are constants to be determined

later. With the aid of Maple or Mathematica, we substitute
from Equation (56) along with (6) and (7) into



Equation (3) and set the coefficients of the terms

[ Tw ()] (i, j =012,..) to be zero yield. A set of
over-determined algebraic equations with respect to
ki, Ky, L, Loy 44, &y,b;,(i=0.1,.5). On using the
Maple or Mathematica software package, we solve the

over-determined algebraic equations. Consequently, we
get the following results:

Case 1.

2kZ p, L,
3k2[8k2 Padz + K37 — A, + 30k, 1, al:%’ &
2k1 Py Lz
s = K
b, =2k} p3,bs :as =0,

L=— k1|-2 /117

ap = =2k, p,L,1;,

=—2k,pjL,, by =—2kZpir,b, =—2k3 p,r,, by = -2k p7,

[8k12 Pk, + kZ 17K, + Bbok, +8KS p,a, +8K3r — 4,1,
(57)

Where 1,,1,,0;,05, Py, Py, 05,00, Ky, Ly Ky, A, are

arbitrary constants. Note that, there are other cases
which are omitted here for convenience. According to
(56), (57) and the general solutions (8) - (11) listed in the
step 6, we obtain the following families of some new
types of the double soliton- like solutions, double
triangular function solutions and complexiton soliton
solutions corresponding to case 1, for the nonlinear
(2+1) dimensional Nizhink- Novikov-Vesselvo equation

(3).

Family 1. When A; >0 and A, >0, then the double

soliton- like solutions of Equation (1.3) have the following
forms:

k2L,r, A
u, = 3k2 —2 [8k3p,q, +k3rf — 4, +3b0k2]—%[r1 By
& B (>8)
1 L [r1 +JA; tanh(=2 )12 + ko Lohy[r, +4/A,
—7k L,[r, ++/A tanh(“ 212,
2 \/T JA;
vy =by +kinln +\/A71tanh 2 sh[r, +4/A, tanh 2
1 A 1 JA
-Gk + Ay tanh(gé)]z =5 Kalr + A, tanh( = )T
k2L, 1/
up = T 3k2 [8k2 P, + k317 — 4, +3bok,]— 1 2 l[rl
2

ke 2[r1+\/A71coth(\/7§)] +k Lzrz[r2+rtanh(r ml

7—k L,[r, +rtanh(r
ﬂ

1.

Vv, = by +kZr[r +/A, coth(

20l + \/Etanh(\/gi2 m]
77k [r1+rcoth(r 1% - k 2[r, +rtanh(r m12.

(59)
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f

L
Uz = _3k722[8k23 Py + K317 = A + 305k, 1 -
2

(60)

2
JA JA
+ kékLZ [r ++/A tanh(T1 E? +K,Lyho[r, +4/A, coth(T2 )l
2

A
—%ksz[rz +JEcoth(‘/:2

a

vy = by + k2 + /A, tanh(Tg)] +k2r,[r,

VA,
2

A A
—%kf[r1 A, tanh(g.g)]2 —%kzz[rz /A, coth(‘/:2

2
A
up = _73':2 [8KZ P,0, + K32 — A, + 305k, ] — Lk"z "n + A, coth(Y : 1
2 2

2 A A
+ kékLZ [r++JA; coth(gg)]2 +kyLoh[r, + /A, coth(Tzﬂ)]
2

1 A
‘Eksz[rz + \/Ecoth(i‘/; ml,

A A
v, = by +kZn[r + lecoth(gé)] +kZn,[r, +4/A, coth(\/272

A A
—%kf[q +Ecoth(§§)}2 —%kzz[rz +JEcoth(‘/;

(61)

Family 2. When A; <0 and A, <0, then the double

soliton-like solutions of Equation (1.3) have the following
forms:

— 2y +305k,]- K Lzrl L2 —ﬁtan(“ =9

Us = [8k2 P,0, + k317

“2 B2 - i tan( 0 Lol - A, ten( )]

—fk oLl —y-A tan(v

Vs =by + k nln —\-4A, tan( = é)]+ k2 N[ ——A, tan( = ml (62)
kl [n—y-4, tan(“ é)] —sz [r, —y-A tan(“ r7)]

Ug = [8kz Pas +K31F — 2, + 305k, ] - 1 L. 1[r SR At cot(¥ 5)]
3k2 (63)

k1 LQ [r1 +J= A, cot(Y— g)] +kyLyry[r, — /= A, tan(Y— 77)]

*Eksz[rZ*\*Az tan( = 2’7)]21

Ve = by + kZr[1 + = A, cot(Y— 5)]+k2r2[r2 — =7, tan(¥= 17)]

—7|< [r1+,/—A1cot(V ;)] kz[rz—,/—Aztan(iv_z

F

2L,
uz = [8k2 PoQz + K317 — 2, +3bgk, ]—Q[r —J-Aptan(=——&)]+

kl L2 [r, — /- A, tan(—% §)]2 +KyLyh[r, + /= A, cot—27)]
2P,

—Eksz[r2 +—A, cot(—-2

(64)

vy, =by +kZn[n — /A, tan(‘ E+K2ry[r, +4/— A, cot(V Zml

**k1 [ ——4A; tan(=—— f)]z k [ry +/— A, cot(—— 77)]2
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=

%:Skaﬂz@@—%+%kF121U+WMwK al+
2

k1 Lz [r1 + = A, cot——L 5)] + KoLy, + = A, cot——21)]

——k oLo[r +4/— A, cot(———= v 17)]

V- g?)]Jrkzrz[erm/—A2 cot(V ~ 4

Sy
2

vg = by + kZr[r ++/— A, cot(

m]

*Ekf[ﬁ +J= A cot(*— 5)] kzz[rz +/— 4, cot( m2.

(65)

Family 3. When A; >0 and A, <0, the complexiton

soliton solutions of Equation (1.3) have the following
forms:

2, + 305k, ]~ 1"2r1 Mol +ftanh(‘/7

L
Ug=——% [8k2 P2, +

" Lz [rmf tanh(£e:)] 2 ko Lonln —y-4, tan(V Zml

**k 2Ll —4-4, taﬂ( ’7)]
\/AT

[, —v-4, tan( 77)]

Vg = by + kZn[r, + /A, tanh(

1 JA /
—Ekf[rl 21 —k 2[r, —[- A, tan(—27)]
(66)
U = 3k2[8kz P,0, + K31 — A, +3bgk,]— 1 Lo 1["1 r
k2L A [TA.
+ 21k 2, */; 2 4Ky, 1,[r, +4/— A, cot( 5 A2 ml
2

1 A-A
—Eksz[rz +4/— 4, cot( 2 2,
VA

2

2rlr, + Y= oot 2 )]

Vio = by +kZr[r; + /A, tanh

—%kf[rl +\/Aftanh(\/§ —%kzz[rz +J=A, cot(“zAz e
(67)
Where

Ky

;:klek—l'y+—[8k1 P10k, +k rlk +6byk, +8k2p2q2+8k r2 -1
2

n=K,x+Ly+A4,y.
(68)

Family 4. If r,=q, =0 and p, = 0then

(i) When A, >0

2 2 2
Uy = ’%[8k23 Potz +k3ri = 2, +30gk,] - 2q L6 2o 2
3k, ko (PE+C1) k(P& +Cy) (69)

A 1 A
+k, L[, +\/Etanh(£'7)]—*kz|-z[rz +\/Etanh(g77)]2,

f

2k} p?

2p1k1 N
+k2n,[r, + \/7tanh( —
(P +Cy)?

(p&+Cy)
—%kzz[rz +\/Etanh(@n)]z.

ml-

vy = by

L 2kZL,r, 2k2L, p?
Ugp :’722[8@ PaUs + K317 — A, +3bgk,1— L 20 Py 2P 2
3k3 Ko(p1& +C1)  ky(p&+Cy)
AA JA
+ kLo [r, + /A, 22 [r, ++/A, coth(T2 m1Z,
2p,k2r A 2k’ pf
v, = b, ] LS kZr,[r, ++/A, co’[h(\/i2 77)]717’;‘12
(P& +Cyp) 2 (P& +Cy)
1 VA
—Ekg[r2 +.JA, coth(T2 .
(70)
(i) When A, <0
2k Lot py 2k?L, pf

Uy = — 2 [8K} +k3rf — A, +3bgk,1—
13 3k2[ 2 P20z +Ko13 2 ok2] K, (pi& +Cy) kz(p1§+cl)2

*kszrz["Z*\/*Aztan(V_ ml- —k Lol —J=A tan(V A2 0,

2p.k2r, 1/
Vg =by + _SPiah +kZr[r, — /- A, tan( ml- kP

(P& +Cy) (p1§+01)2

— 2K, — A, tan )

(71)

2kZL, 1 p 2kZL, p?

Uy, =——2-[8k] +k3rf — A, +3bgk,] - ——1 2171 12k
14 kz[ 2 P20z + K31 2 ok>1 K, (pr& +Cy) kz(p1§+C)2

—A, COt( U)]_*k Lo[r, +4/—-4, COt( Y,

+k,Lon[r, +

2p.kZr, J-A 2kZ p?
Viy =Dq ‘*’M"’ kZr,[r, —+/— A, cot( Zml- 1P

(P& +Cy) 2 (p1§+cl)2

1 J-A
—Ekzz[rz +J-4, cot(iz 2 1.

(72)
where
k1L2 klt
&=k x— k [6b0k2+8k2p2q2+8k2r2 — ALl n=K,x+L,y+A4,y.
2
(73)
Conclusion

In summary, the extended multiple Riccati equations
expansion method with symbolic computation is
developed to the nonlinear partial differential equations in
mathematical physics via the (2+1) dimensional breaking
soliton equations, (2+1) dimensional painleve integrable
Burgers equation and (2+1)-dimensional Nizhnik-
Novikov- Vesselov equation. Then, when applying the
proposed method to these Equations (1.1), (1.2) and
(1.3), a rich variety of exact solutions which include (a)
double solitary- like wave solutions, (b) double
trigonometric function solutions, (¢) complexiton soliton
solutions, are obtained.
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