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Let T  be a contraction on a complex Hilbert space H , let ( )xTσ  be the local spectrum of T  at Hx ∈ , 

and let (((( )))) ΓIxTσ  be the local unitary spectrum of T  at x ; {{{{ }}}}1: ====∈∈∈∈==== zCzΓ . We show that if 

( ) ΓIxTσ  is of Lebesgue measure zero, then u
T

n

n
xxT ====

∞∞∞∞→→→→
lim , where u

Tx  is the unitary part of x  in the 

canonical decomposition of H  with respect toT . 
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INTRODUCTION 
 
Let H  and K  be complex Hilbert space and let 

( )KHB ,  be the space of all bounded linear operators 

from H  to K ; for KH = , we simply write ( )HB . An 

operator ( )HBT ∈  is a contraction if 1≤≤≤≤T . If 

( )HBT ∈  is a contraction, then for every Hx ∈ , 

xT n
n→∞lim  exists and is equal to xT n

n 0inf ≥≥≥≥ . A 

contraction ( )HBT ∈  is said to be a 1C -contraction if

0inf 0 >≥ xT n
n , for every Hx ∈ \{ }0 . For an arbitrary

( )HBT ∈ , we denote as usual by ( )Tσ  the spectrum of 

T  and by ( ) ( ) 1, −−= TzITzR  the resolvent of T . In 

this paper, we will { }1: <∈= zCzD , 

{ }1: =∈=Γ zCz , and (((( ))))DA  denotes for the disc-

algebra. If ( )HBT ∈  is a contraction, then the spectrum 

of T  lies in D . The set (((( )))) (((( )))) ΓITTu σσ ====:  is called the 

unitary spectrum of T . 

For an arbitrary ( )HBT ∈  and any Hx ∈ , we define 

( )xρT  to be the set of all C∈λ  for which there exists a 

neighborhood λU  of λ  with (((( ))))zu  analytic on λU  having 

values in H , such that (((( )))) (((( )))) xzuTzI ====−−−−  on λU . This set 

is open and contains the resolvent set (((( ))))Tρ  ofT . By 

definition, the local spectrum of T  at x , denoted by 
( )xTσ  is the complement of ( )xTρ , so it is a closed subset 

of ( )Tσ . If ( )HBT ∈  is a contraction and Hx ∈ , then 

the set ( ) ΓIxTσ  will be called the local unitary spectrum 

of T  at x . Consider the case where U  is a unitary 

operator on H . Let ( )⋅E  be the spectral measure of U . 

For given Hx ∈ , let xµ  be the vector-measure defined 

on the Borel subsets of Γ  by (((( )))) (((( ))))xEx ∆∆ ====µ . One can 

easily see that (((( )))) (((( ))))xs µσ uppxU ==== . 

Generally, the local spectrum of an operator ( )HBT ∈  
may be very "small" with respect to its usual spectrum. 

Indeed, let σ  be a "small" part of ( )Tσ  such that both 

σ  and ( )Tσ ∖σ  are closed sets. Let σP  be the 

spectral projection associated with σ and let 

HPH σσ ==== . We know that σH  is a (closed) T - 

invariant   subspace   and   ( ) σσ
σ

=HT .   Now,    we   can 
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readily verify that ( ) σσ ⊂xT   for every σHx ∈ .  

Let ( )HBT ∈  be a contraction and let Hx ∈ . We can 

see that ( ) Γ∈ IxTρξ  if and only if (((( )))) (((( ))))1, >>>>zxTzR    

admits an analytic extension to some neighborhood ofξ . 

It follows that if ( ) Γ∈ IxTρξ  for every Hx ∈ , then

( )Tρξ ∈ . Hence, we have  
 

( ) ( )( )Γ= ∈ IU xT THxu σσ . 

 

Note that there exist a contraction ( )HBT ∈  and Hx ∈  

such that ( ) =ΓIxTσ Ø, but ( ) Γ=Tuσ . Indeed, let 

( )KH 2  be the Hardy space of K -valued analytic 

functions on D  and let S  be the unilateral shift operator 

on ( )KH 2 ; ( )( ) ( )λλλ ffSK = . Its adjoint, the backward 
shift, is given by: 
 

(((( ))))(((( )))) (((( )))) (((( )))) (((( ))))KHf
ff

fS 2,
0 ∈∈∈∈

−−−−====∗∗∗∗    
λ

λλ . 

 

It is easy to verify that for every ( )KHf 2∈ and Cz ∈  

with 1>z , 

 

( ) ( ) ( ) ( )
z

fzfz
fSzI

λ
λλλ

−
−=−

−−
−∗

1

11
1

. 

 
Hence (((( )))) ΓIf

KS ∗∗∗∗σ
 
consists of all Γ∈ξ  such that f  

has no analytic extension to a neighborhood of ξ . It 

follows that if f  admits an analytic extension across the 

unit circle, then (((( )))) ΓIf
KS ∗∗∗∗σ =Ø. However, ( ) Γ=∗

Ku Sσ . 

Note also that for every nonzero ( )KHf 2∈ , 

( ) Df
KS =σ . 

Recall that a contraction ( )HBT ∈  is said to be 
completely non-unitary if it has no proper reducing 
subspace on which it acts as a unitary operator. As is 

well known (Nikolski, 1986), if ( )HBT ∈  is a contraction, 
then there exists a canonical decomposition (with respect 
to T ) of the space H  into two T -invariant subspaces: 

LKH ⊕=  such that: i) K  and L  reduce T ; ii) 

KTS =:  is a completely non-unitary contraction; iii) Z

LTU =:  is a unitary operator, where the subspace L  

is defined by: 

 
 
 
 

{ }   xxTxTHxL nn ==∈= ∗:   ℵℵℵℵ∈∈∈∈n . 

 

The operator S  (respectivelyU ) will be called 
completely non-unitary (unitary) part of T . According to 
this decomposition, every Hx ∈∈∈∈  can be written as 

u
T

c
T xxx ++++==== . The vector c

Tx  (respectively u
Tx ) will be 

called completely non-unitary (unitary) part of x .  

It can be seen that if ( )HBT ∈ , 0lim ====∞∞∞∞→→→→
n

n T  if 

and only if (((( )))) ====Tuσ Ø. Generally, the asymptotic 

behavior of the sequence {{{{ }}}} ℵℵℵℵ∈∈∈∈n
nT  is frequently related to 

unitary spectrum of the underlying operator. This is well 
illustrated by the following classical result of Nagy-Foias 
(Nagy and Foias, 1966). If the unitary spectrum of a 

completely non-unitary contraction ( )HBT ∈  has 

Lebesgue measure zero, then 0lim ====∞∞∞∞→→→→ xT n
n  for all 

Hx ∈∈∈∈ (the proof based on unitary dilation arguments). In 
this paper, we address the problem whether local and 
quantitative versions of the Nagy-Foias Theorem hold. 
For related results see (Allan and Ransford, 1989; Batty 
et al., 1998; Mustafayev, 2010). 
 
 
RESULTS 
 
The following theorem is the main result of this paper. 
 
 
Theorem 1  
 

Let ( )HBT ∈  be a contraction and let Hx ∈∈∈∈  be such 

that ( ) ΓIxTσ  is of Lebesgue measure zero. Then, we 
have: 
 

u
T

n

n
xxT ====

∞∞∞∞→→→→
lim , 

 

where u
Tx  is the unitary part of x  in the canonical 

decomposition of the space H  with respect to T . 
For the proof, we need the following lemmas. 

 
 
Lemma 1  
 

Let ( )HBT ∈  be a contraction, let E  be a T -invariant 

subspace, and let EHH →→→→:π  be the canonical 
mapping. Then, the following assertions hold: 
 

a) (((( )))) (((( )))) ΓΓ II xx TT E
σσ ====   for every Ex ∈∈∈∈ ; 



 
 
 
 

b) (((( )))) (((( )))) ΓΓ II xx T
c
TT σσ ⊂⊂⊂⊂ , where c

Tx  is the 

completely non-unitary part of Hx ∈∈∈∈  in the canonical 
decomposition of H . 

c) (((( )))) (((( ))))xx TT
σπσ ⊂⊂⊂⊂ˆ   for every Hx ∈∈∈∈ , where T̂   is the 

induced mapping; TT oo ππ ====ˆ . 
 
 
Proof  
 

a) Let Ex ∈∈∈∈ . It is easy to see that  (((( )))) (((( ))))xx
ETT σσ ⊂⊂⊂⊂ , 

and so  
 

(((( )))) (((( )))) ΓΓ II xx
ETT σσ ⊂⊂⊂⊂ . 

 

For the reverse inclusion, let an arbitrary (((( )))) ΓIxTρξ ∈∈∈∈  

be given. Then, there exists a neighborhood ξU  of ξ  

with (((( ))))zu  analytic on ξU  having values in H , such that 

(((( )))) (((( )))) xzuTzI ====−−−−  on ξU . Since  

 

(((( )))) (((( )))) ∑∑∑∑
∞∞∞∞

====

−−−−−−−− ∈∈∈∈========
0

1,
n

nn ExTzxTzRzu , 

 

for all ξUz ∈∈∈∈  with 1>>>>z , we have (((( )))) 0====zuπ  for all 

ξUz ∈∈∈∈  with 1>>>>z . By uniqueness theorem, (((( )))) 0====zuπ  

for all ξUz ∈∈∈∈ , so that (((( )))) Ezu ∈∈∈∈ . Thus, we have 

(((( )))) (((( )))) xzuTzI E ====−−−−   on ξU . This shows that 

(((( )))) ΓIx
ETρξ ∈∈∈∈  . 

 
b) Let LKH ⊕⊕⊕⊕====  be the canonical decomposition of 

H  and let KTS ==== . It follows from a) that 

 

(((( )))) (((( )))) ΓΓ II
c
TS

c
TT xx σσ ==== . 

 

It remains to show that (((( )))) (((( ))))xx T
c
TS σσ ⊂⊂⊂⊂ . If (((( ))))xTρλ ∈∈∈∈ , 

then there exists a neighborhood λU  of λ  with (((( ))))zu  

analytic on λU ¸ having values in H , such that 

(((( )))) (((( )))) xzuTzI ====−−−−  on λU . Let P  be the orthogonal 

projection from H onto K . Then, we have 

(((( )))) (((( )))) c
TxzuPTzP ====−−−− . Since SPTPPT ======== , we obtain 

(((( )))) (((( )))) c
TxzPuSzI ====−−−− . This shows that  (((( ))))c

TS xρλ ∈∈∈∈ . 

c) If (((( ))))xTρλ ∈∈∈∈ , then there exists a neighborhood λU  of 
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λ  with (((( ))))zu  analytic on λU  having values in H , such 

that (((( )))) (((( )))) xzuTzI ====−−−−  on λU . It follows that  

(((( )))) (((( )))) xzuTz πππ ====−−−− o  on λU . Consequently, we have

(((( )))) (((( )))) xzuTzI ππ ====−−−− ˆ  on λU . This shows that (((( ))))x
T

πρλ ˆ∈∈∈∈ .  

Recall that (((( ))))HBV ∈∈∈∈  is called an isometry if 

xVx ====  for all� ∈ �. It is well known that if V  is a non-

unitary isometry, then (((( )))) DV ====σ . Recall also that 

Hx ∈∈∈∈  is a cyclic vector of ( )HBT ∈ , if the set 

{{{{ }}}},...2,1,0: ====nxT n  spans the whole space H . 
 
 
Lemma 2   
 

If  (((( ))))HBV ∈∈∈∈  is an isometry and Hx ∈∈∈∈  is a cyclic 

vector of V , then 
 

(((( )))) (((( )))) ΓIxV Vu σσ ==== . 
 
 
Proof  
 

Assume that HVH ==== , that is, V  is a unitary operator. 
We must show that (((( )))) (((( ))))xV Vσσ ==== . By Spectral Theorem, 

there exists a positive measure µ  on Γ such that the 

operator M on (((( ))))µ,2 ΓL  defined by feMf it====   is 

unitary equivalent to V . Let ∆χ  denotes the 

characteristic function of any Borel subset ∆  of Γ  and 
let 1 be the constant one function on Γ . Then, we have 

(((( )))) (((( ))))µσ supp====V  and (((( )))) (((( ))))vxV supp====σ , where v  is a 

vector measure on Γ  that is defined by (((( )))) 1∆∆ χ====v . 

Since (((( )))) (((( ))))∆∆ µ====v , we have (((( )))) (((( ))))vsuppsupp ====µ  

and so, (((( )))) (((( ))))xV Vσσ ==== . 

Assume that HVH ≠≠≠≠ . In this case (((( )))) DV ====σ , so that 

(((( )))) Γ====Vuσ . It is enough to show that (((( )))) .DxV ====σ  Let 

HK ==== Θ .VH  By Wold's Decomposition Theorem (Nagy 
and Foias, 1966), there exists a decomposition 

10 HHH ⊕⊕⊕⊕====  such that 0H  and 1H  reduce V , 

00 HVV ====  is unitary and 
11 HVV ====  is unitary 

equivalent to the unilateral shift operator KS  on (((( ))))KH 2 . 

Let 10 xxx ++++==== , where 00 Hx ∈∈∈∈  and 11 Hx ∈∈∈∈ . Since 1x  

is a cyclic vector of 1V , 01 ≠≠≠≠x , so that (((( )))) DxV ====11
σ . It 

remains to show that  (((( )))) (((( ))))xx VV σσ ⊂⊂⊂⊂11
.   If   (((( ))))xVρξ ∈∈∈∈ , 
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then there exists a neighborhood ξU  of ξ  with (((( ))))zu  

analytic on ξU  having values in H , such that 

(((( )))) (((( )))) xzuVzI ====−−−−  

on ξU . Let 1P  be the orthogonal projection from � onto

1H . Then, we have (((( )))) (((( )))) 111 xzuVPzP ====−−−− . Since

1111 PVVPVP ======== , we obtain (((( )))) (((( )))) 111 xzuPVzI ====−−−− . This 

shows that (((( ))))11
xVρξ ∈∈∈∈ . 

 
 
Lemma 3  
 

Let ( )HBT ∈  be a 1C -contraction and let Hx ∈∈∈∈ , if 

(((( ))))DAf ∈∈∈∈   vanishes on  ( ) ΓIxTσ , then (((( )))) .0====xTf  
 
 
Proof  
 
By Nagy-Foias Theorem (Nagy and Foias, 1966), there 
exist an isometry V  and a quasi-affinity X  on H  
intertwining T  and V ; .VXXT ====  First, we claim that 
 

(((( )))) (((( ))))xXx TV σσ ⊂⊂⊂⊂ .                                                       (1) 

 

If (((( ))))xTρλ ∈∈∈∈ , then there exists a neighborhood λU  of 

λ  with (((( ))))zu  analytic on λU  having values in H , such 

that (((( )))) (((( )))) xzuTzI ====−−−−   on λU . It follows that  

 
(((( )))) (((( )))) (((( ))))λUz  XxzuXTzX ∈∈∈∈====−−−−    

 

Consequently, we have (((( )))) (((( ))))   XxzXuVzI ====−−−− on λU . 

This shows that (((( ))))XxVρλ ∈∈∈∈   

 
Set  
 

{{{{ }}}},...2,1,0: ======== nXxVspanK n , 
 
and  
 

{{{{ }}}},...2,1,0: ======== nxTspanL n . 
 

Since (((( ))))ℵℵℵℵ∈∈∈∈==== nxXTXxV nn   ,  the operator LX   is a 

quasi-affinity from L  to K  and  
 
(((( )))) (((( )))) LLLK TXXV ==== .                                                     (2) 

 

Also, since Xx  is a cyclic vector of  KV ,  by  Lemma  2  

 
 
 
 

(((( )))) (((( )))) ΓIXxV
KVKu σσ ==== . 

 
On the other hand, taking into account Lemma 1 a) and 
(1), we can write 
 

(((( )))) (((( )))) (((( )))) ΓΓΓ III xXxXx TVV K
σσσ ⊂⊂⊂⊂==== . 

 
Hence, we have 
 

(((( )))) (((( )))) ΓIxV TKu σσ ⊂⊂⊂⊂ .                                                (3) 

 
We see that under the hypotheses of the Lemma, the 

Lebesgue measure of (((( )))) ΓIxTσ  is necessarily zero. It 

follows from (3) that (((( ))))Ku Vσ  has Lebesgue measure 

zero and therefore, KV  is a unitary operator. Since 

(((( ))))DAf ∈∈∈∈  vanishes on (((( )))) ΓIxTσ , it follows that f  

vanishes on (((( ))))KVσ , and so (((( )))) {{{{ }}}}0====KVf . Using now 

the identity (2), we can write (((( )))) {{{{ }}}}0====LTXf . In particular, 

we have (((( )))) 0====xTXf . Since X  has zero kernel, we 

obtain that (((( )))) 0====xTf . 
 
 
Lemma 4  
 

Let ( )HBT ∈  be a 1C -contraction and let Hx ∈∈∈∈ . If 

( ) ΓIxTσ  is of Lebesgue measure zero, then

xxTxT nn ======== ∗∗∗∗
  for all ℵℵℵℵ∈∈∈∈n . 

 
 
Proof 
 

Set (((( )))) ΓIxM Tσ==== . Let us define a mapping 

(((( )))) HMCh →→→→:  as a following way: Take a function

(((( ))))MCf ∈∈∈∈ . By Rudin-Carleson Theorem (Beauzamy, 

1988), there exists a function (((( ))))DAf ∈∈∈∈  such that 

(((( )))) (((( ))))ξξ ff ====   for all M∈∈∈∈ξ , and  
 

(((( ))))
(((( ))))ξ

ξ
ff

MDA ∈∈∈∈
==== sup .                                                         (4) 

 

Set (((( )))) (((( ))))xTffh ==== . By Lemma 3, h  is a well-defined 
linear mapping. On the other hand, it follows from von 
Neumann inequality and the identity (4), the mapping ℎ is 

bounded. Note also that if (((( ))))MCgf ∈∈∈∈, , then

(((( )))) (((( )))) (((( ))))xTgTffgh ==== . Assume that the functions 1−−−−f , 0f  



 
 
 
 

and 1f  on M  is defined by (((( )))) 1
1

−−−−
−−−− ==== ξξf , (((( )))) 10 ====ξf  

and (((( )))) ξξ ====1f . Then, we have 
  

(((( )))) (((( )))) (((( )))) (((( ))))xTfTfffhfhx 11110 −−−−−−−− ============ . 

 

Set (((( ))))TfS 1−−−−==== . Then, S  is a contraction on H  which 

commutes with .T  Since (((( )))) TTf ====1 , we have xSTx ====  

so that xTxST nn 1−−−−====   for all ℵℵℵℵ∈∈∈∈n . It follows that 
 

xTxTxSTxT nnnn 11 −−−−−−−− ≤≤≤≤≤≤≤≤==== . 

 

Thus, xxT n ====  for all ℵℵℵℵ∈∈∈∈n . We know (Nagy and 

Foias, 1966) that if T  is an arbitrary contraction and z  is 
an eigenvector of T   for the eigenvalue 1====λ  , then z  

is also an eigenvector of ∗∗∗∗T   for the eigenvalue 1====λ . 
Since ST  is a contraction and xSTx ==== , we have

xxTS ====∗∗∗∗∗∗∗∗ . It follows that xxT n ====∗∗∗∗  for all ℵℵℵℵ∈∈∈∈n . 

 
We are now able to prove the Theorem 1 
 
 
Proof of Theorem 1  
 
Let LKH ⊕⊕⊕⊕====  be the canonical decomposition of H  

and let KTS ====  be the completely non-unitary part ofT . 

Let u
T

c
T xxx ++++==== , where c

Tx  is the completely non-unitary 

and u
Tx  is the unitary part of x . Let us show that

0lim ====∞∞∞∞→→→→
cn

n TxT . For this reason, set  

 {{{{ }}}}0lim:0 ====∈∈∈∈====
∞∞∞∞→→→→

xSKxK n

n
. 

 
Let 0: KKK →→→→π  be the canonical mapping and let 

00:ˆ KKKKS →→→→  the induced mapping; 

SS oo ππ ====ˆ .  First, we claim that Ŝ  is a 1C -

contraction. For this, it is enough to show that for every
Kx ∈∈∈∈ ,   

 

xSxS n

n

n

n ∞∞∞∞→→→→∞∞∞∞→→→→
==== limˆlim π . 

 
Indeed, let   
 

0limˆlim KxSxS n

n

n

n
++++========

∞∞∞∞→→→→∞∞∞∞→→→→
πα . 
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Then, we have xS n
n ∞∞∞∞→→→→≤≤≤≤ limα . On the other hand, 

for an arbitrary 0>>>>ε  there exist ℵℵℵℵ∈∈∈∈k  and 0Ky ∈∈∈∈ , 

such that εα ++++≤≤≤≤−−−− yxS k , which implies 

εα ++++≤≤≤≤−−−−++++ ySxS nkn , for all ℵℵℵℵ∈∈∈∈n . It follows that  

 

ySySySxSxS nnnknkn ++++++++≤≤≤≤++++−−−−≤≤≤≤ ++++++++ εα . 

 

As ∞∞∞∞→→→→n , we obtain εα ++++≤≤≤≤∞∞∞∞→→→→ xS n
nlim , so that 

α≤≤≤≤∞∞∞∞→→→→ xS n
nlim . Further, it follows from the identity 

⊥⊥⊥⊥
∗∗∗∗∗∗∗∗ ====

0

ˆ
K

SS  that Ŝ  is a completely non-unitary 

contraction. Using Lemma 1 c), a), and b), respectively; 
we have  
 

(((( )))) (((( )))) (((( )))) (((( )))) ΓΓΓΓ IIII xxxx T
c
TT

c
TS

c
TS

σσσπσ ⊂⊂⊂⊂====⊂⊂⊂⊂ˆ . 

 

It follows that (((( )))) ΓI
c
TS

xπσ ˆ  has Lebesgue measure 

zero. Since Ŝ  is a completely non-unitary 1C -

contraction, by Lemma 4, 0====c
Txπ , and so  

 
0limlim ========

∞∞∞∞→→→→∞∞∞∞→→→→

c
T

n

n

c
T

n

n
xSxT . 

 
Also, since u

T
u
T

n xxT ====  for all ℵℵℵℵ∈∈∈∈n , we have that   

 
u
T

u
T

n

n

u
T

nc
T

n

n

n

n
xxTxTxTxT ========++++====

∞∞∞∞→→→→∞∞∞∞→→→→∞∞∞∞→→→→
limlimlim . 

 
 
CONCLUSION  
 
It is easy to verify that if ( )HBT ∈ , then 

0lim ====∞∞∞∞→→→→
n

n T  if and only if (((( )))) ====Tuσ Ø. In general, 

the asymptotic behavior of the sequence {{{{ }}}} ℵℵℵℵ∈∈∈∈n
nT  is 

frequently related to unitary spectrum of the underlying 
operator. This is well illustrated by the classical result of 
Nagy-Foias (Nagy and Foias, 1966). If the unitary 
spectrum of a completely non-unitary contraction 

( )HBT ∈  has Lebesgue measure zero, then 

0lim ====∞∞∞∞→→→→ xT n
n  for all Hx ∈∈∈∈ . In this note we show 

that if ( ) ΓIxTσ  is of Lebesgue measure zero, then
u
T

n

n
xxT ====

∞∞∞∞→→→→
lim . Consequently, local and quantitative 

version of the well known Nagy-Foias Theorem is proved. 
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