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In this paper, a new analysis technique for ordinary second-order systems is presented. The technique
is based on multi-temporal conditions and results in a new closed-form for the complete response of
second-order systems, which can be used to determine the complete solution of second-order systems
with ease. In addition, the new technique provides a clear explanation of second-order systems, not
only in the case of Direct Current (DC) forcing function but also in the case of time-varying function as
well. By employing this new technique more accurate results with regard to response can be obtained
which are compared to the result of the conventional technique. For example, amplitude of the natural
response is shown to be a function of the forced response not only at the initial time but also at
arbitrary points in time. Thus, for a constant forced function, which results in a constant forced
response the results of the new technique is identical to the conventional technique, whereas in case of
a time-varying forcing function the obtained response is different from the conventional technique.
Numerical and experimental results obtained from the resistor-inductor-capacitor (RLC) circuit and the
Wein bridge oscillator circuit show sufficient agreement with the theoretical results.
Key words: Second order system, multi temporal, new technique.

INTRODUCTION
In the general, there are many ways to characterize
second-order systems but the most common one is to
apply ordinary differential equations (ODE) and to find
homogeneous xh (t ) , particular x p (t ) solutions and the
complete solution
the

homogeneous

 x (t )  x (t )  x
c

xc (t ) can be obtained by summing up

h

and

particular

solutions

. For the case of operation of an
p (t ) 

electrical system or electrical network composed of
passive and active elements, the complete solution, the
*Corresponding author. E-mail: mum_c51@hotmail.com.

homogeneous solution, and the particular solution are
referred to as a complete response, natural response and
force response, respectively. In general, the natural
response is affected by energy that is collected within
energy storage elements such as inductor or capacitor
before the system starts on working and the forcing input
f (t ) is not yet applied. It is also well known that the
natural response can indicate the stability of the system
involving with the system poles. Hence, a technique for
solving the exact natural response is necessary.
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By using a conventional analysis, magnitude of the
natural response is always a constant and time invariant,
no matter forcing input function f (t ) is applied. This is
because the initial condition (response) is assumed to be
the sum of the natural and force response at the initial
time t0 . However, from the experimental results of the
second order electrical network that is applied with a time
varying forcing function, it is found that the experimental
results do not match well with the conventional analytical
results in the transient state but match well in the steady
state. But for the case of constant forcing function, they
match well in both states.
In other words, for the case of a forcing function such
as a sinusoidal input  sin(t   )  , the experimental
and conventional analytical results in the transient state
are different. Especially in oscillatory systems, when it is
applied by time-varying force functions, it is obvious that
magnitude of the natural response is varied with the
forced response. This experimental result contradicts to
the conventional analytic solution that gives a constant
magnitude for the natural response.
From the reason above, it became an inspiration to the
proposed research. At the beginning, many text books
and research papers (Johnson, 1989; Alexander and
Sadiku, 2000; Dorf and Svoboda, 2004) are reviewed and
studied. But it has not yet been found that this view point
is rigorously discussed. The analysis found in text books
and papers mostly in the same direction which is
magnitude of the natural response is constant, regardless
of whether the forced response is varied with time.
In the past, the adjective multitime was introduced in
Physics by Dirac, that is, multitime wave functions (Dirac,
1932), and later was used in Mathematics: Anastassiou
proved a uniqueness theorem for a large class of PDE’s
involving evolution in multidimentional time (Anastassiou
et al., 2006), Udriște combined some of their ideas to
obtain the multitime variants of Hamilton-Jacobi theory
(Udriste et al., 2009), etc. Physically, Gorobey developed
a two-time quantum theory of the relativistic Coulomb
interaction of charges as a toy model for a more
complicated
multi-time
quantum
electrodynamics
(Gorobey et al., 2010).
Recently, Roychowdhury proposed a new technique to
analyze circuits with a nonlinear model by employing
separated time scales using numerical PDE method
(Roychowdhury, 2001). But the problem as mentioned
above has not yet been described in these research.
However, the concept of the separated time scale is an
interesting technique that can be applied in the interested
topic.
In this article, a new analysis of a second order linear
system using the multi-time variables is proposed. It
covers linear systems modeled by first and second order
differential equations and the obtained closed-form
solution agrees well with the experimental result in both
transient and steady states and in both time varying and
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time in-varying forcing input.
MATERIALS AND METHODS
Review of the conventional analysis
In this part of this work, a brief literature review of the conventional
analysis of the second order system using the second order
differential equation is given. The second order linear system is
modeled by the second order differential equation as follows

x(t )  a1 x(t )  a0 x(t )  f (t ),
where

'

and

respectively.

"

(1)

represent first and second order derivative,

a0 , a1

are known constant parameters and

f (t )

is

the forcing function or the forcing input. It is well known that the
complete response of the second order differential equation is the
summation of the natural response



x f (t ) x(t )  xn (t )  x f (t )



xn (t )

and the forced response

where

x(t )

is the complete

response of the system. In order to determine the natural response
the

f (t )

in Equation 1 is set to zero, leading to

xn(t )  a1 xn (t )  a0 xn (t )  0.

(1)

From Equation 2, its characteristic equation is found to be

s 2  a1s  a0  0.

(2)

The solution of the quadratic Equation 3 is the roots of this equation
which are s1 and

s2 :





s1,2  a1  a12  4a0 / 2.

(3)

From Equations 2 and 4 the natural response

xn (t )

is determined

by

xn (t )  A1es1t  A2es2t .
In general,

A1

A2

and

(4)

are constant coefficients, therefore, the

natural response depends on the roots

s1

and

s2

which can be

categorized as follows
Case 1: s1 and
therefore

s2

are real numbers with distinct roots

a12  4a0

 s1  s2  ,

. In this case the natural response is

overdamped with the close-form shown in Equation 5.
Case 2:
means

s1

and

s2

a12  4a0

damped:

are equal real numbers

 s1  s2  s  , this

and the natural response is called critically
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xn (t )   A1  A2t  est .
Case

3:

s1

s2

and

s1,2    j

(5)

are

complex

. In this situation,

conjugate

a12  4a0

numbers

and it is called

underdamped which is

  j t



respectively, and

  j t

,

(7)

are damping coefficient and natural frequency,

  a1 / 2 ,   a12  4a0 / 2

case 3,

xn (t )

xn (t )

the coefficient

and . For

can be either real or complex but for obtaining real

A1

and

A2

must be either one of these

condition.
Condition 1:

xn (t )

where

A1

and

A2

x

t 0

and

 A1  A2  A / 2 , then

(6)

The forced response

A2

are

equal

real

f (t )

being,

xf (0)

in

substituted in Equation 7 and

B1 and B2 of Equation 8 are defined

and

(12)

B2   X 0  xf (0)     X 0  x f (0)  / .

a1

In

B2   X 0  xf (0)  / .

order

to

obtain

the

(13)

also must be zero

complete

response

 x(t )  x (t )  x (t )  , Equations 8, 14 and 15 is considered
(7)

x f (t ) , can be derived by solving

f

x(t )  A cos(t   )  x f (t )

(8)

f (t ) is the
x(t ) can be

x(t )  A1e  A2e  x f (t ).
s2t

solved

A1 and A2 are determined from the initial
conditions x(t0 )  X 0 and x(t0 )  X 0 which are substituted
into Equation 11 when t  t0 . By providing that the initial time
t0  0 then A1 and A2 can be written in the closed-form as
The coefficients

 



X

0

 x f (0)



2

forcing

(9)

A1  ( s2  s1 )1  s1 X 0  x f (0)  X 0  x f (0) 



(14)

where A and  are the amplitude and the initial phase of the
sinusoidal oscillation, respectively, which are

with Equation 11



. For a constant

shown in Equations 12 and 13 are

A1

n

function. Therefore, the complete response



e t

and can be written as

is the forced response and

 X 0  x f (0)

A2

and

A2

the coefficients

A



A1

Equations 12 and 13 is zero, so it can be discarded.
To demonstrate the difference of the complete response obtained
from the conventional and the proposed methods the underdamped
case is considered because it provides clearly different results of
both techniques. To achieve the complete response of this case,

numbers

xf (t )  a1 xf (t )  a0 x f (t )  f (t ),

s1t

Since the coefficients

In case that the damping coefficient is zero,

xn (t )  e t A cos t.

x f (t )

(0), xf (0)  .

are multiplied with the natural function, they therefore affect on
magnitude of the natural response as same as on the damping

resulting in

A1

X0 ,

A2 are not time varying and
X 0 and the forced response

B1  X 0  x f (0)


B 
 e t B12  B22  cos t  tan 1 ( 2 )  .
B1 


where

f

and

(11)

are complex conjugate of each other,

is found to be

2:



by

xn (t )  e t  B1 cos t  B2 sin t 

Condition

A1

depend on the initial condition

coefficient term



and

 A2e

 

From Equations 12 and 13,

at

xn (t )  A1e
where



A2  (s2  s1)1 s1 X 0  x f (0)  X 0  xf (0)  .





2

(15)

and

  tan 1  X 0  xf (0)  /   X 0  x f (0)  .

(16)

In Equation 16, the complete response of the system produces a
pure sinusoidal signal with amplitude A being a function of the

X 0 , X 0 ) and
xf (0) ). With all of

initial condition (
(

x f (0)

and

the force response at

t 0

these constants, although the

forced response is a function of time, amplitude A of the natural
response is not time varying. Because A only depends on the
forced responses

(10)



  X 0  xf (0) /   ,



x

f

(t ), xf (t )

 at t  0 where other time does

not have an affect on A .
In the following ‘proposed analysis’ part of this work, the secondorder system will be analyzed using the new analysis technique.
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The obtained complete response illustrates that amplitude of the
natural response depends on the forced response not only at t  0
but also at other arbitrary times as well.

A1  ( s2  s1 )1  s1  X 0  x f ( )   X 0 

The proposed analysis

A2  (s2  s1 )1 s1  X 0  x f ( )   X 0  .

In this part of this work, the proposed analysis to achieve a closedform solution of the complete response for the second-order system
is discussed. It is noted that the concept of multi-time realization
recently proposed by Roychowdhury (2001) has been applied in
this work. In this concept, rather than the variable of time t ,
another time variable  , is introduced. In physical meaning, these
parameters t and  are time variables that are read from the first
and the second clocks, respectively, where these clocks are
independent to each other. Hence, the time variables t and  can
be used as two separated time scales. Based on this concept, the
forcing function, which can be applied to the second-order system
at arbitrary time, is defined as a function of  , f ( ) . Hence,
Equation 1 is rewritten to be

x(t , )  a1 x(t , )  a0 x(t , )  f ( )
where the forced response

x f ( )

(17)

Furthermore, the natural response of the underdamped case is of
interested. By substituting

B2

(19)

is the complete solution in aspect of the separated

time scales.
Now let us consider three possible cases of the natural response
which are the overdamped case, the critically damped case, and
the underdamped case as follows.

shown in Equation 21.

a12  4a0 ):

x(t , )  A1e

  j t

  j t

(24)

B2   X 0    X 0  x f ( )  / .

(25)

In case of   0 , the natural response is obtained by omitting the
damping coefficient, therefore, the complete response is written as

X

(27)

  tan 1  X 0 /   X 0  x f ( )  .

(28)

2

0

2

The results of the proposed analysis show that the coefficients
and

A2

(Equations 24, 25 and 29 of the natural response depend

x f ( ) .

A1

and

A2

It implies that amplitude of the

natural response always varies with time. Hence, it is obvious that
the closed-form solution of the natural response obtained from the
proposed analysis definitely results in different waveform of the
system complete response, compared to that of the conventional
analysis. But for the constant input forcing function which results in

x f ( ) , the coefficients A1

and

A2

(21)

because the slope of the cosine function is zero at the initial time

x(t0 , )  X 0 , x(t0 , )  X 0
t0  0 for simplicity, similar to the

conventional analysis, the coefficients

A1

obtained by the proposed analysis (shown in Equations 24 and 25
are of course identical to those obtained by the conventional
analysis (shown in Equations 12 and 13. In this case, the complete
responses obtained from both analytical methods are the same.
From Equation 28, to obtain a pure cosine signal,

By substituting the initial condition

forms as follows.

(26)

 x f ( )    X 0 /   ,

A

x(t0 , )  X 0

 x f ( )

 e t  B1 cos t  B2 sin t   x f ( ).

into Equation 21 and setting

and

(20)

a12  4a0 ):

 A2e

B1

into Equation 23,

B1  X 0  x f ( )

the constant forced response

x(t , )   A1  A2t  est  x f ( )
Underdamped case (where,

A2

are determined by

on the forced response

a12  4a0 ): The complete response is

Criticallydamped case (where,

and

And

s2t

Overdamped case (where,

A1

Where

x(t , )  A1e  A2e  x f ( )
x(t , )

(23)

(18)

In this case, the complete response can be expressed in the
following form

where

(22)

  X 0  x f (0)  ,

x(t , )  A cos(t   )  x f ( )

is determined by

xf ( )  a1 xf ( )  a0 x f ( )  f ( ).

s1t
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are in closed --

(peak signal at

must be zero at the initial time

This is

t  0 ). Then Equation 28 becomes

x(t , )   X 0  x f ( )  cos t  x f ( ).
The term

t 0.

X 0  x f ( )

(29)

shown in Equation 31 is amplitude of the

sinusoidal oscillating output which depends on the initial condition

1184
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and the time-varying forced response

x f ( ) .

This closed-

form solution of the system again confirms that amplitude of the
response will not be constant for a time-varying input. Moreover, by
using either the complex conjugate or the real part of the
coefficients

A1 and A2 , the obtained amplitude and phase of the

analytical solution are identical.
Contrary to the conventional analysis, each case must be
separately considered if the coefficients

A1

and

A2

are not real.

To compare this pure sinusoidal output case with that obtained
from the conventional counterpart (shown in Equation 16 where

x(t0 )  X 0  0 , it is found that amplitude has an error in term

 X   x (0) 

of

0

the

initial

f

/  2   xf (0)  /  2

phase

of

2

2

the

oscillated

tan   xf (0) /   X 0  x f (0) 
1

or

B22 .

cosine

In addition,

function

is

at

rather than zero. Even

though this error is not significant it indicates that the proposed
analysis provides a more accurate analytical technique than the
conventional one.
To confirm that the proposed analysis method is valid, the
second order systems with RLC circuits (for the overdamped case)
as shown in Figure 1 and the Wein bridge(for the underdamped
case) as shown in Figure 2 are setup and experimented In these
networks,

vi ( )

which is the forced input is applied to the circuit at

any arbitrary time.
From the series

RLC

circuit in Figure 1, the output

v(t , )

can be expressed by

v ( )
R
 1 
v(t , )    v(t , )  
v(t , )  i .

LC
L
 LC 
Let

vi ( )

be 2 types of the forced input which are

Vp cos   .

(30)

VDC

and

By substituting each of them into Equation 32 it

then respectively results in the following forcing functions

f ( )  VDC / LC
V
f ( )   DC
 LC

(31)
Figure 1. (a) Second order series circuit (b) Circuit realization
(c) Switch control signal.


 cos   .


(32)

To find magnitude of the natural response, the forced response

x f ( )

needs to be known first. Let us substitute

f ( )

of

Equations 33 and 34 into Equation 32, the forced response of each
forcing input is obtained as follows.
For the case where the forcing function is constant

f ( )  K  VDC / LC , the forced response is

v f ( )  x f ( )  K / a0  VDC
where the parameter

a0

is

(33)

1/ LC .

For the time -- varying forcing function
forced response can be expressed by

f ( )  B cos  , the
Figure 2. A Wein bridge oscillator.







x f ( )   B /  4  a12  2a0  2  a02  cos     ,



(34)
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vi ( )

and output

From Figure 2, the relation between input

vo (t , )

of the Wein bridge oscillator in a second order differential

equation can be written as

where

 a1 
.
2 
 a0   

  tan 1 

(35)

From Equations 32, 34, 36 and 37, the forced response

v f ( )

v f ( )  P cos(   ),

is
(36)

R2 
1 
1
vo (t , )
2 
 vo (t , ) 
RC 
R1 
RC
R 
3
1

  2  vi( ) 
vi( )  2 2 vi ( )  .
R1 
RC
R C


vo (t , ) 

By comparing Equations 43 and 19, the parameters

1/ RC 2  ( R2 / R1 )

where

and

1/ R2C 2

a1

(41)

and

a0

are

, respectively, and the

forcing function is

P

Vp

 L C  ( R C  2 LC )  1
4 2

2

2

2

2

,

(37)

f ( )  

and

R2 
3
1

vi( )  2 2 vi ( )  .
 vi( ) 
R1 
RC
R C


(42)

When the time-varying forcing input vi ( )  Vp cos(m )

  RC 
  tan 1 
.
2
 1   LC 

(38)

t  t0  0 , the network is in a DC steady-state condition with
the switch S1 closed and the switch S 2 open, the initial condition
v(0, )  X 0  V0 and v(0, )  X 0  0 (capacitor open circuit),
where V0 is initial condition capacitor voltage. While the switch S 2
closed and the switch S1 open, for the solution of the overdamped
case in Equation 21 and the closed-form of the coefficients A1 and
A2 in Equations 24 and 25, the complete responses are given in
Equations 41 and 42 for the forcing input vi ( )  VDC and
vi ( )  Vp cos( ) respectively
At

v(t , )  k1 (v0  VDC )es1t  k2 (V0  VDC )es2t  VDC

(39)

k2 V0  P cos(   )  e

s2t

substituted into Equation 44, the forcing function f ( ) thus is

 ( R2 / R1 )Vp 
f ( )   
 Q cos(m   )
R 2C 2 


 P cos(   )

(40)

R 2C 2    3m RC  ,

(44)

   tan 1  3m RC / (1  m2 R2C 2 )  .

(45)

Q

1  

2
m

2

2

and

From Equation 43, it is found that the

R2 / R1 ratio is a part of a1

which control three types of the damping coefficient of the natural
response as shown in Table 1.
With the condition of

f ( )

R2 / R1 shown in Table 1 and the forcing

of Equations 45 to 47, after being substituted into

Equation 43, the forced response

vof ( )

of each damping

coefficient is obtained as follows.
For R2 / R1  1,   1/ (2RC ) (that is,
response is

Where

(43)

Where

function

v(t , )  k1 V0  P cos(   )  e s1t

is

 0)

then the forced

2

1
 R 
 R 
s1 , s2   
,
 
 
 2L 
 2 L  LC

k1   s1 / (s2  s1 )   1,

vof ( )  

VpQ
U

For R2 / R1  3,
response is

cos m  (   )  .

  1/ (2RC)

(that is,

(46)

 0)

then the forced

and

k2  s1 / (s2  s1 ).

vof ( )  3

Vp Q
U

cos m  (   )  .

(47)
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Table 1. Damping coefficient conditions.

R2
R1

Type of
damping

R2
 2,
R1
 0
0

Under-damped



 4a0

a12

R2
 4,
R1
 0
0



R2
 2,
R1

For

R2 / R1  2,   0

vof ( )  2

VpQ

1  

2
m

R 2C 2 

R2
R1

condition

with decay damping coefficient,

R2
1
R1

with growth damping coefficient,

R2
3
R1

with pure sinusoidal oscillated,

U

1  

2

where

then the forced response is

cos m   

RC

  

2 2

(48)

B1  VSAT  vof ( ),





B2  2KRC  VSAT  vof ( )  / 3,
and the forced response

R C ,
2

m

R2
2
R1

 0

Where
2
m

utilized in the circuit

vof ( )

is given in Equation 48.

(49)

t

and

  tan

1



m

RC / (1   R C )  .
2
m

2

2

(50)


 3t 
 3t  
vo (t , )  e 2 RC  B1 cos 
  B2 sin 
   vof ( )
 2 RC 
 2 RC  


(52)

where
Based on Equation 23 which is a general complete solution for the
underdamped case and the following parameters: the initial
condition at time
(

VSAT

t  t0  0

with

vo (0, )  X 0  VSAT

is a saturation voltage of the op-amp), the constant

vo (0, )  X 0  K

providing

  a12  4a0 / 2  3 /  2RC 

radian frequency, damping coefficient is
including the forced response

vof ( )

 0

and

 0

 0

as shown in Equations 48

and

vo (0, )  0 , the pure

sinusoidal output response is determined by an oscillation
frequency

  a12  4a0 / 2  1/ RC

and

the

forced

response shown in Equation 50. By substituting these parameters
in Equation 31, the complete response is determined by Equation
55.

t



 3t 
 3t  
vo (t , )  e 2 RC  B1 cos 
  B2 sin 
   vof ( )
 2 RC 
 2 RC  




(51)



B2  2KRC  VSAT  vof ( )  / 3,
and the forced response

,

and 49, when they are substituted in Equations 26 and 27, the
complete response are given in Equations 53 and 54.
For the damping coefficient

B1  VSAT  vof ( ),

vof ( )

is given in Equation 49.

 t 
vo (t , )  VSAT  vof ( ) cos 
  vof ( )
 RC 



where the forced response



vof ( )

(53)

is given in Equation 50.

As can be seen from Equations 53 to 55, amplitude of the natural
response is in form of the forced response which is a function of
time. This implies that amplitude of the natural response and the
oscillated sinusoidal output is varied with the output forced
response. To verify the analytical results of the series RLC circuit
and the Wein bridge oscillator obtained by the proposed analysis,
these circuits are thus examined by laboratory experiment as well
as by numerical analysis. Moreover, the numerical result of the
proposed analysis is compared with that of the conventional
counterpart.

Maneechukate et al.

RESULTS AND DISCUSSION
Here, the second order series RLC and the Wein bridge
oscillator circuits shown in Figures 1 and 2 respectively
which have been derived in the “Materials and Methods”
are laboratory experimented.
For the second-order series RLC circuit (Figure 1), the
following parameters are employed R  1.2 k  ,
L  4.4 mH, C  2  F, v(0) and v(0, ) equals 7 V,

v(0) and v(0, ) equals zero whereas a 5 Vp, 255 Hz
sinusoidal forcing input is set. From the conventional
analysis shown in Equation 11 and the closed - form of
the coefficient A1 , A2 shown in Equations 12, 13 and the
proposed analysis shown in Equation 42 , by substituting
these parameters into Equations 11 to 13 and 42, the
complete solutions derived from the conventional and the
proposed analysis are
The conventional analysis:

v(t )  (5.75)e417t  (0.0088)e272310t

(54)

(1.26) cos(1602t  76o )
The proposed analysis:
v(t , )  (1.00) 7  (1.26) cos(1602  76o )  e417t


(0.0015) 7  (1.26) cos(1602  76o )  e272310t



(55)

(1.26) cos(1602  76 ).
o

The dynamic forcing input are shown in Figure 3 (c) and
(d) where the upper traces of (c) is the forcing input and
the lower traces illustrate the complete response
output vo (t , ) and for (d), theoretical results by using
MATLAB of the proposed analysis (Equation 57).
Figure 3a and 3b exhibit that the experimental and
numerical result corresponds to each other. Namely, for
the D.C. forcing input vi ( ) which is 5 V, the complete
response gives a slower decay slope than 0 V forcing
input case. It is noted that the forcing input vi ( ) has an
influent directly on magnitude of the natural response.
It can be seen that, magnitude of the natural response
in the overdamped case of the new mathematic analysis
and the conventional analysis is slightly different because
the forced response is small when compared to
magnitude of the natural response. Therefore the
difference of the complete response between the
conventional and the proposed analysis is not significant
when
the
natural
term
and
(5.75)e417t

(1.00) 7  (1.26) cos(1602  76o )  e417t in Equations 56
and

57,

respectively,

are

considered.

When

t
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approaches infinity, both terms of the natural response
approach zero, therefore, the result of the conventional
and the proposed analysis in steady state is not
difference.
As mentioned above that the forced response appears
in magnitude of the natural response. Hence, for the
Wein bridge oscillator, it will be setup to observe the
natural response in the underdamped case as following.
The Wein bridge oscillator shown in Figure 2 is
constructed by an op-amp LM741 with 9 V power
supply. In addition, a 2.2 Vp-p , 60 Hz sinusoidal forcing
input is employed which results in the natural response of
frequency 1.2 kHz. To obtain the damping coefficient
  0 , the ratio R2 / R1 is used. It should be noted that
an additional circuit which is left to mention in details is
employed to filter the second term of Equation 55. This is
to gain particular insight into the natural response of the
circuit. From the results in Figure 4, the upper trace
represents the sinusoidal forcing input signal, the middle
trace is the complete response, and the lower trace
illustrates only the natural response (the force response
is filtered out).
As can be seen from Figure 4, amplitude of the natural
response is not constant but varies with time which is
consistent with the analytical solution of the proposed
analysis. Furthermore, the numerical results and the
PSPICE simulation results of the Wein bridge oscillator
are shown in Figures 5 and 6, respectively. From Figures
5 and 6, it is noted that the upper trace, the middle trace
and the lower trace are the sinusoidal forced input, the
complete response, and the natural response,
respectively. In addition, the responses of the Wein
bridge oscillator for negative and positive damping factors
are illustrated in Figures 7 and 8, respectively. Moreover,
amplitude of the sinusoidal output of the Wein bridge
network obtained from PSICE simulation, experimental
result and theoretical analysis are observed when the DC
forcing input is varied and the results are demonstrated in
Figure 9.
It is obvious that the numerical results of the proposed
analysis are in accordance with the analytical solution
and the experimental results as shown in Figure 4. With
the results shown in Figures 4 to 9, the closed-form
solution obtained by the proposed analysis can be
applied for both a constant and a time-varying forcing
input. The proposed analysis thus provides an accurate
and a broad closed-form solution to a second-order
system compared to the conventional analysis (Arya,
1997; James et al., 1989; Taylor, 2005), especially in the
case of a dynamic forcing input (Dimarogonas, 1996).

Conclusions
In this paper, a new analytical technique based on multitime variables for a second-order system is presented.
With the proposed analysis, the coefficients which
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Figure 3. Results of the second order series RLC circuit, (a) is an output

fff

vo (t , )

of experiment, (b) is a theoretical results in MATLAB

where the initial condition vo (0, ) of (a) and (b) is 7 V, the upper and lower traces of (a) and (b) are circuit results of forcing input 5 and 0 V
D.C., respectively.

determine amplitude of the natural response are
inclosed-form solutions. The obtained coefficients provide
a convenient method to accomplish the complete
response of the system. To achieve the system response,
only characteristic roots and the initial condition are
required where the response becomes a sinusoidal
output in case of no forcing input. Moreover, the closedform solution obtained by the proposed analysis can be
applied not only to the constant forced input but also the

time-varying forced input. The results of the proposed
technique are verified by analytical, numerical and
experimental methods. For a time-varying forcing input,
amplitude of the natural response will not be constant as
given by the conventional analysis. Contrarily, it will vary
with the initial condition and the time-varying forcing
function. In conclusion, the proposed analysis technique
provides a more accurate solution for a second-order
sinusoidal oscillator compared to the conventional

Maneechukate et al.
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Figure 6. The PSPICE simulation results of the Wein bridge
oscillator.

Figure 4. The experimental results of the Wein bridge oscillator.

Figure 7. Results of the Wein bridge network for negative
damping factor  (   0 , by using R2 / R1  1 ) where (a) the
upper and lower traces are the complete response

Time (s)
Figure 5. The numerical results obtained by using the proposed
analysis.

vo (t , )

and

the forcing input signal vi ( )  0 , respectively, (b) the upper and
lower traces are the forcing input signal vi ( )  0 and complete
response vo (t , ) , respectively.
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Figure 9. Amplitude of the sinusoidal output of the Wein bridge
network versus forcing input

vi ( )  VDC .
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